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Foreword 


Students of secondary and senior secondary classes have generally 
to study a limited content in different subjects. Many bright and gifted 
students do not find the content to be challenging or rich enough to 
provide them the intellectual stimulation. This is true of mathematics as 
of other subjects. For instance, very limited content is available in the 
subject of mechanics which is generally included in physics and not in 
mathematics. It is felt that the limited knowledge in such a valuable 
subject is not sufficient to facilitate the bright student's pursuit of higher 
studies in Engineering, in Applied Mathematics or in any other fields 
where knowledge of mechanics is widely used. Further, this is an area in 
which even a science student can find wide application. 

The present volume is the first of the two books which have been 
planned on elementary statics and dynamics. The second book on 
dynamics is under preparation by the same author. This book has been 
written with a view to meeting primarily the needs of the students 
studying at the plus two stage. Those preparing for many all-India 
competitive examinations may also find it useful. 

The volume, althoughit contains largely enrichment materials, 
begins with very elementary topics in mechanics. A number of problems, 
easy and difficult and of various types, have been included to enable 
students to prepare for various examinations, competitive and others. 

The necessity of producing such a volume for bright students has 
been felt for some time. NCERT, therefore, decided to undertake the 
production of a volume on such an important subject which can meet 
the needs of science students enrolled at the plus two stage. 

The book represents a commendable effort on the part of 
Dr. S.C. Das, Professor in Mathematics in NCERT's Department of 
Education in Science and Mathematics. Iam very glad to record my 
appreciation of the valuable contribution that Dr. Das has made through 
this book. 

The Council will appreciate suggestions which may help to further 
improve the contents and presentation of the book. 


P. L. MALHOTRA 
Director 
National Council of Educational 
Research and Training. 
New Delhi 
April, 1986 


Preface 


The present book which is the first of my two books on Statics and 
Dynamics is intended for the students of senior secondary classes. 
Although Statics and Dynamics are included in the Mathematics syllabi 
of many States, these are not included in the existing NCERT's syllabus 
of Mathematics at plus two stage. It is true that students learn some 
portions of Mechanics consisting of Statics and Dynamics in books of 
Physics, but the scope of discussing various topics with different types 
of problems is very much limited in books of Physics. The importance 
of these two topics for a student of Mathematics is well-known to all. 
Mechanics is perhaps the only subject in the school, where a student can 
find the real application of most of the topics in mathematics like 
Trigonometry, Geometry, Algebra, Calculus and so on which are all taught 
in Mathematics in schools. If Mathematics is taught in the schools 
without showing its sufficient application in other branches of Science, 
then it becomes a dull subject to many students. Besides, in many all- 
India Competitive Examinations, particularly in the test papers for 
admission to various Engineering Colleges, challenging problems from these 
topics are asked. The performance of the students not learning these 
topics in Mathematics in schools becomes miserable in these examinations. 
The preparation of supplementary materials on these and similar other 
topics was, therefore, felt by many since long for the benefit of all science 
students at plus two stage. A project was, therefore, taken up by the 
Department for the preparation of these supplementary bcoks on 
Mathematics. The second supplementary book on Dynamics which is 
in preparation is expected to be printed soon. 

All the topics which are generally included in most of the elementary 
books on Statics have not been included in this book for the obvious 
reason of reducing the bulkness of the book. Only those topics which 
are included in the syllabi of most of the States and various all-India 
Competitive Examinations have been selected for this book and emphasis 
has been given on the basic theory as well as various types of challenging 
problems. 

The book has been started with the explanation of the basic 
concept in physical quantities. Knowledge of Mathematics beyond 


(vi) ELEMENARY STATICS 


plus two stage has not been assumed anywhere in this book. A large 
number of problems, simple and difficult, have been worked out and 
given in the exercises so as to enable all students, gifted or average, to 
use the book without much difficulty. The S.I. system of all physical 
quantities has been used throughout this book. Some well-known 
problems which were asked in various examinations have been included 
in this book with slight modification by changing the system of units 
and removing the vagueness in the traditional language. A number of 
multiple-choice objective type questions from each topic are given in the 
appendix to facilitate students appearing at various all-India Competitive 
examinations. It is hoped that such students as well as students of 
physics may be benefited from this book. 

} The entire manuscripts prepared by me, have been reviewed by 
eminent experts in Applied Mathematics. They are Dr. A. Ramakrishnan, 
Anna University, Madras, Dr. Rasojit Bera, Bengal Engineering College, 
West Bengal, Prof. S. C. Das, Birla Institute of Technology, Ranchi, 
Dr. A. Satyanarayana Rao, Andhra University, Waltair, Dr. S. S. Ray, 
Visva-Bharati University, Shantiniketan, West Bengal, Dr. B. S. Goel, 
formerly in Regional College of Education, Mysore and Sri H. Ghosh, 
Bengal Engineering College, West Bengal. I am grateful to all of 
them. The manuscripts were again revised thoroughly by me in the 
light of the comments of the reviewers. I am also thankful to Dr. R. 
Bera of B. E. College, W. B. and Sri S. K. Mukherjee of D. M. College, 
Imphal for their contribution in framing some of the multiple-choice 
objective type questions which have been revised and included in the 
appendix. My thanks are also due to Shri A. Chakraborty, Lecturer, 
A.V., NCERT, who visualised the design of the cover of this book. 

Although maximum efforts have been made in detecting and 
removing the errors in the book, Ishall be very grateful to any reader 
who may bring out error, if any, to my notice. Suggestions from 
the readers for further improvement of the book wil be highly 
appreciated. 


S.C. DAS 
Author 
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Chapter I 


Some fundamental concepts 


1.1 Definitions 


Matter : Any substance in this universe, which occupies space and 
can be perceived by our sense is called a matter. 

Body: A body is a portion of matter bounded in all directions. It, 
therefore, occupies a limited space and has a finite volume. Two bodies 
occupying equal amounts of space may contain unequal quantities of matter 
due to unequal distribution of matter in the two bodies. The units of mass 
are gramme, pound and kilogramme in C.G.S., F.P.S. and M.K.S. systems 
respectively. 

Mass: It is the quantity of matter contained in a body. The 
greater the mass of a body, the more it has the power of offering 
resistance to motion. á 

Particle : It is a very small portion of matter whose dimensions are 
negligible. It may be represented by a geometrical point having concen- 
trated mass. The concept of a particle is idealistic. Whenever the 
dimensions of a body are negligible compared to the neighbouring objects 
but its mass is of appreciable magnitude, the body may be considered as 
a particle possessing position and mass only. 


1.2 Definition of Statics and related branches of Science 


Before giving the definition of Statics and other related branches of 
science, we first difine a force. 

Force : The formal definition of a force is given by Newton’s first 
law of motion, which states as follows : Every body continues in its state of 
rest or of unifom motion in a straight line except in so far as it is compelled 
by external impressed force to change that state. 

This law can be divided into three parts. The first part deals with 
the state of rest of a body. It states that a body can not change its 
Position on its own accord. It has no power within itself to change its 
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own state of rest. The second part deals with the state of uniform motion 
in a straight line i.e. when a body tends to move due to the action of 
some other body with a definite velocity ina definite direction, it will 
move with the same velocity in the same direction for ever provided there 
is no cause to interfere with this subsequent motion. It has no power 
within itself to change its own state of uniform motion ina straight line. 
The third part of the law gives the definition ofa force. It states that 
wherever there is a change of the state of rest or of uniform motion ina 
straight line or a tendency to either of such changes, it implies that the 
body is acted upon by some other body. Thus the formal definition of a 
force is as follows : 

A force is an action exerted upon a body in order to change its state 
either of rest or of moving uniformly forward in a straight line. 

Statics : It is a branch of Mechanics which is the science dealing 
with the action of forces on bodies. The bodies which are acted on by a 
number of forces may either be in motion or remain at rest. The part 
of Mechanics. which deals with the motion of solid bodies is called 
Dynamics and that which deals with the motion of liquids or gases is called 
Hydrodynamics. The part of mechanics which deals with action of forces 
on a body or a system of bodies at rest is called Statics when the bodies 
are solids and Hydrostatics when the bodies are liquids or gases. Here in 
this book, we shall be concerned with Statics only. 

Remark : Statics is, in foct, a particular case of Dynamics in which 
the motions of the bodies are zeros. The parallelogram law of forces, 
which is the fundamental theorem of Statics, is based on the fundamental 
laws of Dynamics, known as Newton's laws of motion. Many results in 
connection with equilibrium of forces are obtained from Dynamics by 
supposing that motion takes place to a very small extent. 


1.3 Some more definitions 


Bodies at rest and in motion : 

A body is said to be in motion if its position with respect to 
surrounding objects is changing. There are mainly two types of motion : 
rotatory and translatory. In a translatory motion, a body moves in such a 
manner that all the particles constituting it have exactly the same change 
of position in the same direction, so that any line in the body remains 
parallel to itself throughout the motion. In a rotatory motion, a body 
moves round a fixed point or a fixed axis. — . 

A body is said to be at rest or in equilibrium when it does not change 
its position relative to surrounding objects. When a body is at rest, both 
the translatory and rotatory motions are absent. 
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Remark : Strictly speaking, there is no body on this earth which is 
absolutely at rest, because the earth itself is moving. All bodies on the 
earth which are at rest relative to the earth should, therefore, be called 
“bodies at rest relative to the earth". However, in this book we shall use 
the phrase “bodies at rest or in equilibrium" to mean that they areat 
rest relative to the earth. But when a man is sitting on a running train, we 
shall say that the man is at rest relative to the train? and heis moving with 
the speed of the train relative to a stationary object, say a tree, outside 
the train. 

Remark 2: A particle is assumed to have no rotatory motion which 
a body possesses. It can have merely a motion of translation. 

Rigid body : It isa body whose size and shape are supposed to be 
unaltered even when it is acted on by any forces whatsoever and the 
distance between any two points of it is invariable. 

It may be mentioned here that there is no body in nature which is 
perfectly rigid i.e. which is not deformed when itis subjected to forces. 
However hard bodies may be, these are more or less elastic and subject 
to extension or distortion under the action of forces. Hence, treating such 
bodies as perfectly rigid is an ideal conception and untenable. But in 
Statics, we shall assume that all bodies are perfectly rigid, because this 
assumption is necessary for building up elementary principles in Statics. — * 

Forces in equilibrium : 

If a number of forces act on a body or a particle and keep it at rest, 
then the forces are said to be in equilibrium. 

Equal forces : Two forces are said to be equal when their magnitudes 
are the same and they act in the same direction. 

Smooth bodies : Two bodies are said to be smooth if, when they press 
against one another, the forces acting along their common surface are 
negligible. In fact, there is no such thing as a perfectly smooth body. But in 
solving many problems in Statics, the two bodies pressing each other are 
supposed to be perfectly smooth. 

Resultant force and components : 

If two or more forces act on a particle or ona body ata point in 
different directions and if a single force can be found out such that the 
effect of this single force is the same as the joint effect of all the forces, 
then the single force is called the resultant of the system of forces and the 
system of forces is called the components of the resultant. 


1.4 Characteristics of a force 


A force acting on a body is specified copmletely when it possesses 
the following characteristics : 
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(i) Its point of application. 
(ii) Its magnitude. 

(iii) Its direction or sense. 
(iv) Its line of action. 


The point of application of a force is the point of the body at which 
the force acts. Let A be the point of application. The magnitude of the 
force is represented onsome suitable scale by the length of the line 
segment, say AB. If the force acts from A to B, its direction or sense is 
indicated by putting an arrow on the line from A to B. The line of action 
of the force is the line AB along which the force acts. This force can be 

> 
written in vector notation as AB. If the line of action has also to be 
specified along with tfie Magnitude and direction it can be treated asa 
localised vector relative to a frame of reference in the body. 


1.5 Different kinds of forces 


In Statics, we shall deal with three different kinds of forces. 
() Attraction and repulsion: Weight 

À Attraction and repulsion are forces which act between two un- 
connected bodies. When the two bodies tend to approach each other due 
to force, the force is called attraction and when they tend to separate out 
due to the force, the force is called repulsion. According to the law of 
gravitation, any two bodies attract each other with a force which is directly 
Proportional to the product of their masses and inversely proportional to 
the square of the distance between them. The earth attracts all bodies on 
its surface witha force known as gravity. We also find the force of 
attraction between two unlike magnetic poles and force of repulsion 
between two like magnetic poles. 

The weight of a body is the force with which itis attracted towards 
the centre of the earth. Its direction is always assumed to be vertical. The 
difference between the weight and mass of a body should be clearly 
understood. The weight of a body depends on the attraction of the earth, 
but the mass of a body does not depend on it. If a body is taken to the 
centre of the earth or to a place where there is no attraction, the body 
will have no weight, but its mass will always remains the same. As the 
attraction of the earth varies from place to place, the weigth of a body 
will also vary from placc to place, but the mass of a body, ‘which depends 
on the quantity of matter in the body remains the same at all places on 
the earth. We compare two masses by a common balance bul we measure 
a force by a spring balance. 
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(ii) Action and Reaction : 

These forces are produced when two bodies are in direct contact 
with each other. When two bodies are in actual contact with each other, 
each will exert a force on the other. If the force exerted by any one of 
the two bodies upon the second body be called action, then the force 
exerted by the second body on the first will be called reaction. By Newton's 
third law of motion which states that “to every action, there is an equal 
and opposite reaction", these action and reaction are always equal in 
magnitude but opposite in sign. Thus, if two bodies A and B are in contact 
and the body A exerts a force R on the body B, then B will also exert an 
equal force R on A but in the opposite direction (fig. 1). For example, if 
you put a book on a table, the 
book does not penetrate into the 
table, beacause the action and 
reaction between the table and 
the book are equal and opposite. 
Similarly, you can stand on the 
floor only because the floor 
supports your weight by giving 
you an equal and opposite upward 


reaction. : Fig. 4 


Nomal reaction : When two bodies pressing against one another are 
supposed to be smooth, the reaction of one body on the other is always 
perpendicular to their common surface. This reaction is called the normal 
reaction between the two smooth bodies. There is no tangential force at 
the point of contact. But in the case of two rough bodies in contact, 
besides the nomal reaction between the two bodies, a tangential reaction 
called the force of friction acts at the point of contact. Reaction at the 
hinge or a joint in a framework will be discussed later at a proper place. 

Remark (a) : When a rod rests against a smooth plane or a smooth 
peg, then the reaction of the plane or the peg on the rod will be perpen- 
dicular to the rod. 

(b) When the end of a rod or a particle rests on the curved surface of 
a smooth sphere or against a smooth circular arc, then the reaction of the 
surface or the circular arc on the end of the rod or the particle will be 
normal to the sphere or the circle and so it will pass through its centre. 
(iii) Tension or pull of a string or a rod and thrust along a rod : 

When two particles or bodies are connected bya string and the 
particles or bodies are subjected to some forces which make the string 
stretched, then the fibres of the string are subject to a certain pulling 
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action throughout its length (fig. 2). This pulling action is called the 
tension or pull of the string. If this tension is increased beyond a certain 
limit, then the string will break ata certain point. If we consider any 


point P on the string, then we can consider the part AP as the body on 
which the part BP exertsa 


force and the part BP as the P 
body on which the part AP 
exertS a force. For equili- 


brium, these two forces must À B 
be equal in magnitude and : 

ed E EUUG. Fig.2 
act in the opposite dirccticns. a 


In the case of an inextensible string i.e. a string having no elongation 
or strain under the action of forces, the tension of the string is constant 
throughout its length provided the weight of the string is negleced. 


If a light string supports a weight and is passed over a small smooth 
pulley as at A (fig.3), it is found that the force required to keep the weight 
o 


A 
B 


WwW 
Fig.3 


in position is unaltered even if the string is held in the position AB, AC 
or AD, Hence, the tension in a light string passing round a smooth peg or 
pulley is the same throughout its length, 

It should be noted that if two or more strings are knotted together, 
the separate portions become distinct strings and the tensions in these 
portions are not necessarily the same. In other words, tensions in different 
portions of a knotted string are, in general, different. 

The thrust along a rod can be explained exactly in the same Way as 
a light string. In the case of a light rod, forces exerted along the rod may 
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be outwards or inwards. When the force is outwards, it is called tension 
of the rod and when the force is inwards, it is called the thrust along the 
rod. When two persons push the two ends of a rod towards each other, the 
thrust is produced and the tension is generated when they pull the rod away 
from each other. 


1.6 Units of force 


The unit of a force is defined as that force which acting on a unit 
mass produces a unit acceleration. There are various systems in which the 
unit of a force can be expressed. 


(i) centimetre-gramme-second (C.G.S.) System. 
(ii) foot-pound-second (F.P.S.) System 
(iii) metre-kilogramme-second (M.K.S.) System. 


In C.G.S. System, the unit of force is called dyne. This is defined 
as the force which acting on a mass of one gramme, produces an accelera- 
tion of one centimetre per second per second. In F.P.S. System, the unit 
of force is called poundal. This is defined as the force which acting ona 
mass of one pound produces an acceleration of one foot per second per 
second. In M.K.S. System, the unit of force is called newton. This is 
defined as the force which acting ona mass of one kilogramme produces 
an acceleration of one metre per second per second. This is also called 
the S.I. System of force, which is now widely used in all branches of 
science. We shall use M.K.S. System in this book. 


1.7 Axioms in Statics 


There are three axioms in Statics, which follow from Newton’s three 
laws of motion. 


(i) The principle of the inertness of matter : 

Newton’s first law of motion, already stated, asserts this principle. 
This principle states that a body at rest will continue to remain at rest and 
a body in uniform motion along a straight line will continue to move 
along the straight line with the same velocity if there is no external force 
acting on the body This principle can be regarded as a matter of common 
experience. We notice that bodies at rest do not begin to move unless 
forced to do so by some external cause. 


(i) Principle of physical independence of forces : x 
This principle is asserted by Newton's second law of motion. 
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The rate of change of momentum of a body is proportional to the 
impressed force and takes place in the direction in which the force acts, 

This principle states that the effect ofa force on a body will be 
produced in its own direction under all circumstances i.e. the effect of a 
force is not affected by the presence of the other forces. Thus, if there are 
two systems Of forces, each of which acting alone on a body keeps the 
body in equilibrium, the body will still be in equilibrium if both the 
systems act simultaneously on the body, since each system produces its 
own effect. 

Hence, if a number of forces are in equilibrium, we can add or 
remove any particular forces which by themselves are in equilibrium; for 


example, two equal and opposite forces acting along the same straight 
line. 


Point on its line of action, provided the two point are rigidly connected 
with one another : 


This principle follows as an immediate consequence of the following 
Statical axiom : 

“Two forces acting at two points of a rigid body will keep it in 
equilibrium if and only if they are equal in magnitude and Opposite in 
direcjion and act in the same straight line", 

It follows from the above Principle that when a force acts on a body, 
we can take any point on its line of action as the point of application of 
the force. 


Chapter II 


Resultants and Components of Forces 


2.1 Introduction 


In chapter I, we have given the definition of a resultant and its components. 
The effecct of a number of forces acting on a particle is always the same 
as that of its resultant. Hence, whenever a system of forces acting on a 
body has a resultant, the system of forces can be replaced by their resul- 
tant. Conversely, any force acting on a body can be replaced by its 
components. It is, of course, not necessary that a system of forces acting 
on a rigid body will always have a single resultant. This will be explained 
in a subsequent chapter. But if a number of forces act on a particle, we 
can always find out their resultant which may be zero in some particular 
cases. In this chapter, we shall discuss how to find the resultant of a 
number of forces acting at a point. It should be noted here that whenever 
we speak of forces "acting at a point”, it will be understood to mean that 
the forces actually act on a particle placed at that point. 

We shall first consider the case of two forces acting at a point. If 
they act along the same straight line and in the same direction, then their 
resultant is obviously equal in magnitude to the sum of their magnitudes 
and acts in the same direction. If the forces act along the same straight 
line butin the opposite directions, then the magnitude of their resultant 
is equal to the difference of their magnitudes and acts in the direction in 
which the greater force acts. When the two forces act on a particle and 
are inclined to each other, then their resultant can be found with the help 
of a fundamental principle of Statics, known as the law of parallelogram 


of forces. 
2.2 The parallelogram of forces 


If two forces acting ata point on a body be represented in magnitude 
and direction by the two adjacent sides of parallelogram drawn from the 
point, then their resultant is represented in magnitude and direction by the 
piagonal of the parallelogram drawn from that point. 
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Although no satisfactory formal proof of the theorem can be given 
without introducing the idea of motion, the above theorem has been verified 
experimentally. 


The above theorem states that if two forces of magnitudes P and Q 
act a point O of a body and if these two forces be represented on a chosen 
> > 


scale by OA and OB respectively and if the parallclogram OACB is 


B C 


Fig. 4 


completed with OA and OB as adjacent sides, then the resultant force, 
R, will be represented on the same scale by the diagonal OC drawn from 
O, in magnitude and direction (fig. 4). 

It follows that if two.forces, P and Q act at a point O such that they 
can be represented in magnitude and direction, by the two sides 4B and 
BC of a A ABC, taken in the same order, then the third side AC of the 
triangle taken in the opposite order will represent the resultant of the two 
forces in magnitude and direction only, but AC will not necessarily be the 
line of action of the resultant. The resultant force will actually act at O 


(fig. 5). 


(i) 
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This also follows from the vector law of addition : 
> > > 
AB+ BC=AC 
2 > > 
It is seen that if we complete the parallelogram ABCD, then AD=BC, 
so that the force O may also be reperesented by the side AD. 
Hence, by parallelogram of forces, the diagonal AC represents the 
resultant of P and Q in magnitude and direction. 


2.3 Analytical deduction for the resultant of two forces 
Let P and Q be the magnitudes of the forces represented by 


> > 
OA and OB and let the forces act at the point O making an angle a with 


[o 


P A 
Fig.6 


each other so that / AOB=a, Complete the parallelogram OACB with OA 
and OB as the adjacent sides. Then by the parallelogram law of forces, 
> 
the diagonal vector OC represents the resultant of magnitude R, say. Let 
the resultant of magnitude R make an angle 0 with the force of magnitude 
P so that Z 40 B-—. 
Now, in triangle OAC, we have 
OA=P, AC=OB=O, OC—R. 
Hence, using cosine formula in AOAC, we have 
OC?—04*-4- AC*—204. AC cos Z CAO 
=> R= P?-- Q*—2PQ cos(z—a) 
—P?-- Q?--2PQ cos x 
=>R= v P?1-Q*2PQ cos 4 exo 
[taking the positive square 
root only, since we are 
concerned with the magnitude 
of the resultant only] 
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To find the direction 0 of the resultant, we use the sine formula in 
AOAC, Thus we have 


Ga and 
sin ZAOC sin ZOCA 
Q P 
> sind sin (a0) [^7 ACB— / AOB=a 


and / OCB— / AOC—0] 
=> Q (sin « cos 0—cos a sin 0) —P sin 0 
= (Q cos «+P) sin 0— sin a cos 8 
Q sina 
P+0 cos a 
Q sina ) 
P--Q cos a 


=> tan 0— 


ssa(2) 


> icta 


(1) and (2) give the magnitude and direction of the resultant. 
Particular cases : 
Case 1. From (1), we observe that the magnitude R of the resultant 
is greatest when cos a is greatest i.e., when 
cos a=]>a=0. 
Hence, the resultant is greatest when the component forces act 
along the same line in the same direction. In this case, R=P-+- Q. 
Case 2. Ris least when cos « is least i.e. when 
cos a= —]2a—7. 
Hence, the resultant is least when the component forces act along the 
same line but in the opposite directions. In this case, 
RP—Q,if P> Q 
=0—p, if Q^ P. 
The direction of the resultant will be in the direction of the greater 
force. 
Case 3. If the component forces of magnitudes P and Q are perpendicular 


to each other, then a= 5 


In this case 
R=V PFO 
Case 4. If the component forces are of equal magnitude i.e. if P= O, then 


T 


2 


R=V2P 4/14-cos «—2P cos 
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and from (2), 


PP a a 
. 2sin —-cos —- 
sinc  — E SET 


Hence, the line of action of the resultant of two forces of equal 
magnitude bisects the angle between them. 


Case 5. If R—P—Q, then from (1), 
P =4/2P2-+2P* cos a 


a 


= 4/2P A/1--cos «—2P cos PU 


ES Gos os Se T 
cos 2 = 2 > 2 = = . 


Hence, if the angle between two forces of equal magnitude is 120°, 
then the magnitude of their resultant is equal to that of each of the 
component forces. 


2.4 Resolution of a force into two components in two given directions 


In the previous section, the formulae for the resultant of two given 
forces acting at a point were obtained. The converse problem of finding 
two forces acting at a point in two given directions such that their resultant 
is a given force at that point can be discussed now. 


= 
Let OC represent the given force of magnitude R, which makes 
angles a and 8 with the given directions OX and OY. It is required to 
find out the components of the force R along OX and OY. Complete 
the parallelogram O ACB with diagonal OC and two adjacent sides along 
> > 
OX and OY (fig. 7). Then by parallelogram of forces, OA and OB repre- 
> > > 
sent the components of the force OC. Let the magnitudes of OA and OB 
be P and Q respectively, measured on the same scale as the magnitude of 
E 
the force OC is represented.by R. 


14 
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Fig. 7 


Now, since AC || OB, hence, Z OCA=8. 
From 4 OCA, we have by sine formula, 


OA b AC. oc 
sin 8^ sina sin [180^—(«--8)] 
1 Re UT mA 
sing ^. sine sin (a+f) 
R sin B Rsin a 


—u(erB? C9 m (erp 


Particular case : 


- (1) 


If the two components of the resultant are perpendicular to eacli 


other, then «--£— EI . 


In this case, each of the components is called the resolved part of 


the force in the corresponding direction. 


Now, if «--g— + * then from (1), we get 


P=Rsin B=Rsin ( > —a)=R cos a 


and Q—R sin a. 


In other words, the resolved part of a force of magnitude R along a 
line making an angle a with the line of action of the force is R cosa and 


that perpendicular to this line is R sina (Fig. 8) 
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R sinc R 


O R Cosa x 


Fie. 8 e 


It follows that the resolved part of a force of magnitude R perpendi- 
cular to it is R cos 90°=0. In other words, a force of magnitude R pro- 
duces no translatory effect in a direction perpendicular to it. 

Remark I: If two forces are given, we can find their resultant in a unique 
way. But the reverse is not true i.e. a single force can be split up into 
two compoments in an infinite number of ways, for an infinite number of 
parallelograms can be constructed wiih the segment representing the 
given force as the common diagonal. However, the components of the 
given force will be unique in two specified directions. 

— 
Remark 2: The resolved parts of the force OC in the perpendicular 
> > — — 
directions OX and OY are also given by OC. i and OC. j respectively where 
> > 
i and j are unit vectors in the directions OX and OY respectively. 

Remark 3: The resolved parts of a force are defined with reference 
to two given directions which are perpendicular to each other while the 
components are defined with reference to any two given directions. 

Remark 4: The resolved parts of a force in a pair of perpendicular 
directions are also called the resolutes of the force in these directions. 


2.5 Relation between the resolved parts of the resultant and of its com- 
ponents 
The relation between the resolved part of the resultant and the 
resolved parts of its components is given by the following theorem : 
Theorem; The algebraic sum of the resolved parts of any two forces 
acting at a point, along any direction is equal to the resolved part of their 
resultant in the same direction. 
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=> > 


Let OA and OB represent two forces. The parallelogram OACB is 
— 
completed. Then the diagonal vector OC represents the resultant of the 


— > 
forces OA and OB, by the parallelogram law of forces. Let us take any 
line OX through O and consider a unit vector; along OX. By remark of 


> > > 
the previous section, the resolved parts of OA, OB and OC along OX are 
=> > > > => > 
respectively OA. i, OB. i and OC i. 
C 
B 
A 
o X 
Fig.9 
— > 


Now, the sum of the resolved parts of OA and OB along OX is 
=> > — 
OA. i--OB i 
> > > => > 
=(0A+0B). i =0C. i, 
> > > 
since by parallelogram law of forces, we have OA+0B=0C. 
Hence, the result follows. 
By the repeated application of the above theorm, the generalised 
theorem stated below can be proved. 


Generalised theorem : 


The algebraic sum of the resolved parts of any number of forces 
acting at a point, in any direction is equal to the resolved. part of their 
resultant in the same direction. 
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2.6 Resultant of any number of coplanar forces acting at a point 


M Y 


Rs 


Y! 
Fig. 10 


Let n coplanar forces of magnitudes P}, P, ..... Pn act ata point O 
and let R be their resultant. Let the forces of magnitudes Pı, P,, 
Aus Pa and R make angles 4, 0,,......0n and 9 with OX, OY being 
perpendicular to OX. Let X and Y be the algebraic sums of the 
resolved parts of the forces with magnitudes P}, P,, ......Pn along X 
and Y axes respectively. Equating the algebraic sum of the 


resolved parts of the forces of magnitudes Pi, TOR s Pn to the 
resolved part of the force of magnitude AR along OX, we get 
X=P, cos 01-I- P, cos 0,-- ...--Pn cos 0, —R cos 0. ---(1) 


Similarly, equating the algebraic sum of the resolved parts of the 
forces of magnitudes Pi, P.,...Pn to the resolved part of the force of 
magnitude A along O Y, we get 

Y=P; sin 014-P, sin 054- ...-- Ps sin 05 —R sin 0 (2) 
Squaring (1) and (2) and adding, we get 
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n n 
R?=X?+Y?=(SPr cos 01)?+(SPr sin 0)? 


r=1 r=1 
21 y2 / n n 
R= TY = ^A (Pr cos 0r)?-- (XPr sin 0r)? .. (3) 
r=1 r=] 


and dividing (2) by (1), we get 


n 
XPr sin Or 
tan 0— P = SI (4) 
n . 
x XPr cos Or 
r=1 

(3) and (4) give the magnitude and direction of the resultant. 

Remark 1 : The above theorem is the generalization of the theorem 
of parallelogram of forces. 

Remark 2: If both X and Y are negative and R is positive, then 
the formula (4) will not give the correct direction of the resultant. For 
example, if 

R cos 0— —3 ...(i) 

and R sin 0——3 ; ...(ii) 
then tan 0—12«0—7:/4 and R=V (3 (735 —34/2. But these values do 
not satisfy the equations (i) and (ii). In this case, 0 should be determined 
from (i) and (ii) by substituting the value of R in it. 
2.7 An important theorem 

The resultant of two forces acting at a point O in the directions OA 
and OB and represented in magnitude by m. OA and n. OB respectively is 
represented in magnitude by (m+n). OC acting along OC, where C is a 

point on AB such that AC : CB=n:m, 


B 


X 
Let two forces m OA C 


DE n 
and n OB act at O. 


To show that their resultant 
— 


is (m+n) OC. Ò A 


Fig. 11 
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By triangle law of vectors, we have 


— > > 
OA=OC+CA 
> > > 


=m OA=m OC+m CA. 
> > => 
Also OB=OC+CB 
D => > 
=n OB=n OC+n CB 
' Adding (1) and (2), we get 


> > > > 


> 


m OA--n OB=(m+n) OC+m CA--n CB 


AC n 
Now, cz ~m 
> > 
>m AC=n CB 
> > > 


=n CB+m CA=0. 

Hence, from (3), it follows that 
=> > > 

m OA-+-n OB=(m-+n) OC. 

This proves the theorem. 

Particular case: 
If m=n=1, then we see that 
> > > 


OA+OB=2 OC 


=> 


> 
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-.(2) 


= (3) 


— 


i.e. the resultant of two forces OA and OB is 2 OC, where C is the 


middle point of AB, 


2.8 A note on some conventional terms used in Statics 


In any book of Mechanics, we shall find a few terms or statements 
some of which seem to be incorrect if interpreted rigorously and some 
may give vague ideas to students. These conventional terms or statements 
are used in books of Mechanics just to avoid too many repetitions of 
the same word or words and for convenience. They will appear to be 
incorrect if interpreted wrongly. For example, we generally say in short 
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that “ʻa force P acts at a point" 
a force of magnitude P acts on a particle 
interpret strictly the scal 


stood by students. They should be very clear 
meaning of these terms and statements. Below is 


such conventional terms and Statements 
correct version. The apparent mistakes in 


statements have also been pointed out. 


Conventional terms] 
Statements 
1. Forces P and Q have 
a resultant R. 


2. Two equal forces P, 
P act at an angle of 
60° with each other. 


3. Interchange of two 
forces P, O. 


4. Turning a force 
through an angle 0, 


Apparent 
mistakes 
Forces are vectors, 
Hence they cannot 
be represented by 
Scalar numbers P, 

Q and R. 


Two equal forces 
have always the same 
direction, Hence, they 
can not be inclined at 
any non-zero angle 
with each other. 

Whenever the line of 
action of a force, say 


F, acting along a line, 


say OA, is turned 
through an angle and 
if the new line of 


action be OB, then the 

force acting along OB 

connot be the same 
> 

force F. 

Same as above. 
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. By this statement, we actually mean that 
placed at a point. However, if we 


ar number P as a force Which is a vector quantity, 
then the statement is definitely wrong. Henceforth, the s 


terms and statements will be used in this book 
the actual meaning of these terms and statements s 


ame conventional 


also for simplicity. But 
hould not be misunder- 
about the actual correct 
given the list of a few 
and their actual meanings and 
some conventional terms or 


Actual meaning and 
correct version 
Forces of magnitudes 
P and Q have a 
resultant of magnitude 

R. 


Two forces each of 
magnitude P act at 
an angle of 60° with 
each other, 


Interchange of the 
magnitudes P and Q 
of two forces keep- 
ing their directions 
unaltered. 


Turning the direction 
(or line of action) of 
a force through an 
angle 0 keeping its 
magnitude unaltered. 
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(Obviously, the two 
forces in two differ- 
ent directions will be 


different). 
5. A force becomes n The magnitude of a 
times as-great as force becomes n 
before. times as great as be- 


fore, its direction 

remaining unaltered. 

6. Two forces are pro- Forces being vector The magnitudes of 
portional) to the quantities, their ratios two forces are pro- 
areas of two given can not be defined. portional to the areas 
triangles. of two given triangles. 

7. The moment of a  Momentbeinga vector The magnitude of 
force P about a quantity can not be the moment of a 


point at a distance represented by the — 
p from the line of scalar quantity Pp. force P about a point 
action of the force at a distance p from 
is Pp. the line of action of 
— 
P is Pp. 


2.9 Solved Examples 


Ex. 1. Two equal forces act on a particle. Find the angle between 


them when the square of their resultant is equal to three times their 
product. [P.U. 1930] 


Let the angle between two equal forces, P, P be « and Jet R be their 


resultant. 
Hence, R2—P?-- P?--2PXP cos « 
23PxP-2P* (14-cos a) 


3 A » a 
> 5 =1+cos a=2 cos?’ -7 

a _ 4/3 o 8 
COS 37 73 30°> «— 60". 


Hence, the required angle is 60°. K! j 

Ex. 2. Forces of magnitudes 2, 4/3, 5, \/3 and 2 N act respectively 
at one of the angular points of a regular hexagon towards the five others 
in order. Find the magnitude and direction of the resultant. 


V/ 3,5; 4/3 and 2N act at A of the 
,AE and AF respectively. 


ern We,, 


&* Library d 
d) 


Let the forces of magnitudes 2, 
regular haxagon ABCDEF along AB.AC,AD. 


$11 S.C.E.R T., West Bony 
DAS Datel RT 


^ "x se zT 


? 
e 
= 
me 
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E D 
E C 
2 
A 278 
Fig. 12 


Clearly, 7 BAC= ZCAD=/ DAE= Z EAF-—30*, 


Hence, 4C, AD, AE and AF make angles 30°, 60°, 90° and 120° 
with AB, We take the perpendicular lines AB and AE as the X and Y 
axes respectively and resolve all the forces along these two lines, If Y and 
Y be thesums of the resolved parts of all the forces along AX and Ay 
respectively, then 


X—2--/3 cos 30°+5 cos 60° +4/3 cos 90°-+2 cos 120° 


= V3 1 i ) 
Ec 3) K a Sx > 0-2% ea 


Y —4/3 sin 30*--5 sin 60°+-4/3 sin 90°+2 sin 120° 


= 1l 3 3 = 
=V7 x7 + 5x = +V342x = sy/3, 
Hence, the resultant R of all the forces is given by 
R=VPTYi= /3EEGUST 10. 
If 0 be the angle made by the resultant with 4 X, then 


tan [T 5v3 4/3-tan 60°. 


X 5 
< 6=60°, 
Hence, the magnitude of the resultant is 10 N and it will act in the 
direction of the vertex D. 
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> > > > 
Ex. 3. Four forces represented by 4B, AD, CB and CD where ABCD 
is a quadrilateral act at a point. Show that their resultant is represented by 
=> 
4 FE, where E and F are the mid-points of AC and BD respectively. 


C 
D 
A B 
Fig ES 
We have 4B-- AD—2 AE 


and CD+CB=2 CE 
Adding we get 
> > > > — > 
AB+-AD+CD+CB=2 (AE+CE) 


> > 
=—2 (EA+EC) 
> 


=—2X2 EF 


> 


=—4 EF 
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= | 
Ex. 4. Prove that the resultant of three forces represented by OA, | 
— > > | 


OB and OC, where A, B, C are any three non-collinear points is 3 OG, 
where G is the centroid of the triangle ABC. 


Let D be the middle point 
of AB so that CD is a median 


of AABC. A 
> => > 
Now, OA+OB=2 OD. fi 8 
M, 
[ O 
Fig. 14. 
m» lar — — 


Also, 2 OD--OC— (2-1) 0G—3 OG, 
since CG : GD=2: 1, G being the centroid of A ABC. 


> > > 
Hence, the resultant of three forces OA, OB and OC is represented 
e , 
by 3 OG. 


Note: The point O in the above problem need not be coplanar 
with A ABC. 
Ex. 5. The angle of inclination between two forces P and Q is 0. If 
P and Q be interchanged in position, show that the resultant will be turned 
through an angle #, where 
$ P— 0 0 


tan 5 = PLO tan =" [C.U. 1929] 
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> > 
Let the forces P, Q be represented by AB and AD respectively and 
> 
the resultant R be represented by the diagonal AC of the parallelogram 
ABCD, 


CERMC D SCPC ie 
Fig. 15 


> > > 
When the forces are interchanged, let AE, AG and AF represent the 
forces of magnitudes Q, P and R respectively. Then 


ZGAB=6 and L FAC—4. 
Now, Z GAF= / CAB, since AABC& A AFG. 
But / GAF-- / CAB—0—6. 


n ZoAP/UABS D. 


~. LFAB=ġ+ LCAB=$+ 


Now, since AB || GF, 
hence, LGFA- LFAp- $ . 
Hence, from A AGF, we have 


GF | 4G 
sin ZGAF — sin ZGFA 
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Q P 
7 49 — + 
sin775- sin —— 
: sin oie 
B 
EO NS i$ 
Sine EM 
CAE R 
P—O sin E —Ssin 2 
> ELO = —¢ (by componendo and dividendo 
PICO PAER fee 0—4 P ) 
2 2 
2 Ceo ince 
4 2 2 0 $ 
Y ; a $ —cot -y tan —5- 
sin om cos ON 
LOUPE LO UNI UN 
= tan DE PEO tan 7° 
Alternative method of solution : 
> > 
Since the resultant of the forces P and Q represented by 4B and AD 


ae 
respectively is R which is represented by AC, hence 


O sin 0 


tan £CAB-—— iO cos 0 
MUERE Q sin 0 
nad iu P-4-Q cos 0 
tan + — tan ?- Q sin 8 
ze à P-Q cos? 


b $ P+@Q 0) (ante = ay 
=> Q sin 0 (1 --tan jn 3) = (P+Q cos 2 5 


; OF. 
stan (Q sin 8 tan +P+0 cos 0) 


0 : 
=(P+Q cos 9) tan a Q sin 0 
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Wee 0 . 
R tany tO cos 0 tan 3-9 sin 0 


oe 
yia ds LE 0 
P--Q cos 0-- Q sin 0 tan 
Cte. s 0 
Q (cos 0 tan 5- —sin 0) +P tan-5- 
=> tan DUE Ü 
Q (cos 0--sin 0 tan coh P 
0 ons 
Q (cos 0 sin-—cos, sin 0) 0 
+P tan 
[] 2) 
cos z 


0 E ; 
O (cos 0 C055- + sin 9 sin > 


ae es 
‘OS 2 
M Pian 
—0 tan t 2 
30 Sete NELLE 
D O+P 
Ma i Gu. 
ONE RO 


Ex. 6. Forces act through the angular points ofa triangle perpendi- 
cular to the opposite sides and are proportional to the cosines of the 
corresponding angles. Show that their resultant is proportional to 


a/1—8 cos 4 cos B cos C . 


Let the forces P, Q and S act at A,B,C respectively perpendicular to 
the sides BC, CA and AB respectively. 


Let R be the resultant of these forces and let R make an angle 0 
with BC. Let D, E and F be the points of intersection of the lines of 
action of the forces P, O and S with the sides BC, CA and AB 
respectively. We choose the line BC as the X-axis and a line perpendicular 
to it through Bas the Y-axis. 


Resolving all the forces along X and Y axes, we get 
Rcos 0—Q cos Z EBC— S cos ZFCB 


=Q cos (90°—C)—S cos (90°—B) 
=Q sin C— S sin B. (D) 


ELEMENTARY STATICS 


Fig. 16 


Rsin0—0O sin / EBC--S sin / FCB — P 
=Q sin (90^— C)-- S sin (90? — 5) P 
=Q cos C+S cos B—P. 152) 
Squaring (1) and (2) and adding, we get 
R?—(Q sin C—S sin B)?+-(Q cos C+-S cos B—P)? 
=O? (cos? C+sin* C)-- P*--S* (sin? B+-cos? B) 


4-2 SQ (cos B cos C—sin B sin C) 

—2 PQ cos C—2 PS cos B 
— p2?-- Q?-- $*--2 SQ cos (B+C)—2 PO cos C—2 SP cos B 
— P? 4- Q?--.8*—2 (SQ cos 4-- PO cos C--SP cos B). 


Now, it is given that 


"m Q "M MEN: sa 
cos A |  cosB cos C y. 
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P—K cos A, O—K cos B, S—K cos C 


z^. R?= K?[cos? A-- cos? B--cos"C—6 cos A cos B cos C] 


- ab 24-re0s 24) tea € —6 eos 4 cos 8 eos € ] 
= Ki [1--eos (A+B) eos (4— B)-L-cos?C—6 eos A cos B eos C] 
=K" [L-rcos © {ços (A—5) + cos (43-8))—6 cos A cos B cos C] 
=K? [1—2 cos A cos B cos C—6 cos A cos B cos C] 

=K? [1—8 cos A cos B cos C] 


Hence, R= K 4/1—8 cos A cos B cos C 
i.e. the resultant is proportional to V 1—8 cos A cos B cos C. 
Ex. 7. If P be the ortho-centre and O, the circumcentre of the 


> > > > 


triangle ABC, prove that (i) PA+PB+PC=2 PO 


> > > > 


(ii) 0A+0B+0C=0P 


Let G be the centroid 
of A ABC. It is known from 
Geometry that O, G, P are 
collinear. Also PG=2 GO 
ie. OP=3 OG. Now, from 
Ex. 4, we have 
> > > e 
PA + PB + PC =3 PG= 

=> > 
6 GO —2 PO and 
> > > => => 


OA--OB--OC—3 OG=OP : 
Fig 17 


Ex. 8. A, B, C are points on the circumference of a circle. Forces 
act along AB and BC being inversely proportional to these line segments 
in magnitude. Show that their resultant acts along the tangent at B. 

[D.U. Hons. *64] 
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Let the forces of magnitudes P and Q act along AB and BC respecti- 


vely and let R be their 
resultant acting at B making 
an angle 0 with BC. We 
denote the sides opposite to 
the angles A, B and C by a, 
b and c respectively. It is 
j K K 
given that P--j and EET 


where K is a constant. 


Since the resultant A makes and angle 0 with BC, hence 


P sin ZEBC 


(eve (i ae — 
$ Q--P cos Z EBC 


E sin (180°—B) 


asin B 


= TS = c—acos B 


ares (180°— B) 


But acos B+b cos A=c 
.'. c—a cos B=b cos A 


a = 
nn sin A sinB 
b sin A 
Hence, tan B CET E A. 
pa endis 


>a sin B=b sin A, 


Fig. 18 


But the tangent at B makes an angle A with the chord BC. 


Hence, the resulta 


nt R acts along the tangent to the circle at B. 


Ex. 9. The tangent and normal at any point P of a parabola meet 


the axi 
> > 


of force 


s of the parabola in T and N respectively. Prove that the resultant 


s PT and PN passes through the focus of the parabola. 
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Fie.. 19 


Let S be the focus of the parabola. From the properties of the 
iangent and normal to a parabola, we have 
/SPT=ZPTS and / SPN— / SNP 
<. TS=SP=SN 
i.e. S is the middle point of TN. 


> => > 
Hence, PT+PN=2 PS 


i.e. the resultant of PT and PN passes through S, the focus. 


Ex. 10. Two coplanar non-parallel forces act at two given points of 
a body. If they are turned through the same angle in the same sense about 
their respective points of application, prove that the resultant is constant 
in magnitude and passes through a fixed point. 


Let the two forces P and Q act at A and B and meet at O. We draw 
a circle through O, A and B. Let the resultant of P and O acting along 0A 
and OB respectively pass through C, a point on the circle. Let the force P 
be turned through an angle « in the anticlockwise direction and let O'A 
be the new position of the force P. Then /O'AO=a,. We join O' B. 
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Multiplying (1) by n? and subtracting from (2), we get 
R (1—n°) = 2n? PO(cos l- cos o) -. (4) 
Multiplying (2) by n* and subtracting from (3), we get 
R (1—n?) = 2n! Pü(cos - — cos 2) ...(5) 
From (4) and (5), we get 


1 0 (o ad RO 
n“ | cos Zu ROST =cos EN — cos 


cos 0 — LIU -—12 se sin 9 

2 2 4 4 
Een 0 0 Poel 
cos r2. mit — 2. sin € smg 


4 sin E eae” ue dei, 
T IS 


PRL 
g sing 
30 Char 9*4. 0 
—4 cos = cos g F 2 (cos gj c9 
0 0 
--2 A M DIGOSS eae 
2( cos 4 T 2cos 4 J 
0 
= 4 cos? [+ 2 cosy — 2-r= 
[i — A. GVASISEEN 
2cos--— D2 V4 + 16 Qn) 
4 8 


Rejecting the negative value of cos, which is not physically possi- 


ble, we get 
= Ter Ayo ara ane 


eO mm à 


=> 0 = 4cos-! (ee ') 
EE Sa) 


Ex. 12. A quadrilateral ABCD is insctibed in a circle of centre 0. 
Forces proportional to the areas of the traingles BCD, CDA, DAB and 
ABC act respectively along AO, OB, CO and OD. Show that the forces 


are in equilibrium. 


34 ELEMENTARY STATICS 


Let a, B, Y and 8 be the areas of BCD, A CDA, ^ DAB and 
A^ ABC respectively. Then the forces of magnitudes Ke. KB, KY and 
KS, where K is some non-zero constant, act along AO, OB, CO and OD 
respectively. Let r be the radius of the circle and let AC and BD meet at 
L. The unit vectors along 40, OB, CO and OD can be written as 


Fig. 21 


a m 
O OD > 
AO, OB, Od = espectiyely: Hence, the forccs along 40, OB, CO 


T r r 
> > > > 


K Ki Ky 2 
and OD can be written as 40, "P op, co and? OD 
respectively. Now, we have 

Area of A ACD hi 


Area of A AOB h’ 
whore hi is the height of D from AC and hy is the height of B from 


AC. 
hi _ DL 


Hence 5-7 h, BL 


Similarly, 
area of A BCD CL 


p 47 ° 
area of A DAB AL 
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Kg 
, DL Biel 
Since Ri aS Ks 
be 
=> > > 
4 K K j 
hence, É. 9p + 0D = (618) OL (1) 
Ka 
i MMC NIE 
an since "AL: y Ky 
r 
> > > 
hence, É 40 +% co = E ey) LO (2) 


Adding (1) and (2), we get 


> > > > > 
E40 + “co i fos + Sop= E OL cá») 


But « + Y = area of A BCD + area of A DAB — area of 


quadrilateral ABCD, 
and B + 8 = area of A CDA + area of A ABC = area of 


quadrilateral ABCD. 

Hence, 8 + 8 — « — Y = 0. 

-'. The forces acting along A0, OB, CO and OD are in equilibrium, 

Ex. 13. ABCDE is a regular pentagon. Forces of magnitudes 
n? + 2n, n, n and 2n + 5 Newtons act along AB, AC, AD and AE res- 
pectively. Show that their resultant is 

A/ni + 5n? F 15n? F 25n + 25 Newton. 

From the figure, we have 

4. ABC = £ BCD = Z CDE = Z DEA = Z EAB = 108° 

<. Z BAC = Z BCA = 3 (180° — 108°) = 36° 

Z DEA = 108°... / EAD = 7. EDA = } (180° — 108°) = 36° 

s. Z DAC = 108° — 72° = 36°. 

Let R be the resultant of all the forces aud let 
with AB. 

Resolving a 


R make an angle 0 


Il the forces along 4B and perpendiculat to AB, we 


get 
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36 
| 
Fig. 22. 
p cu n? + 2n )+ n cos 36° + n cos 72° + (2n + 5) cos 108° 
= (n? + 2n) + ncos 36° + n cos 72° — (2n + 5) cos 72° 
and 
R sin 0 = nsin 36° + n sin 72° + (2n + 5) sin 108° 
= n sin 36° + n sin 72° + (2n + 5) sin 72°. 
Hence, 


R? = (n? + 2n)? + n? (cos? 36° + sin? 36°) 

+ n? (cos? 72° + sin? 72°) 

+ Qn + 5)* (cos? 72° + sin? 72°) +°2n (n? + 2n) cos 36° 

+ 2n (n? + 2n) cos 72° — 2 (2n + 3) (n? + 22) cos 72° 

-+ 2n? cos 36° cos 72° — 2n (2n + 5) cos 36° cos 72° 

— 2n (2n + 5) cos? 72? + 2n? sin 36° sin 72° 

-+ 2n (2n + 5) sin 36° sin 72° + 2n (2n + 5) sin? 72? 

= (n? + 2nf + m? + n? + (2n + 5)? + 2n (n? + 2n) cos 36° 

+ 2n (n? + 2n) cos 72? — 2 (2n + 5) x (m? + 2n) cos 72? 

+ 2n? cos (72? — 36°) — 2n Qn + 5) cos (36° + 72°) 

— 2n (2n + 5) cos (2 x 72°) | 
= n! + 4n? + 10n? + 20n + 25 + 2n (n? + 2n) cos 36° 
} 2n (n? + 2n) cos 72? — 2 (2n + 5) (n? + 2n) cos 72° 

++ 2n? cos 36° + 2n (2n + 5) cos 72? + 2n (2n + 5) cos 36° 
=n + 4n? + 10n? + 20 n +, 25 

+ cos 36° (2n? + 4n? + 2n? + 4n? + 10n) 
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+ cos 72? (2n? 4 4n? — 4n? —8n? 10n? — 20n + 4n? + 10n) 

= nt + 4n? + 10n? + 20n + 25 + 2n + cos 36? (2n? + 10n? 

+ 10n) — cos 72° (2n? + 10n? + 10n) 

nê + 4m? + 10n? + 20n + 25 + 2n (n? + 5n + 5) x 

(cos 36° — cos 72°) 

n* + 4n? + 10n? + 20n + 25 + 2n (n? + 5n + 5) 
T ISI 
> 4 4 

= pn! + 4n? + 10n? + 20n + 25 + n? + 5n? + 5n 

= n! + 5n? + 15n? + 25n + 25 

Hence, R= Vnt + 5n? + 15n? + 25n + 25. 

Ex. 14. Two equal weights of 5 N are attached to the ends of a 
thin string which passes over three smooth pegs in a wall arranged in 
the from ofan equilateral triangle with one side horizontal. Find the 
pressure on each peg. 


Let A, B, C be the position of 
the pegs. The tension of the string will 
be 5 N, since the pegs are smooth. 


5N 5N 
Fig. 23 


The pressure at B is the resultant of two forees 5N and 5N inclined 
at an angle of 150°. Similarly the pressure at C will be the same as that 
at B. The pressure at 4 will be the resultant of two forces 5 N and 5 N 
inclined at an angle of 60°. Let R be the pressure at B or C and S be the 


pressure at 4. 
Hence, P = 5 + 5 +2 X 5 x 5 cos 150° 


A V3 
-25+ 25+ 50 x( — 2 
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R ONV OL 
and S*=5°+5?+2x5x5 cos 60° 
=75 
n S=573. 


Hence, the pressures on pegs A,B,C are 5 4/2 —473 N, 5V2—1/73 N 


and 54/3N respectively. Since the component forces acting at each peg 
are equal, hence the resultant force at each peg will bisect the angle 
between the two parts of the string on each side of the peg. 


EXERCISE 2.1 


1. In the following problems, R is the resultant of two forces P and 
Q inclined at an angle « with each other. Find 


(i) R if P=3 N, Q—4 N and a=90° [Ans. 5N] 
(ii) P if R=15 N, Q—10 N and «— 60? 

[Ans. 5(/6—1)N] 
(iii) R if P—12 N,0—12 N and a=120° [Ans. 12 N] 
(iv) a if P=7 N, Q—3 N and R-5 N 


D ee (715) 


(v) R if P=2N, O—1N and «—tan-! i 
Ans. 41) 
[Am A/S ] 


2. Show that the resultant of two forces each equal to P, and 
inclined at an angle of 120° is also equal to. P. 
3. Find the angle between two equal forces P, P when the square 
of their resultant is equal to (2—4/3 ) times their product, 
[Ans. 150°] 
4. With two forces acting at a point, the maximum effect is obtained 
when their resultant is 4 N. If they act at right angles, their resultant is 


Find the forces. , 
3 N. Fin [Ans. (2444/2) N] 
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5. The resultant of two forces P and Q is equal to Pin magnitude, 
and that of two forces 2 P and Q (acting in the same direction as before) 
is also equal to P. Find the magnitude of Q and prove that the direction 
of O makes an angle of 150° with that of P. 

[Ans. 4/3 P] 

6. Two forces act at a point and are such that if the direction of 
one is reversed, the direction of the resultant is turned through a right 
angle. Prove that the two forces must be equal in magnitude. 


7. Two forces P and Q act at such an angle that the resultant R 
is equal to P. Show that if P is doubled, the new resultant is at right 
angles to the force Q. 

8. The resultant of two forces P and Q is of magnitude A. Show 
that if P is doubled, Q remaining unaltered, then the new resultant 
S will be of magnitude 
VIFIO. 

9. If the resultant of two forces acting on a particle be at right 
angles to one of them, and its magnitude be half the magnitude of the 
other, show that the ratio of the larger force to the smaller is 2 : v3. 


10. The resultant of two forces P and 2 P acting at a point is per- 


pendicular to P. Find the angle between the forces. 
[Ans. 120°] 


11. Find the angle between two equal forces when their resultant 
[P.U. 1930] 


is the third equal force P. 
[Ans. 120°] 


12. Two forces of magnitudes 3 P and 2P respectively have a result- 
ant R. If the first force is doubled, the magnitude of the resultant is also 


doubled. Find the angle between the forces. 
[C.U. 1932] 


[Ans. 120°] 
13. At what angle must two forces of 10 N and 10 N be inclined 


if they are balanced by a force of 5 N? 
[ Ans. cos(— + )] 


14. Two forces acting on a particle are not on a line. One is halved 
and the other is decreased by 10 N. Find the latter force if the resultant 


remains unaltered in direction. 
[Ans. 20 N] 
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15. The resultant of two forces P and Q is R. If Q is doubled, the 
new resultant is prependicular to P. Prove that O=R. 


16. The resultant of two forces P and Q (P» O) acting at right 
angles is R. If P and Q be each descreased by 3 N, R is decreased by 4 N, 
and is now equal to the difference of the original values of P and Q. Find 
P and Q. 

[Ans. P:-4 N, Q—3 N], 

17. If the resultant of two equal forces inclined at an angle 20 is 
twice as great as when they are inclined at an angle 24, prove that 
cos.8=2 cos ¢. 

18. Two forces P and Q have a resultant R. If P is increased, the: 
new resultant bisects the angle between R and P. Find the increase of P. 

[Ans. R] 

19. Two forces P+Q and P—Q make ` an angle 2a with 
one another and their resultant makes an angle 0 with the bisector ‘of 
the angle between them. Show that P tan 0—0 tan a, [P.U. 1931] 

20. Two forces P and Q inclined at an angle of 120° have:a 


resultant R. When they are inclined at an angle of 60°, the resultant 
becomes n times as great as before. Prove that 


p= oe (vie v= ) 


and O= 5 (VEV | 


21. Forces P and, Q whose resultant is R act at a point O. If any 
transversal cut the lines of action of the forces P, Q and Rat the points 
L,M,N respectively, show that 

P Q R 

— += L——-, 

OL OM ON 

22. Two forces P and Q acting on a particie at an angle « have a 
resultant (2K--1)4/P?--Q?.. When they act at an angle 90°—z, the 
resultant becomes (2K—1)/ PF O: 

Prove that 


[C.U. °47; B.H.U. *44] 


E] [B.H.U. '46] 


tan 4= "Ke . 


23, The resultant of two forces P and Q is ^/3 Q and makes an 
angle 30° with the direction of P. Show that either P=Q or P=20, 
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24. If. the resultant of the forces P and O be equal to that of the 
forces P+-S and Q—S acting at the same angle ($220 —P), show that the 
magnitude of the resultant is P+Q. 


25. If the resultant R of two forces P and Q inclined to one another 
at any given angle make an angle 0 with the direction of P, show that 
the resultant of the forces P+R and Q acting at the same angle will make ^ 
an angle 4 8 with the direction of P+R. 

[B.U. 26,29; B.E.32] 


26. Show that the system of forces represented by the lines joining 
any point to the angular points of a triangle is equivalent to the system 
represented by straight lines drawn from the same point to the middle 
points of the sides of the triangle. 

27. The resultant of two forces P and Q acting at a certain angle is 
X and that of P and R acting at the same angle is also X. The resultant 
of Q and R again acting at the same angle is Y. Prove that 


QR (Q-- R) 
O?4-R2— yr" 
P+Q+R=0 and Y—X. 


P=/X*+OR= 


28. Two forces Pand Q act at an angle a and have a resultant R. 
If each force is increased by A, prove that the new resultant makes with 
R an angle whose tangent is 
(P—Q) sin a 
P+O+R+(P+Q) cos a 
[P.U.' 43; B.H.U.' 43] 


29. The resultant of two forces is the same when their directions 
are inclined at an angle $ as when they are inclinded at an angle 
X — 4. Prove that tan $—4/2—1. 

30. Two forces P and O acting respectively along two different 
straight lines O4 and OB have a resultant perpendicular to OA. If two 
forces P’ and Q' acting respectively along the same two straight lines have 
a resultant perpendicular to OB, show that P P'—Q Q'. 


31. The resultant of the forces P and Q is R. If O is doubled, R is 
doubled and if Q is reversed, R is again doubled. Show that 
P:Q: R=V2: V3: V2. [Bombay '34] 
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32. Two forces P and Q acting respectively along the straight lines 
O A and OB which are inclined at an angle z to one another (a4-x) have 
a resultant R making an angle @ with OA. If Q be changed to Q’, the 
resultant changes to R’ making an angle 9’ with OA. Show that 

R' sin (~—0) 

AR ~ sin (2—0')" 

33. Two forces given in magnitude act each through a fixed point 
and are inclined at a constant angle 0 with each other. Prove that their 
resultant passes through a fixed point. 

34. Two forces P, Q act at a point along two straight lines making 
an angle « with each other and R is their resultant. Two other forces P', 


O' acting along the same two lines have a resultant R'. Prove that the 
angle between the lines of action of the resultants is 


Cos (^ P'X-Q O'+(PO'+P' Q) cos =) 
RR d 
35. The resultant of two forces P and Q is R, nR and (n+2) R 
according as the angles between the two forces are 90*, 0 and 90°—0 
(0==45°) respectively. Prove that i 
— 3cos 0+sin 0, 
| sin 0—cos 0 


36. Two forces R and S act at a point along two straight lines 
inclined at an angle 6 and F is their resultant. Two other forces R' and 
S' acting along the same lines have a resultant F'. If $ be the angle 
between the lines of action of F and F', prove that 

M (R? $7—2 RR’ SS'+-R® S?) sin? 0 , 

sin’ à = F? F® 


[C.U. *46]. 
37. Show that the resultant of two forces of magnitudes sec B and 
sec C acting along 4B and AC respectively of any triangle ABC is a force 
of magnitude tan A+tan C along AD, where D is the foot of the perpendi- 
cular from A on BC. 
38. Two forces, P and Q, acting along. intersecting lines have a 
resultant A. If the force Q is reversed in direction and changed into 


Re show that the resultant is still of magnitude R. 
, 


39. Two forces acting at a point are represented in magnitude and 


ee —— me 


direction by 4,B, and A,B. Show that their resultant is 24B, where A 
and B are the middle points of 4,4; and B,B, respectively. 
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40. Pisa point in the plane of the triangle ABC, and J is the in- 
centre. Show that the resultant of the forces represented by PA sin A, 
PB sin Band PC sin C along PA, PB and PC respectively is 

A B C 
4 PI COS. COS —5-. cos > along P I. 

4l. ABC is an equilateral triangle and G is the centroid of the 
triangle. Forces of 8, 8 and 16 N act at G along GB, GC and GA 
respectively. Find the magnitude and direction of their resultant. 

[Ans. 8 N along GA]. 

42. Show that the greater the angle between the lines of action of 
two forces acting at a point, the less will be their resultant. 

43. If 4 N be the greatest value of the resultant of two forces and 
2 N its least value, find their resultant when the forccs act at right angles 
to each other. 

[Ans. 4/10 N] 

44. If two forces P, O (P>Q) be inclined to each othcr at an angle 
150°, find the ratio between them when the resultant equals the less. 


[Ans. $- 4/3] 


45. Two non-zero forces acting at a point have got their resultant 
22. N when acting at right angles, and V6 N when acting at an angle 
of 120°. Find the magnitudes of their greatest and least resultants. 

[Ans. Greatest resultant=2\/3 N and 
least resultant—2 N] 

46. Two equal forces act at a point, first at an angle of 180°—A and 
afterwards at an angle of 1807 —24. Show that the ratio of the resultant 
in the latter case to that in the former is equal to 2 cos 3 A, 


47. Three forces P, O, Rin one plane act on a particle. The angles 
between R and Q, Pand R, and P and Q are a, B and Y respectively. 
Show that their resultant is 


V POR +2 OR cos «t2 RP cos 9312 PO cosy - 
[Delhi °31] 


48. If the forces of magnitudes P, Q and R act at a point parallel 
to and in the directions of the sides BC, CA and AB ofa triangle ABC 
respectively, prove that the magnitude of their resultant is 


VPP O+R—2 (QR cos A+RP cos B+P Q cos C) . 
[Madras '36] 
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49. Prove that any force in the plane of a triangle ABC can be 
resolved into three components acting along the sides of the triangle. 


In particular, if E and F are the feet of the perpendiculars from B 
and C upon the opposite sides of the triangle ABC, show that a force P 
acting along EF can be replaced by P cos A, P cos B and P cos C acting 
along the sides of the triangle. 


[B.E.* 35]. 
50. The sides BC, CA and AB of a triangle ABC are 2 24/2 and 


E 


(/6+ v2) em respectively. Find the magnitude and the inclination to 
BC of the resultant of the following forces acting at a point: 


1N in the direction BC, 2 N in the direction CA and 3 N in the 
direction BA. 


[ Aas. V23t6v3. tan Si TEMAN i 


2 2+ 2+Vv3 


V2 


51. Forces of magnitudes P, q and r N act at a point in the 
directions parallel to and in the direction of the sides BC, B4 and CA 
respectively of an equilateral triangle. Show that 


S*--pr—p?-F-g?--r'4-pq--qr and tan 0 — VOD 
2p +q—r 


where s is the resultant of P, q and r and 9 is the inclination of the 
resultant with B C. 


52. Forces proportional to cos A, cos B and cos C act at a point in 
directions parallel to the sides B C, CA and A B respectively of a triangle 
ABC. Show that the magnitude of the resultant is proportional to PO, 
where P is the ortho-centre and O is the circum-centre of the triangle. 


53. Two forces act along the sides CA and CB of a triangle ABC, 
their magnitudes being proportional to cos A and cos B. Prove that their 
resultant is proportional to sin C, and its direction divides the angle C 
into two portions 4 (C+-B—A) and 4 (C+A—B), 

[Punjab > 24] 


54, Three forces P, Q and R meet at a point and the resultant of 


11 E 
P and Q is TN acting at an angle cos” i4 with P. The resultant of P 


1 : ; 
and R is also 7N at an angle cos? (— 7 ) with P and that of Q and R is 
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V/TSN at an angle tan=(— 75) with P. Find P, Q, Rin magnitude 


and direction, it being given that O and R are on the same side of the line 
‚of action of P. 
j [Ans. P=3N, Q=5N at an angle of 60° with P, 
R=8N at an angle of 120° with P] 
55. If O be the circum-centre of the triangle ABC and if forces 
act along OA, OB and OC respectively proportional to BC, CA and AB, 
show that their resultant passes through the in-centre. 
56. D,E,F are respectively the mid-points of the sides BC, CA and 
AB of a triangle ABC and O is any point in its plane. Show that 
BS OS. "tA ICT 
(i) DA+EB+FC=0 {Delhi '37; B.H.U. 40] 
— > => > 
(ii) OE--OF--DO—OA 
— > > > > — 
(iii) 0A+0B+0C=0D+0E+0F 
Bh) Ee SSS r d disi 
(iv) 40--BO 4-CO 4-OD--OE-- OF—0. 
57. A,B,C are three fixed points and P is a point such that the 
> > 
resultant of forces PA and PB always passes through C. Show that the 
locus of P is a straight line. 
58. The greatest resultant which two forces can have is P and the 
least is Q. Show that if they act at an angle 0, the resultant is 


9 RR FUN: 
2 2 10? 2 
(? cos’ 7 +Q° sin v ) 


59. If one of the two forces acting on a particle be double that of 
the other, and if 0 be the angle between the directions of the resultant and 


T 
the greater force, show that b m 


60. If the greatest possible resultant of two forces P and Q is n times 
ihe least, show that the angle % between P and Q when their resultant is 
twice the square root of their product is given by 

"n 3-m 

tan —a—5 

61. Forces of 2,1,4,5.3 and 1 N act at a point A in directions 4B, 
AC, AD, AE, AF and AG where Z BAC=30°, .CAD=30°, LDAE=90°, 


/EAF=30° and ZFAG =120°. 
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Find the magnitude of their resultant and the inclination of its 
direction to AB. 


z 8+11 
[ Ans. V30+3V3 N, tan-! (- EH] 


13 


62. Six horizontal wires are attached to a telephone post and exert 
the following tensions on it: 


4N towards east, 5N towards north-east, 3N towards 30* west of 
north, 10N towards west, 3N towards south-west and 12N towards 60° 
south of east. Show that the magnitude of the resultant is 


V 61—34/2—94/6 N. 


-> > — 
63. Three forces represented by PA, PB and PC diverge from the 
> > — 


point P, and three forces represented by 40, BO and CO converge to the 
— 
point Q. Show that the resultant of the six forces is Tepresented by 3PQ. 

64. Two equal Weights of P Newton each are attached to the ends of 
a thin string which passes over three smooth pegs in a wall arranged in the 
form of an isosceles triangle with one side horizontal and vertical 
angle 90°. Show that the pressure on the top peg is 4/2 P Newton and 
that on each of the other two pegs is P (2—4/ 2) Newton. 

65. Five equal forces act on a particle in the directions away from 
the particle so that the angle between them in order are equal. Find their 
resultant. 

[Ans. 0] 

66. OB is a diagonal of the square OABC. D and E are the middle 
points of 4B and BC respectively. Find the resultant of forces P acting 
along OB, Q acting along OD, Q acting along OD and Q acting along OE. 


[ Ans. P42 /100 along OB ] 


67. The sides AB, BC, CD and DA ofa quadrilateral. ABCD are 
bisected at E,F, G and H respectively. Show that the resultant of the forces 
acting at a point, which are represented in magnitude and direction by 
E G and HF, is represented in magnitude and direction by AC. 
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68. E and F are the mid-points of the diagonals AC and BD of a 
quadrilateral 4BCD. Prove that if G is the mid-point of EF, then 
> > > > > 


GA+GB+GC+GD=0. 


69. ABCDE is a regular pentagon and forces acting ata point are 


SS SS SS SS > 
represented by AB, AC, AD, AE, BC, BD, BE, CD, CE and DE. Prove 
> > 


a 


that their resultant is represented by 4 AE+2 BD. 
[C.U. ^39] 
70. Four smooth pegs 4,B,C,D are fixed in the same vertical plane 
so that they form the four lower corners of a regular hexagon with the 
side BC horizontal. A string is tied to A, passes under Band C, over D 


and 4 and has a weight of 4 N attached to the free end so that the 
weight hangs vertically. Find the pressure on the four pegs. 


[Ans. 4/4--/3 N on 4; 
4N on Band C 
and 4/3 N on D] 


71. ABCDEF isa regular hexagon. Show that the resultant of forces 
= > > > > 


AB--2 AC+3 AD+4 AE+5 AF is / 351 AB in magnitude and the resul- 


tant is inclined at an angle of tan! (m) with AB, [M.T.] 


72. ABCDEF is a regular hexagon and O is the centre of the circle 
which circumscribes it. Forces 4P, 5P, 8P, P, 7P and 6P act along OA, OB, 
OC, OD, OE and OF respectively. Find the magnitude and direction of 


their resultant. 
[Ans. P, acting along OA] 


73. Two chords, OA and OB, of a circle represent, in magnitude 
and direction, two forces acting at the point O. Show that if their resultant 


passes through the centre of the circle, either the chords are equal or they 


contain a right angle. 
74. Eight points are taken on the circumference of a circle at equal 


distances, and from one of the points, straight lines are drawn to the 
a Bon 
others. If these lines represent, in magnitude and direction, forces acting 
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on a particle at the point, show that the direction of the resultant 
coincides with the diameter through the point and its magnitude is four 
times the diameter. 


75. Two constant equal forces act at the centre C of an ellipse 


parallel to SP and PH, where P is any point on the ellipse and S and H 
are the foci. Show that the end of the straight line which represents their 
resultant lies on a circle which passes through C. 


Chapter III 


Conditions of Equilibrium of 
Concurrent Forces 


3.1 Equilibrium of Concurrent Forces 


We shall now consider the conditions under which two or more 
forces acting at a point of a rigid body are in equilibrium i.e. the resultant 
of the component forces is zero. 

Itis obvious that a single non-zero force acting at a point of a 
rigid body can not maintian it in equilibrium. Hence, at least two 
forces are needed to maintain equilibrium. We have shown that two 
forces acting at a point of a rigid body will be in equilibrium only when 
their magnitudes are equal and they act along the same straight line but 
in the opposite directions. We shall now discuss the conditions of equili- 
brium of three forces acting at a point of a rigid bcdy. It can be 
mentioned here that three forces acting on a body are in equilibrium only 
if they are coplanar. This has been proved in chapter VII, section 7.7. 


3.2 Triangle of forces 


This theorem states that if three forces acting at a point be 
represented in magnitude and direction (but not in position) by the sides 
of a triangle, taken in order, then they will be in equilibrium, 

Let the three forces P, O and R act at a point O and let them be 
represented in magnitude and direction by the sides AB, BC and CA 
of the triangle ABC respectively (fig. 24). To show that the three forces 


acting at O are in equilibrium. 
> > ex 


We complete the parallelogram ABCD, Since AD= BC, hence AD 
repressents the force Q. Then by the parallellogram law of forces, 


mx mE me 


AB+AD=AC, 
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4 
Hence, the resultant of P and Q acting at O is represented by AC. 
— 
Since the force R acting at O is represented by CA, hence the resultant of 
> 


Ry 
P and Q represented by AC will balance the force R represented by CA, 
Hence the three forces P,O,R acting at O are in equilibrium. 

Note that the same result can also be derived by using the triangle 

law of vectors. Thus 
> > > > > — 

P-EQ-- R--AB-- BC+CA 

> > > 
=AC+CA=0, 

Hence, P,Q, are in equilibrium. 

Remark 1: The above theorem implies that if the three forces P, Q 
and R are proportional to the sides AB, BC and CA of AABC, 
then also the forces P,Q and R acting at a point O will be in equilibrium. 

Remark 2: If the three forces P, O and R actually act along the 
sides of the triangle ABC, taken in order, and are represented in magni- 
tude by those sides, then they will not be in equilibrium, but will form a 
couple. This has been discussed in the latter chapter VI, section 6.9. 
Obviously, the forces in this case will not be concurrent. 


3.3 Perpendicular triangle of forces 
The triangle of forces as stated above can be slightly modified and 


can be stated as follows. 


CONDITIONS OF EQUILIBRIUM OF CONCURRENT FORCES 51 


It three forces acting ata point be such that they are proportional to 
the sides of a triangle and their directions are perpendicular to the corres- 
ponding sides, all inwards or all outwards, then also the forces will be in 
equilibrium. This is called perpendicular triangle of forces. 

If we rotate the triangle through one right angle in its own 
plane in the proper sense, we get a triangle whose sides, in order, are 
parallel to the given forces and the forces are proportional to the corres- 
ponding sides of the triangle. Hence, the forces are in equilibrium. 

The converse of this theorem, is also true. Thus, if three forces act- 
ing perpendicularly to the sides of a triangle are in equilibrium, they will 
be proportional to the sides to which they are perpendicular. 

Remark: If the direction of the forces, instead of being perpendi- 
cular to the corresponding sides, make any equal angles with them, 
measured the same way round, then also the result will be true. The 
proof is exactly similar. 


3.4 The Converse of the triangle of forces 


This states that if three forces acting at a point be in equilibrium, 
then they can be represented in magnitude and direction by the sides of a 
triangle, taken in order, drawn parallel to the forces. 

Let the three forces P, Q and R acting at O be in equilibrium 
(fig. 24). Choosing a proper scale, we draw AB and AD so that they 
represent P and Q in magnitude and direction. We complete the parallelo- 

— > > 

gram ABCD and join AC. Now, 4D=BC and so AD represents the 
forces Q. Now, by the parallelogram of forces, 

ee S 

AB+AD=AC. 

Hence, the resultant of P and Q acting at O can be represented by 
the side AC. Since the forces, P,Q and R acting at O are in equilibrium, 


hence the resultant force R must be equal and opposite to the resultant 
> 


> 
force AC. Hence, CA must represent the force R. 

Thus we get a triangle ABC whose sides 4B, BC and CA, taken in 
order, represent the forces P, Q and R in this case. This proves the 
theorem. 

Remark 1: If three forces acting at a point be such that the sum 
of the magnitude of any two is less than the magnitude of the third, then 
they can never be in equilibrium. for in that case, they can never be 
represented by the sides of any triangle. 
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Remark 2; If three forges acting at a point be in equilibrium, then 
they ean also be represented in magnitude and direction by any triangle 
similar and similarly placed to AABC. 


3.5 Polygon of forces 


If any number of forces acting at a point be represented in. magnitude 
and direction (but not in position) by the sides of a closed polygon, taken 
in order, they will be in cquilibrium, 


(i) 


Fig.25 


Let the five forces Py, P4, Ps, Py and Ps, for example, act at O and let 
> > > > > 
them be represented by AB, BC, CD, DE and EA respectively of a 
polygon ABCDE. To prove that these forces are in equilibrium, we join 
AC and AD. 
We have, by vector law of addition, 
> > > 
AB--BC—AC 
> > => 
AC+CD=AD 
=> > > 
AD+DE=AE 3 
Hence, adding all these equations, we get 
kv 4S ist Sera ES 
AB-- BC--CD--DE—AE 
-J Sas ad E ES 


>AB+ BC-- CD-- DE--EA—AE--EA—0. 


CONDITIONS OF EQUILIBRIUM OF CONCURRENT FORCES 53 


Hence, the system of forces ie in equilibrium. This result is true for 
any number of forces. 

Remark I; The theorem is true even if the system of forces does 
not lie in one plane. The proof is similar. 

Remark 2: As in the case of the triangle of forces, the theorem 


does not hold if the forces actually act along the sides of the polygon as 
will be shown later. 


3.6 The Converse of the polygon of forces 


The converse of the polygon of forces, if stated as follows, is true. 
Ifany number of forces acting at a point be in equilibrium, then they can 
be represented in magnitude and direction by the sides, taken in order, of a 


closed polygon drawn parallel to the forces. 
We consider, as an example, five forces Pi, Ps, Ps, P4 and Ps acting 


at a point O (fig. 25). Let these forces be in equilibrium. 
> 


-- > > 


Let AB, BC, CD and DE represent the forces P,, Ps, Ps and Ps. To 
> 


show that Ps is represented by EA, 
We have shown in section 2.5 that 
oS y= ae 
AB+ BC+ CD+DE=AE 
But since the forces are in equilibrium, hence 
-— >) > 


eg Et 
AB+BC+CD+ DE+Ps=0 


ie de cx > 
> AB+BC+CD+DE= —Ps 
> > 


Hence, AE=—Ps 
> > 
=> Py—EA. 
This completes the p 


number of forces. 
Remark 1: The forces P1, Ps, P3,... need not be coplanar. 


Remark 2: Yt should be ;noted here that if a number of forces acting 
at a point be in equilibrium, then they cannon necessarily be represented 
bythe sides of any polygon drawn with its sides parallel to the forces, 
because polygons with their corresponding sides parallel are not necessa- 
rily similar i.e. their corresponding sides need no be always proportional. 


roof of the theorem. This result is true for any 
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3.7 Lami’s Theorem 


Father Lami gave the triangle of forces a trigonometrical form in 
1687. This is known as Lami’s Theorem which can be stated as follows: 

If three forces acting at a point be in equilibrium, then each Jorce is 
Proportional to the sine of the angle between the other two forces. 


[o 


(22) 


[3 


Fig. 26 


Let the three forces P, O and R acting at a point O be in equili- 
brium. Hence, by the converse of triangle of forces, they can be repre- 
sented by the sides of a triangle ABC, taken in order, whose sides are 
respectively parallel to the forces. 

Let OD, OE, and OF be respectively parallel to AB, BC and CA, 
We produce AB, BC and CA to B,, C, and A, respectively so that 

LEOD= / CBB,, / EOF— 7 ACC, 

and Z FOD- / BAA,. 


P Q* JR wall) 
Hence, Vine BGs = AG 
AB BC CA 
But 3 ZACB ~ sin ZCAB™= 3g ZABC 
AB BC 
sin (180— 7 4CC)) — sin (I80—7 BAA) 
CA 


~ sin (18— 7 CBE) 
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sin / ACC, sin BAA, — sin Z CBB, 
za 1 
dee aa MON 
sin /.EOF sin ZFOD sin ZL EOD 
.. From (1), 


P i Q R 
sin / EOF sin ZFOD sin LEOD 


i.e. P,Q and R are proportional to i 
= the sine 
the other two forces. of the angle between 


Alternative Proof : 


e 
CHR Ese 


Frise 27 
/ 8 


P, Q and R acting at a point O in the directions 


OD, OE and OF respectively bein equilibrium. Hence, the three forces 
are coplanar. Let O Y be perpendicular to OD and O Y' be perpendicular 
to OE. Since the resultant of the three forces P, Q and R is zero, the 

parts in any direction, being equal to the 


algebraic sum of their resolved 
resolved part of their resultant in the same direction, is zero. We now 
resolve these forces along and OY’. Hence, we have 


Let the forces 
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Q sin / EOD--R sin (360°— Z FOD)— o 


7 Q sin / EOD—R sin ZFOD .. (1) 
and P sin Z EOD--R sin (360°— 7 EO F)—0 
=> P sin / EOD— R sin ZEOF 22) 


Fri (2), we hav p — R 
anaye hayo ZEOF~sin ZEOD 


R Q . 

and from (1), we have sin / EOD ^sin Z FOD 

P Q Rir 

Hi UU a 
3.8 The Converse of Lami's Theorem 


The converse of Lami’s theorem is also true, This can be Stated as 
follows: 


If three coplanar forces actimg ata point be such that each is pro- 
portional to the sine of the angle between the other two (the sense of the 


Fig. 28 


wee 
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Let the forces P.Q and R act at O along OD, OE and OF. With a 
chosen scale, we cut off a length OA to represent the force P. We draw 
a line AB through A parallel to OE. We produce OF to meet AB at B. 
From A OAB, we have 


Olt v Po vH OB 
sin ZOBA ~ sin / BOA — sin/ BÁO - 
< LE eal rhs. emit B OB 
sin (180°—ZCOF) sin (180*— 7 AOF) — sin (1807— 7 COA) 
P AB OB 


> Sin ZCOF si ZAOF = sin ZCOA 


Now, it is given that 
P [o WP 
sin /COF isin / AOF — sin / COA 


Hence, 48—0O and OB=R on the same scale as OA-— P. 

Also by construction, OA=P. Hence, the sides of the triangle OAB, 
taken in order, represent the forces P,O and R in magnitude and 
direction. Hence, by the triangle of forces, these forces are in equilibrium. 


3.9 Conditions of equilibrium of a number ofa coplanar and concurrent 
forces 1 


We have shown in chapter IT, section 2.5 that the resultant R of a 
number of forces P}, Ps, ......P, is given by 

R=4,/ XF Y, 

where X is the algebraic sum of the resolved parts of all the forces 
.along the x-axis and Y is that along the y-axis. If all the forces are in 
equilibrium, then .R must be zero. 

Hence, X—0 and Y=0. 

Conversely, if X—X and Y=0, then A must be zero and hence 
the system of forces will be in equilibrium. We observe that the x-axis 
can be chosen arbitrarily in the plane of the forces. Thus we have the 
following theorem on the equilibrium of a number of coplanar aud con- 


current forces: 3 D. 
' — Theorem : The necessary and sufficient conditions that a. system of 


coplanar forces acting at a point may be in equilibrium are that the 
algebraic sum of the resolved parts af the forces along any two mutually 
perpendicular directions or any two arbitrary. directions should be separa- 


tely zero. 
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3.10 Equilibrium of a system of particles 


When several particles are connected together and form a system 
and each particle is acted upon by special forces in addition to the forces 
produced upon it by its connection by strings or rods with the other 
particles, we can consider the equilibrium of any one particle apart from 
all the others, provided that we consider all the forces which are produced 
on it by its connection with the others, in addition to the special forces 
acting on it. This is called the principle of separate equilibrium. 

Thus in Example 8 of section 3.11, we can write down the equations 
for the equilibrium of the particle 45 as if it were entirely disconnected with 
the other points Án As A4,...... , if we represent it as acted on by the 
vertically downward force W, and the tensions T, and T; of the strings by 
which it is connected with the system. 


3.11 Solved Examples 
Ex. 1. A weight of 26 N is suspended by two light inelastic strings 


' of lengths 5m and 12m from two points at the same level and 14m apart. 
Find the tensions in the strings. 


A 


Fig. 29 


Let the weight of 26N be suspended at C by two strings CA and CB. 
AB=14m, AC=12m and CB—5 m. Let T, N and T, N be the tensions 
of the strings CA and CB. Every point, of the string, say AC, is pulled by 
two equal forces T,, T, in opposite directions and remains in equilibrium. 
At C, the tension T, acts along CA while at A, this acts along AC. 
Similarly, the tension T, of the string CB acts along CB for the point C 


and along BC for the point B. 
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Let CD | AB and let / DCB—0, / DCA—4. 
The particle at C is in equilibrium under the coplanar forces T, N 
along CA, TN along CB and 26N vertically downwards. 
Hence, by Lami's theorem, we have 
(erc m PC TRIN 
sinÜ  sinó sin (04) 
Now, sin 6=sin (90*— B) —cos B, 
sin ġ=sin (90°—A)=cos A and 
from AABC, 
AC?—AB?-- BC*—2AB.BC cos B 
=> 122=142+5°—2x 14x 5 cos B 
dL 
20 


2140 cos B=77 2cos B == 
Also, 

BC:—AB?--AC?—2AB. AC cos A 

=> 5?=141+122—2x 14x 12 cos A 

336 cos A=315 


Loe 
>cos A= 16 


Hence, sin 9=cos B=- 


A THE 
sin $—cos Aer 


and sin CRANE: 0 cos $-+cos 0 sin $ 


225 D = 
EE pat = 

p By 400 

ovs ,3V3r 25 WE 

20-9 MGR 20 16 40 
TiO 26 
Hence ei, ICD 
20 16 40 


Hence, the tensions of the strings are 
UO 975 
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Ex. 2. Three forces in equilibrium act 
of a triangle through any point in their plane 
that the forces are proportional to the corresp 


perpendicularly to the sides 
within the triangle. Show 
onding sides of the triangle. 


Fig .50 


Let the forces P, 


Q and R act at a point O within the triangle ABC 
along OD, OE and O 


F repectively where OD |. BC, OE | ACand OF | AB. 


It is given that the forces are in equilibrium. Hence, by Lami’s theorem, 
we have 
P ^. R 
sin /Z FOE sin / FOD ~ sin / EOD 


17 F Q ez R D 
sin (180°—A) ~ sin (186°—B) ~ sin (180°— C) 
since the quadrilaterals AFOE, FODB, DOEC are cyclic. 


Ie Q 12 
ete sin 4 - sin B — sip cC 
P ES R 
> ü =— b — m > 
a b c 
i =— == , Where 
Since sin A sin B sin C 


a,b,c, are the sides of the triangle ABC, 


Ex. 3. A force P acting along a smooth inclinced plane can support 


a weight W and acting horizontally can support a weight W on the same 
piane. Prove that P?’=W?—W,?. 
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i Pas 
Q) (u) 
Fig .&l 


Let R be the reaction of the plane on the body resting on the 
inclined plane [fig. 31 (i)] of inclination « when the force P acts along 
the plane. Let S be the reaction of the same plane when the force P acts 
horizontally [fig. 31(ii)]. In both the cases the reactions of the plane on the 
bodies will be perpendicular to the plane, since the piane is smooth. 

In the first case, the body is in equilibrium under the forces R, P 
and W, which act at a point on the body. Hence, by Lami's theorem, we 
have 

Je n A R 
<in (1800—2) ~ sin 90? ~ sin (90^ --z) 
P W, R 


sin % 1 cos « 


SW 


In the second case, the three forces P, S and W, acting at a point of 
the body are in equilibrium. Hence, by Lami's theorem, we have 


P W, S 
sin (180°—«) — sin (90°+-2) ~ sin 90° 
P W, S 
“Gow sete IM n2 


From (1), we have W;— P cosec « 

and from (2), W,—P cot 7. 

Hence, W?,—W?,— P* (cosee?a—cot?a) = P*. 
Alternative method: 

Resolving all the forces along the 
P—W, sin a> W,— P cosec « 


and P cos a=W, sin a> W,-—P cot a. 
W?,—W?,=P? (cosec*a —cot?«) =P? 


plane in the two cases, we get 


Hence, 
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Note: For the equilibrium of the three forces R, P and W, in fig. 31 
(i) or S, P, W, in fiig 32 (ii), it is necessary that they should be coplanar. 
Hence, in fig 31 (i), the three forces lie in the vertical plane containing 
R through the body. The force P lies in this vertical plane and acts along 
the line of the greatest slope. Tn fig. 31 (ii), the horizontal force P lies in 
the vertical plane containing S through the body. The figures as shown 
above are actually the cross-section of the inclined plane by the vertical 
plane containing R or S through the body. 

Ex. 4. Two light rings slide on a smooth vertical circular wire and 
a thin string passing through the rings has two weights tied at its extremi- 
ties. A third weight is attached to the middle point of the string between 
the rings, and the system is in equilibrium with the rings resting at points 
such that each of the radii through P and O makes an angle of 30? with 
the vertical through the centre. Find the relation between the weights 
suspended. Find also the pressure on the wire at one ring, if the middle 
weight be 10 N. 

Let O be the centre of the circular wire and AO the vertical through 
O. Let P and Q be the positions of the rings on the opposite sides of the 
vertical AO such that ZAOP= / AOO=30°. 

Let W, and W, be the Weights suspended at P and Q acting verti- 
cally downwards and let W be the weight suspended at B, the middle 
point of the string PBO, acting vertically downwards, Let AR, and R, be 
the reactions of the wire on the rings at P and Q respectively. Since the 
wire is smooth, its reaction on the rings will be normal to the circle and 
hence the lines of action of R, and R, will pass through the centre of the 
circle. Since the weight W is attached with the middle point B of the 
string, the tensions of the two portions of the Strings on the two sides of 
B will be, in general, different. Let T, and T be the tensions of the strings 
passing through the rings P and O respectively. Let U and V be any two 
points below P and Q respectively on the vertical lines through P and Q 
(not shown in the figure). Since the rings are smooth, the tension of the 
vertical portion PU of the string through P and the portion PB of the 
string will be the same i.e. T}. Similarly, the tension of the portion BO of 
the string and the remaining vertical portion OV of the string. through 
Q will also be the same i.e. T}. 


Now, the load W; is balanced by the tension T, of the string, 
Hence, T,= W. 


Similarly, considering the equilibrium of the load W, we have 
To= Wo. 


Now; since PB=QB, we have / PBA— / QBA. 
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Fig. 32 

Now, the point B is in equilibrium under the forces T, along BP, T, 
along BQ and W acting vertically along BO. Resolving these forces hori- 
zontally, we get 

T, sin / PBA— T, sin ZQBA 

TT, 

WW. 

Now, the ring at P is in equilibrium under the forces 7,— W, along 
PB, W, along PU and R, along OP. 

Now, resolving the forces acting at P perpendicular to OP, we get 

W, sin LUPO — W, sin ZOPB 

=>/UPO=ZLOPB , 

But /UPO— / POA-—30* 

1. ZUPO= £ OPB=30° 

<. ZUPB=30° +30°=60° 

<. ZABP= Z ABQ=60°. 
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Now, considering the equilibrium of the point B, and resolving all 
the forces acting at B vertically, we get 

W=2W, cos 60°= F4. 

Hence, W= W,—W. 

Now, the pressure on the wire at, say P, is the resultant of two equal 
forces W, and W along PU and PB. Hence, the resultant pressure at P is 

A/ We+W2+2W cos 60° N 


=A/ 2W? a+) N. 


=/3WeEN —4/3 W, N—10V3 N. 

Similarly, the pressure at Q—104/3 N. 

Ex. 5. A weight is supported on a smooth plane of inclination a to 
the horizontal by a string inclined to the vertical at an angle Y. If the 
slope of the plane be increased to ß and the slope of the string is unalte- 
red, the tension of the string is doubled to support the weight. Prove that 

cot 4—cot Y=2 cot f. [C.U. 1945] 

Let W be the weight supported. Let the reactions of the plane on 
the weight be R, and R, when the inclinations of the plane are « and B 
respectively (fig. 32 (i) and (ii)). 


Qi) 


Fig. 33 

Since the plane is smooth, hence its reactions on the weight in the 
two cases will be perpendicular to the plane. Let the tensions of the 
string be T and 2T in the two cases as shown in the figures. In the first 
case, the direction of T makes an angle of a--Y with the normal to the 
plane and in the second case the direction of 2T makes an angls of f--Y 
with the normal to the plane. In the first case, the body is in equilibrium 
under its weight W acting vertically downwards, the reaction A, acting 
perpendicular to the plane and the tension T of the string. In the second 
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case, the body is in equilibrium under its weight W acting vertically 
downwards, the reaction R, acting perpendicular to the plane and 
the tension 2T. 

Resolving the forces along the plane in the two cases, we get 


T sin (a4-Y)— W sin « ...(1) 
and 27 sin (B-- Y) — W sin B ...(2) 
Dividing (1) by (2), we get 

sin (a+-Y) sin « 


2 sin (8+7) sin P 

sin («+Y) sin B—2 sin (6+) sin a 

=sin B (sin a cos Y+cos « sin Y) 

=2 sin « (sin B cos ¥+cos ß sin Y) 

əsin a sin B cos Y+sin B cos « sin Y 

=:2 sin a sin B cos Y+2 sin « cos B sin Y 

=>sin B cos a sin Y—sin « sin B cos Y=2 sin « cos f sin Y 
Dividing both sides by sin « sin B sin Y, 
we get 

cot «—cot Y=2 cot p. 

Ex. 6. Three strings are attached to a light particle P which is in 
equilibrium. Two ofthem pass over pulleys and then hang vertically, 
carrying weights, while the third supports a weight WN. The inclinations 
of the upper strings are respectively 30° and 45° to the upward vertical 


through P. An additional weight of 10 N is now attached to W. Find what 
additional weights must be added to the other two strings to ensure that 


P shall remain in equilibrium in the same position. 
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Let the weights suspended from the ends of three strings PA, PB 
and PD be W,, W, and W respectively [lig. 34 ()]. Let x Nand y N be 
the additional weights which are attached with the weights W, and W, 
respectively when an additional weights of 10 N is attached to W 
[fig. 34 (ii)]. Let 7, 7», and T, be the tensions of the strings PA, PB and 
PD respectively in the first case and Ts, Ts, Ts be those of the strings in 
the second case. In both the cases, the particle P is in equilibrium, It is 
clear that 


T,= W,, T,=W,, Ts=W 
and T3=W,+x, Ts=W,+y, Te=W-+-10, 


In the fiirst case, the particle P is in equilibrium under the forces 
W, W, and W,. Hence, by applying Lami's theorem, we get 


Ww W, W, 


1 m 2 
sin (30°-+45°) — sin 45° — sin 30? 
: W W, uae, 
A TEA. MA tr hel 
2 2€ 4/2 DUO V2 2 
Seen W,=2W,=K, say. 
1v3 
_ (V3+1) K 


NO Tc xus (1) 


In the second case, the particle P is in e 


quilibrium under the forces 
W,-+-x and W,+y. Hence, by applying 


Lami's theorem, we get 


wio  Wx — W,ty 
sin (307--45*) — sin 45° — sin 30° 


24/2 (W= 10) L. 
É MET avi (Wi+x)=2 (W,+y) 


Putting the values of Wand W, from (1) in the equation 


24/2 (W--10) = 
NU ED vj (W+x), we get 


2/2 [53.05 = NE 19 | 
ET mM rui CU 
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aA 
a (V3 t1) K-20v2 


Ic 4/3 -K-LX2x 
242 (l+ V3)x —204/2 
20 = 
“Xx Se ali 10 (4/3 — 1). 
Again, putting the values of W and W, from (1) inthe other 
equation 

2/2 (W+! 5 h. 
2V2 (W 10) = 2 (W+ y), we get similarly 

1+y3 

= R 
(V3 +1) K+20 V? pio, 


1+3 
22 (144/35) p=20 V2 


-0V2 Ls /2(/3 —1). 


Hence, the required additional weights are 10 (4/3 —1) N and 
5/2 (V3 —!) N. 

Ex. 7. If one of the two intersecting forces be given in magnitude 
and direction and only the line of action of the other force is given, prove 
that the least force which will produce equilibrium is perpendicular to 
the second force. 


P 


Fig. 35 
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> > 
Let the first and the second forces be P and Q respectively and let 
> > 
them intersect at O. The magnitude of the force P is given but not of Q. 
> > 
Since the directions of both P and Q are known, the angle between 
> => 
the forces is also given. Let the given angle between P and Q be v. Let 
— > > 
R be the resultant of P and Q inclined at an angle 9 with the direction 
Coa > > 
of Q. The third force which together with the forces P and Q will produce 
> > 
equilibrium will be least only if R is least, since the resultant of P and Q 
will be balanced by the third force for equilibrium. Hence, the direction 
> > 
of the least force which will produce equilibrium with the forces P and Q, 
will be opposite to the direction of the least value of R. We, therefore, 
seek that value of 0 for which R is the least. We have 


P sinc 
tan 0— O+P cos a d 
and R?—P*--Q*--2PQ cos a, ...(2) 


From (2), we see that R is least if 

P?+-0?+2P0 cos a is least for given P and «, 

Now, R?=(Q+P cos «)?+P?—P? cos? a 

=P? sin? «+(Q+P cos a). 

The R.H.S. being the sum of two squares is least when 
O-+P cos «—O for given P and a, 


From (1) we see that as Q+P cos a tends to zero, 0 tends to S It, 


> > 

therefore, follows that the least force producing equilibrium with P and Q 
> 
is perpendicular to the second force Q. 

Ex. 8. A string 4,4543... A5: whose weight is neglected is sus- 
pended from two fixed points 4; and 4,.,and from the points As. 
As, Anz in the string are suspended a series of particles of weights 
Wy, Way Ws... W,, respectively. If the inclination of the successive portions 
of the string to the horizon are Ois 95,..-9,.43, show that the horizontal 
components of the tensions of different parts of the string are all equal. 
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lf J V H =W, =W, r t the 

; W Wa V, E n ,then prove thai he tang M 
i 4 ; 7 : angents of the 

successive inclinations of the portions of the string form a Series in A.P. i 


A 


\ 


Fig. 36 


s of different portions of the string due^to the attachment 
be different. Let Tj, Ts, Ts,...--- T ,4, be the 

s of the string. 

vilibrium of the particle at 4, we see that it is in 

T acting along 4s4,,. T; acting along Ay As 


The tension 
of different weights will 
tensions of different part 

Considering the €q 
equilibrium under the forces 
and W, acting vertically downwards. 

Hence, resolving all the forces horizontally, we get 


T, cos b= T, cos 6; Mi 
Now, resolving the 
T, sin 9,—W,—O 

the particle at Ag is i 
As, Ts acting along As 
lving horizontally an 


forces vertically, we get 

n equilibrium under the forces 7 
A, and W, acting vertically down- 
d vertically, we get 


T, sin 05— 
Similarly; 
acting along 4s 


wards. Hence, reso 
T, cos 0,— Ts COS 0; (3) 
and T, sin 0,—Tssin (Mat aes ICE CERE RU (4) 
irs of equations from the equilibrium con- 


We shall get similar pat 


dition of other particles. 
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From (1), (3) and similar other equations, we get 
T, cos 0,— T; cos 0,— Ts cos 0,— ...— Tn cos Ona. 


Hence, the horizontal components of the tension of 
are equal. Let this constant horizontal component of 
denoted by T. 


all the strings 
the string be 


COM PES Gee erin C ER 
* cos8,' * cos LI s RE cos Ons, * 
Hence, from (2), we get 


T tan 0,—T tan 0,—W,—0 


W, 
.. tan 0, = tan 0, + 7 


(n) 
Similarly, from (4) and other similar equations, we get 
We 
tan 0, = tan 03 + UP we (2a) 
Wa 
tan 0,—tan 0,4 + PS < (ta) 
If V,=W,=Ws=...... =W,=W, say. then 


from (03), (a5),...... (an), we get 
tan 0,—tan 0,—tan 0,—tan 0,— 


= tan 0, — tan 0.4, = T 

which shows that the tangents of the successive i 
portions of the string form a series in A.P, 

Ex. 9. A smooth tube in the form of a parabol 
axis vertical and vertex downwards and a heavy 
it. Show that the particle can be kept at rest b 
an ordinate which varies as the ordinate and 
reaction of the tube varies as the square root 
focus of the parabola. 

Let O be the vertex of the parabola which is chosen as the origin. 
We choose the axis of the parabola and the tangent at the vertex as the 
x and y axes respectively. Let the equation of the parabola be 


y’=4ax, where a>o. 


nclinations of the 


a is placed with its 
Particle is placed within 
y an outward force along 
that the Corresponding 
of its distance from the 


Let P (x,, yı) be the position of the particle and the tangent PTat P 
intersect the x-axis at T. Let the inclincation of this tangent with the x- 
axis be 0. The normal PG at P intersects the x-axis at G. We draw PN 
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RS 


C 


B 
i 


Fig 27 


o the x-axis Let 5 be the focus of the parabola. The 
n equilibrium under its, weight W acting vertically done 
wards, the normal reaction R of the smooth tube acting along the normal 
PG and the outward force F acting along the ordinate NP. Resolving all 
these forces along the tanget PT and the normal PG, we get 5 


perpendicular t 
particle at P is i 


W cos 0—F sin 0 a) 
and R=W sin 0--F cos 0 A R^ Q 
Now, since y!—4 ax, hence a 

dy 

>= 4 
2y dx a 

dy 2a 

d dx — 


The equation of the tangent to the parabola at (xy. yı) is 


a 
yy m (yx—XJ)- 
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This tangent cuts the x-axis at the point where y=0. This gives 


y 4ax 
x=—OT=x, == 1 a k 
SOT-—x,—0N. 
-. cot 0 T LN TOT E. he A 
PN PN X  2ay 2a’ 


since y;^—4ax,, (x, yı) being a point on the parabola. 
Hence, from (1), we get 


F = W cot = Hne constant X y, 


which shows that F oc y,, the ordinate of the point P. 
Now, PT— V PN*-ENT? = Vyp Faxi 
= \/4ax,+4xe = 2/x, Va Fx, 
Nie. nouos AVAIN A 
PT 24x Vatx, — 2V x Vata "Vx, 
= AT ee pee? S R' MX 
CIE] Uus Pit ay 2/x,Vatx, — Vatx, 
EAE Eu t 
M a-dx, M acx, zom 
W/a Wa - AX. Ax 
Farr 2a A/a--x, 
& W^4/la Wx, ——— WactWx, hi WA/aXx, 
a/a+x, | Aa--x, Va Va Va +x, Aa. e0 
Now, since the co-ordinates of the focus S of 
(a,0), hence the distance PS is given by 
PS = Va? + yP=V/ (x, —a) F dax, 
= Ve FAP 
—X,-a, assuming that x,+a>0 
Hence, from (4), we have 


the parabola are 


Y= — 
= —n E x 
R TA y PS = constant X4/PS, 


which shows that the reaction of the tube at P y 


aries as the Square 
root of its distance from the focus of the parabola, à 
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Ex. 10. Three poles PA, PB and PC, each 9m. long form a tripod 
from the vertex P of which a weight W is hung; the feet of the poles Be t 
on a horizontal plane, rough enough to prevent any slippin dud f ; 
triangle ABC, the length of whose sides are BC—4C—5m M em : 
T, T, and Ts be the thrusts of the poles PA, PB and PC ee 
show that i fiot 


T NR TO 9 


Cs 25 14 8 4559 
DP 


Fig. 38 

We draw a vertical throu h P ing E : 
NET aco a Sea 
AP, PB and CP respectively. The wright W will act at P vertically down- 
wards along PO. We observe that 

LP0A4— LPOB— 4 POC-90*. 

Also, APOB= APOC= WAPOA Ne TE a) 

Hence, 0A-—-0B-OC. 

Hence, O is the circum-centre of AABC. 

Let R be the radius of the circum-circle of AABC. 

Let BC=a, CA=b and AB=c. 

25, b=5 and c=6. 

..The area A of the triangl 

A = NS(-—3) (S—b) (Se) 


e ABC is given by 


where S = + +546) S 


OA —VSX3x3x2—12 
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Now, from the properties of a triangle, we know that 
a b c 


sin A sinB REL 
Mein EMT 
<- sin A =7R 3 
codec pn TL webs 
Also, A —-:besin 4 == XR 


abc _ 5x5x6_ 25 
4A 4x12 8^ 


Now, from the right-angled triangle POB, we have 


UR 


PO = \/PB—OB: = A/PBLg = A/ si pt ae. 
4 8 


E : — (9. V 4589 
I VA APO = 0 22 CO (== = tQ 
et s AP 


. .From (1), it follows that 
LO BP-— / OCP= / OAP=90°—0, 


Since all the forces acting at P are in equilibrium, the algebraic sum 
of the resolved parts of all the forces in the vertical direction will be zero. 
This gives 

W=(T,+T2+T,) sin (90°—0) 


— (TiTa +T) cos 0 = Mat Tet To) /4559 

72 ++-(2) 
[ The horizontal components of the forces are T, sin 0 along 40, 
T, sin 0 along BO and Ts sin 0 along CO. These three components meet- 
ing at O and lying in the plane of A ABC must also be in equilibrium. 
Hence, by applying Lami's theorem, we get 


T,snO ^  TisinO Ts sin 0 
sin Z BOC sin Z AOC sin / AOB 
T T 7E. 
[A 


sin 2 A sin 2 B sin2C 
Now, A44- B--C—x 

=> 2A=n—C, since A=B 

-H T Ts 

' sin C sin C 2sin C cos C 
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abc 


Now, cos C — 2 ab 
250/255 361. 91 
DSS Coa 11:25 
T; 
Hence, 7,— 75— TE 
25 
adio To Ts : Ppl ls 
Pop E DON 64 
I op 
= 64 4/4559 [ trom o] 
_ 9W 
8 4/4559 


EXERCISE 3.1 


Can a particle be ever kept in equilibrium by three forces of 
magnitudes P, O and A if P:0 SR is equal to (i) 3:2:1 
(ii) 10: 4: 5 (iii) V2: V3: VS or (iv) 4V2: 3/5: 71/32 

[Ans. (i) Yes (ii) No (iii) Yes (iv) Yes] 
Forces of magnitudes 24N, 7N and 25N are in equilibrium. Show 
that two of them are at right angles. 
Four forces of magnitudes 4N, 6N, x N and y N act at a point 
making angles of 30°, 60°, 120° and 240° with a fixed line respectively. 
If the forces are in equilibrium, find the values of x and y. 


Three forces of magnitudes 8 N, 5 Nand 4 N acting at a point are 
in equilibrium. Show that the angle between the two smaller forces 
23 


1 -1 [ij 

Js cos 40 

Three equal forces acting at a point are in equilibrium. Show that 
they are equally inclined to one another and conversely. 

Three forces acting at a point are in equilibrium. If they are 


proportional to 3,5,7, show that the angles between the forces are 


11 
60°, cos"! u and eo (— A) 
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11. 
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. A particle of weight 50 N is suspended by two strings of lengths 


3m and 4m attached to two points at the same' level, whose 
distance apart is 5 m. Find the tensions in the string. 
[Ans: 40N and 30N] 


- A weight of 20 N rests in equilibrium on a smooth plane inclined 


at an angle of 60? with the horizontal. being held by two light 
strings, one acting upwards along the plane and the tension of 
the other is of magnitude 1 N acting along a line inclined at an 
angle of 30° with the former tension. Find the tension of the 
other string and the reaction of the plane. 


i eon 
[ Ans. Tension = Eo 3 N, 


reaction = A N ] 


. Find a point within (i) a triangle, (ii) a quadrilateral such that 


the forces represented by the lines joining it to the angular points 
may be in equilibrium. 

[Ans: (i) The point of intersection of the medians. 
(ii) The mid-point of the line joining the 
middle points of any pair of opposite 

sides.] 
In a simple crane, the jib is 18 m long and is connected to the 
post by a chain 14 m long, attached at a point 12 m above the 
foot of the post. If the jib cannot bear a pressure more than 10* N, 


find the greatest weight that can be suspended from the end of the 
jib. 


[ Ans. +x 10! N ] 


(A simple crane consists of an upright post known as the king 
post, a chain known as the tie-bar and a rod. known as jib at the 
end of which the weight is suspended. The chain is connected 
with the top of the post and the top of the jib. One end of the 
jib is attached with the lower part of the upright post and on 
the other end, the weight is suspended.) 

A body of weight 10 N is suspended by two strings, 21 cm and 
72 cm long, their other ends being fastened to the extremities of 
a rod of length 75 cm. If the rod be so held that the body hangs 
immediately below its middle point, find the tensions of the 
strings. 


4 3 
[ Ans. 2-5 N and 9 5N ] 
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13 


14 


15. 


16. 


17: 


18. 


. A string ABC has its extremities tied to two fixed points Aand B 
in the same horizontal line. A weight W is knotted at a given 
point C in the string. Prove that the tension in the portion CA is 

Wb 


4c A^ 
of the triangle ABC. 


(c? + a?— b?), where a, b, c are the sides and A the area 


. A particle of weight W may be supported on a smooth inclined 
plane by a force P acting horizontally or by a force Q acting 
parallel to the plane along the line of greatest slope. Prove that 
1 1 3 

Weg OR DUM 
If R and S be the pressures of the body on the plane in the two 
cases respectively, show that RS=W?. 


. A particle weighing 10 N is supported by means of two strings 
attached to it. If the direction of one be at 60° to the horizontal, 
find the direction of the other in order that its tension may be as 
small as possible and the values of the tensions in the two 


strings in this case. 
[Ans. At right angles to the first string; 


54/3 N and 5 N] 


A weightless wire is stretched between two points 4 and Bon 
the same level 4m apart. A weight of 10 N is hung at the middle 


A : 1 
point of the wire and causes it to drop c- m below the line AB. 


Find the tension in the wire. 
[Ans. 60.2 N] 


A smooth ring of weight W can slide freely along a string which 
has its ends attached to two fixed points. The ring is pulled hori- 
zontally with a force P. Ifthe portions of the string are inclined 
at angles 0 and ¢ to the vertical, prove that P=W tan 4 (0—4). 

A weight of 30 N is supported by a string fastened to a point on 
a smooth plane inclined at an angle 15? to the horizon and the 
stringis only just strong enough to support a weight of 15 N. 
The inclination of the plane to the horizon is now gradually 
increased. Show that the string will break when the inclination 


of the plane 1s 30°. 
A string of length. 2m is attached to two points 4 and B at the 
same level and at a distance of 1 m apart. A ring of weight 10 N, 
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20. 


21 


22) 


23% 


24, 
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slung on to the string, is acted on by a horizontal force P which 
holds it in equilibrium vertically below B. Find the tension 
in the string and the magnitude of P. 


[ Ans. 6 LN. P=5 x] 


. The side AB of an equilateral triangle ABC formed by three 


weightless inextensible strings A and B are tied to two fixed points 
D and E by equal weightless strings 4D and BE. A weight of 
3N is attached to C. If Z DAB= / ABE=150°, show that the 
tensions in the strings AB, AD, BE, AC and BC are respectively 
V3 N, 3N, 3N, /3N and/3 N. 


The planes AB and AC having a common height are inclined to 
the horizon at angles a and ß respectively. Two weights, one in 
each plane, are kept in equilibrium by a string attached to the 


weights and passing over A. Show that the weights are in the 
ratio AB: AC, 


- A particle of weight W rests against a circumference of a circular 


Plate whose plane is vertical. A cord attached to the particle 
passes over a pulley placed vertically above the highest point of 
the circle at a distance from the circle equalto the radius and it 
carries a weight P. Show that the particle will rest at an angular 
distance 0 from the highest point of the circle such that 
cos 6 MON Es 
4 We 
^ uniform plane lamina in the form of a rhombus, one of whose 
angles is 120°, is supported by two forces applied at the centre in 
the directions of the diagonals so that one side of the rhombus 
is horizontal. Show that if P and Q are the forces and P> O, 
then P?=30?, 
A small ring is placed at the centre of a regular hexagon and is 
kept in position by six strings drawn tight, all in the plane ofthe 
figure, and each fastened at the other end to an angular point of 
the hexagon,. If the tensions in four consecutive strings are 2N, 
1N, 9N and 6N respectively, show that the tensions in the remain- 
ing strings are 3N and 13N, 


Three light equal strings are knotted together to form an equila- 
teral triangle ABC and a weight W is suspended from A. If the 
funicular triangle and the weight be supported with BC horizontal 
by means of two strings of negligible weight at B and C, each 


> 
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29. Three forces 
equilibrium. I 
prove that 


(i) 


(ii) 


Sn 
Ee +e — 2) 


30. 


. Two b 


. A particle is 


inclined at an angle of 133? to BC, show that the tension in BC is 


W 2 
zO v ). 


. A weight of 10N hangs by a string from a fixed point. The string 


is drawn out of the vertical by applying a force of 5N to the 
weight. In what direction must this force be applied in order 
that, in equilibrium, the deflection of the string from the vertical 


may have its greatest value? What is the amount of the greatest 


deflection? 
[Banaras, '41] 


[Ans. At right angles to the string; 30°.] 


. A and B are two fixed points in the same level at a distance c 


apart. Two ‘weightless cords ACand BC of lengths b and a 
respectively support à weight at C. Show that the tensions of 
the cords are in the ratio b(a?4-c? —b?): a(b*--c?—a?). 

eads of weights W, and IV, slide on a smooth circular wire 
being connected by a light thread which sub- 
tends an angle 2 0 at the centre of the circle. When the beads are 
in equilibrium on the upper half of the wire, prove that the 
inclination ¢ of the string to the horizontal is given by 


W, — W: 
tan ó = W, T. tan. 


in a vertical plane, 


attracted by three centres of forces situated at the 
f a triangle, the force of attraction being in each 
1to the distance from the corresponding centre 
the position of rest of the particle is at the 


angular points © 
case proportiona 
of force. Show that 
centroid of the triangle. 

P, Q and R acting along OA, OB and OC are in 
f O be the circum-centre of the triangle ABC, 


UNT ce R 
wa E b? RC HOT ci [C.U. ^38] 
gw da a” b ab 


Q R 
—7w(gra—b) e@ tbc) 
O is the circum-centre of the triangle ABC and L, M and N are 


the feet of the perpendiculars from A, B and C respectively on 
the opposite sides. If the forces acting along OA, OB and OC 
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are in equilibrium, show that they are proportional to the sides 
of the triangle LMN. 

31. A light string is fastened to two points A and D at the same 
level, the length of the string exceeding the distance AD, and 
particles of weights 2N and LN are fastened to it at two points 
B and C respectively. If 4B, BC and CD make angles %, B and Y 
respectively with the horizontal, prove that 
tan «—2 tan Y+3 tan f. 

32. (a) A light string passes over three smooth pegs A,B and C which 
are in the same horizontal line. From the extremities of the 
string are suspended two weights Pand P’. Two other weights 
Wand W' are knotted at the two points D and E of the string, 
where D lies between A and B and £ lies between B and C. 

If AB=a, BC—b, DB+BE=I, / BAD=0, 
ZABD=$, / EBC—ó' and Z ECB—0' and the System is in equili- 
brium, prove that 
(i) P__cas¢ 
W sin (0--4) 
(i) NUM _cos $' 
W'  sin(0'4-9") 
(iii) W cos 0 zx W’ cos 0' ud 
sin (0--4) sin (Fg) 
asinÜ , bsin 0’ 
sin (0--9) ' sin (0-97) 
(b) If in the above Problem, the weights W and W’, instead of being 
knotted to two given points in the string, are attached to two 
smooth rings which are capable of sliding freely along the string, 


; " 
th E. E eene. ten i) m dd 
en prove that sin 0 = sin ó = 2P and sin 0' = sing’ = > pr: 


33. (a) One end of astring is attached to a fixed point A. The string 
after passing over a smooth peg B, sustains a given weight P at 
its other extremity. A particle of weight W is knotted at a given 
point C in the string. 

If AB=a, AC=b, / CAB—0, /CBA=6 and the system is in 
equilibrium, prove that 


P _ cos 0 (a? — 2ab cos 0 + p?)!/ 
W a sin 0 


(b) If in the above problem, the extremities A and B are fixed and 


(iv) =; 
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the weight W is th 
i at of a smooth 
capable ELE and heavy ring C, which i 
ient m uo freely along the string, iu LM » 
T CAPABLE ye be applied to the ring C in ord ori- 
A a Z become equal to Y an d 3 emos de: 
y tor 


equilibrium is W tan oe / 


34. F 
our pegs at 4, B, C and D are lying ina vertical plane formi 
orming 


35. 


36. 


ST. 


39; 


. Coplanar 


a square ABCD, the horizontal lin i 
> e AB being above C. i 
attachec do A and B passes through a heavy at » . Ue 
weight W, while another string is attached to D di zs e o: 
: kept in equilibrium half way between H, the middl oe To 
A and O, the centre of the square. Show that tl ] Pom g 
the strings ARB and DR are i LET 
13 45 + 13 5 13 
9 So No + SB a ACIE AER 
32 16 
respectively. 
A light string DABCE passes over three smooth pegs A, Band C 
in a vertical plane and sustains two equal weights em i 
to W from its extremities D and E such that Z PU a 
/ ABC=6 and Z BCE—Y. Find the magnitudes of the HN: 
«, B and Y when the system of pegs is least likely to break the 
ak, the 


pegs being all equally strong. 
[ Ans. 2 z 
3 


qual weights are knotted at different points of 

tremities of which are tied to two fixed m 3 
librium position, the tangents E jp 
] of the successive portions of ae 


A series of € 
string, the two ex 
Prove that, in the equi 
inclinations to the horozonta 


string are in A.P. ; 
Forces X and Y act along the sides 4B and AD respectively ofa 


cyclic quadrilateral ABCD. If they are balanced by a force Z 
which acts along the diagonal CA from C to A,show that 


Xs y:Z- CD:CB:BD. 

forces whose mag 
gon act perpe 
l inwards or all out 


nitudes are proportional to the sides 
ofa closed poly ndicularly to those sides at their 
middle points, al wards, prove that they are in 
equilibrium. 

A heavy tria 
three strings à 


amina ABC is hung from a point O by 


ngular ! 
o the vertices A, B and C. If 7, T, and 


ttached t 


eo 
i) 
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Ts be the tensions of the strings OA, OB and OC, show that 

To Ts 

OB OC: 

40. A transversal cuts the lines of action of three forces P, Q and R 
which act at the point O and are in equilibrium at the points 
A, B and C. Show that with à convention regarding sign 
e Q R I 

OA. BC ^ OB.CA — OC. AB 


41. A small bead can slide on a smooth elliptic wire being acted on 
‘by forces towards the foci, which are proportional to the corres- 
ponding focal distances. Prove that the only positions of equili- 
brium are the extremities of the axes. 


42. A praticle is placed on a Square table at distances C,, Cə, Cs and 
Ci from the corners and to it are attached strings over smooth 
pulleys at the corners, and supporting weights P,, P P, and Pi. 
Prove that, if there is equilibrium, 


dE 
OA 


J, FN 
CUN C Ti 


Chapter IV 


Parallel Forces 


4.1 Cases of failure of Parallelogram law 


We have seen in the preceding chapters that if two or more forces 
act on a single particle, we can always find their resultant either by the 
parallelogram law or by resolving the forces along two mutually perpendi- 
cular directions. In case two forces act at two distinct points of a rigid 
body, they may be taken to act on a particle placed at a point where the 
lines of action of the forces interesct provided these lines are not parallel. 
Then their resultant can be found by the parallelogram law if the point 
of intersection lies outside the body, the magnitude and the line of action 
can still be found out if the point is rigidly connected with the body. But 
in the case of two or more parallel forces acting on a body, we can not 
find out the resultant by the parallelogram law of forces, because the lines 
of action of these forces are parallel and so they do not meet at a 
point. We shall, therefore, discuss how the resultant of parallel forces can 


be found out. 


4.2 Like and Unlike parallel forces 


Parallel forces are said to be like when they act in the same direction 
and unlike when they act in the opposite directions. 


4.3 Resultant of two like parallel forces 


Let P and Q be the magnitudes of two like parallel forces acting 
at points 4 and B respectively of a rigid body and let them be represented 

> a : 
by AK and BK respectively. At A and B, we introduce two equal and 


ae 
e forces, each of magnitude F and let them be represented by AC 


ant of the like parallel forces P and Q will 


opposit 


and BC respectivley. The result 


84 ELEMENTARY STATICS 


not be affected due to the introduction of these two equal and opposite 
forces, since they balance each other, The parallelograms ACDE and 
BGHK are completed and the diagonals AD and BH are produced to. 
meet at O. Through O, a line OL is drawn parallel to AE or BK to meet 
AB at L. Another line MON is drawn through O parallel to AB. 


The.forces P and F acting at A have a resultant A, represented by 


fess 
AD which may be supposed to act at O. Similary, the forces O and F 
— 
acting at B have a resultant R, represented by BH which may also be 
supposed to act at O. Now, the force R, at O can be resolved into two 
components: F along ON and P along LO. Similarly, R, at O can be 
resolved into the components F along OM and O along LO. The two 
‘forces F acting at O along ON and OM are in equilibrium. Hence, the 
original like parallel forces P and Q are equivalent to a force of magnitude 
(P+-Q) acting along LO. 


Poistion of the point L: 
From similar A’ ACD, and ALO we have 
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AL AC .F 
LO opu SP 
=>P.AL=F.LO © 


Similarly, from similar AS BGH and BLO we have 


BL BG F 
LO -GH QO 


>Q.BL=F.LO (ii) 
From (i) and (ii), we have 
P. AL=Q, BL 
AL Q 
OBI ESUP ...(iii) 


which shows that the point L divides AB internally in the inverse 
ratio of the given forces. 4d 

We have thus established the following theorem : 

Theorem: The resultant of two like parallel forces of magnitudes P 
Q acting at two different points A and B ofa rigid body isa force of 
P--Q parallel to the lines of action of the forcés P and Q, and 
AB. which divides AB, internally in the inverse ratio of the 


and 
magnitude 
act at a point on 
forces P and Q. 
Remark : (a) From (iii) : we have 
eee) VONT SO OU 

TIE T" WUL NUNBDSDAL T 

R is the resultant of the like parallel forces P and Q. Hence, a force 
at L is equivalent to two parallel components P at 4 and Q at B on 


R 
Lon : A P Q R 
opposite sides of it provided SL = AL ^ AB and A, B, L are colli- 


R 
AB’ where 


near. 
(b) we observe from Gii) that if P> Q, then AL<BL so that the 


resultant of two like parallel forces will pass through a point which is 
nearer to the greater force. If P=Q, then their resultant passes through 
the middle point of the line joining their points of application. 


4.4 Resultant of two unequal and unlike parallel forces 


des of two unlike parallel forces acting 


Let P and Q be the magnitu. 
rigid body and let P>O. Let the two 


oints A and B respectively of a 

> > 
by AE and BK respectively. At 4 and B, we intro- 
osite forces, each of magnitude F and let them 


at p 


forces be represented 
duce two equal and opp 
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> > 


be represented by AC and BC respectively. Since the body is rigid, these 
forces will be in equilibrium, and will not disturb the action of Pand Q. 
The parallelcgrams BGHK and ACDE are completed and the diagonals 
BH and AD are produced to meet at O. (The diagonals will always meet 
unless they are parallel, which is the case when P and Q are equal). 
Through O, we draw a line OL parallel to AE or BK to meet AB 
produced at L. Another line MON is drawn through O parallel to AB. 


The forces P and F acting at A havea resultant A, represented by 


= 
AD which may be supposed to act O. Similarly, the forces O and F acting 
> 

at B have a resultant R, respresented by BH which maya Iso be supposed 
to act at O. Now, the force R, at O can be resolved into two com- 
ponents : Falong ON and P along OL. Similarly, R, at O can be resolved 
into the components F along OM and O along LO. The two forces F 
acting at O along OM and ON are in equilibirum. Hence, the original 
unlike parallel forces P and Q are equivalent to a force of magnitude 
(P—Q) acting along OL i.e. acting through L parallel to P in the same 
direction as P. 


Position of the point L: 
From similar triangles OAL and ACD, we have 
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AL AC _E 
TORG CD aha 


>P. AL=F.LO i) 
Similarly, from similar triangles OBL and BGH, we have : 
BL | BG «WE 
LO GH OQ 
>QBL=F.LO ii) 
From (i) and (ii), we have S 
P.AL—Q.BL 

AL Q 
A —— = 

BL P ...(iii) 


which shows that the point L divides AB externally in the inv 
of the forces. We have thus the following theorem : WE 
The resultant of two unlike parallel forces, P and Q, of unequal 
magnitudes (P>Q) acting at two points A and B of a rigid body isa fore 
of magnitude P—Q acting in the direction of the greater force P and ihe 
resultant divides the line AB externally in the inverse ratio of the forces d 

Remark 1: The resultant of two unlike parallel forces is E 


ratio 


greater force. 
Remark 2: If P=Q, then ABGH= AACD and hence Z HBG— 
ZLAO so that ADI BH. In such a case, we cannot get any 


Z DAC- Z. 
resultant force. Such equal unlike parallel forces form a couple which 


will be discussed in the subsequent chapter. 
4.5 Centre of parallel forces 


(i) When all the forces are like 
Let P,, P,...Pn ben like parallel forces acting at points 4;, 4,...A 

a rigid body. The resultant of the forces P, and P, cnius A 
ual to P,--Ps, and always passes through a point Ga in 
(Gi Po. A,G, in whatever common direction avo 
the resultant of two like parallel forces P,--P, at G 
+P,+ Ps and always passes through a ied 
the final resultant R of all the forces will 


respectively of 
A, and 4; is eq 
A, Ag such that Py. A 
forces act. Similarly, 
d P at A, is equal to P, 
n this way, 
d 
R=P + Pit TP 

ugh a point whose position is fixed relative 
es not depend on the common direction of 


an 
point G, in G, As. T 
be a like parallel force an 


which always passes thro 
to A,, As, etc. Its position do 
the like parallel forces. 
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Fig 41 


This point is called the centre of parallel forces. Thus we can define 
the centre of parallel forces as follows: The centre of parallel forces is a 
certain unique point through which the resultant of a given system of 
parallel forces, when it exists, passes and the position of this point depends 
on the magnitudes and the points of application of the forces and not on 
their directions. 
(ii) When the forces are not all like 


In this case, we divide all the forces into two 
forces. Let A, and R, be the resultants of the two 
forces. Obviously, R, and R, will be two unlike parallel forces. If RIZR, 
and R,>R,, then the required resultant of all the forces is R,—R, which 
is parallel to the system of forces and is equal to their algebriaic sum. 

If A,—R, and their lines of action are coincident, then the system 
of forces will be in equilibrium. But if their lines of action are not coinci- 
dent, then they will form a couple. 

Remark: The above method of finding the resultant of a sy 
parallel forces is valid even if the forces are not coplanar. 


groups of like parallel 
groups of like parallel 


stem of 


4.6 Solved Examples 


Ex. 1. The resultant of two unlike parallel forces of 10 Nand 18 N 
acts along a line at a distance of 12 cm from the line of action of the 
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smaller force. Find the distance between the lines of action of the two 
forces. 


ION 


Fig. 42 
Let the unlike forces 18 N and 10 N act at A and B respectively and 
let C be the point through which their resultant passes. 
It is given that 8C— 12cm. 
Now, 18x 4C—10x BC—10x 12 


21 
Hence, AB- (1262 cm= 5m. 


Ex. 2. Two men, one stronger than the other, have to remove a 

block of stone weighing 140 N with a light pole whose length is 6m. The 
weaker: man connot carry more then 40 N of weight. Where must the 
stone be fastened to the pole so as just to allow him his full share of 
weight? 
Let C be the position of the weight of 140 N at a distance of x from 
the weaker man at A carrying a weight of 40 N. The stronger manat B 
must, therefore, carry a weight of (140—40) N—100 N. Since the resultant 
of like parallel forces 40 N and 100 N passes through C, we have 


40 x= 100(6—2) 
2140 x=600 
600 _ 42 


zu SIMON EA 
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6-x B 


.lo0N 
4ON 


Fig. 43 


Hence, the stone must be placed at a distance of az m from the 


weaker man. 
Ex. 3. Two like parallel forces P and Q act at given points of a body. 


If Q be changed to a" show that the line of action of the resultant is the 


same as it would be if the forces were simply interchanged. 


Oo 
[v] 
o 
[o9] 


M 


Ple 


Fie 44 
Let the resultant of two like parallel forces P at A and Q at B pass 
through C. When P and Q are interchanged, let their resultant pass 


through D' and when Q is replaced by a let the resultant of P at A and 
z at B pass through D. To show that D and D' are coincident. 


We have 

Q. AD' —P. BD' 

>Q. (AC—CD)—P. (BC-- CD) 
>(P+0). CD'=0. AC—P. BC 
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,_ Q. AC—P. BC 
ie LA qued - 
Again, P. AD— Z. BD 


=> P. (4C—CD)- -. (BC+CD) 


P: p: 
DPEN pig de 
256 (2e) 4C— g- BC 


P(Q+P) _ P(Q. AC—P. BC) 
=> CD. E RHOYNA TT ERI4XÓ 


_ Q. AC—P. BC 
mCD—— —PiO ^ (2) 
From (1) and (2) we see that 
CD-—CD' 


i.e. D, and D' are coincident. 
Hence, the lines of action of the resultants in the two cases will be 


the same. 
Ex. 4. A force P acts along 4 O, where O is the circum-centre of the 
triangle ABC. Show that the parallel components of P acting at B and 


C are in the ratio sin 2B: sin 2C. 


Fig. 45 


Let Q and R be the parallel components of the force P. 


sect BC at D. 
f the like parallel forces Q and R is P. passing 


Let AO produced inter 
Since the resultant © 


through B, we have 
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OC 
Oo DC * k 
> RCCOBD — DB [^ GEO Bc OC ] 


sin / ODB 
— sin Z DOC Ee sin Z ODC=sin (180°— / ODB) ] 
sin / DOB —sin / ODB 
..Sin(I800—7/ 4OC) _ sin Z AOC — sin2B 
~ sin (180°— / AOB) sin ZAOB  sin2C ' 
angle at the centre of a circle being double the angle at the circum- 
ference. 
Hence, the result. 
Ex. 5. The resultant of two like parallel forces P, Q passes through 
a point O. When P is increased by R and Q by S, the resultant still passes 
through O, and also when Q, R replace P, Q respectively. Show that 


s-r- O-R, 
A [9] 8 
P 
Q 
P+R A+S 
a R 


“Fig. 46 


Let the resultant of two like parallel forces P, O or P-- R, Q--S or 
Q, R acting at A and B respectively pass through O, we then have 


93 


01) 
...Q) 
.--(3) 
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P, AO=Q. BO 
(P+R). 40 — (Q--S). BO 
Q. AO=R. BO 
From (1) and (2) we have 
R. AO=S. BO 
BO LTD. 

BOM RG 
Also, from (3), 
40 Q0 
BC R 
and from (1) 
AO 


Ex. 6. A uniform rod of length 2} and weight W is lying across two 
pegs on the same level c metre apart. If neither peg can stand a thrust 
T,find the greatest length of the rod which may project beyond either 


peg. 


Fig. 47 
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Let AB be the rod and E, D be the positions of the two pegs, E 

being below the rod and D is above it. Since the rod is uniform, its weight 
will act at its middle point (see the chapter on Centre of Gravity). 
: Let the weight W act at G, the middle point of the rod. In order 
that the rod may be in equilibrium, the point G must be outside the pegs 
at E and D. Let R and S be the reactions of the pegs at D and E respecti- 
vely so that R will act vertically downwards and S vertically upwards. 

We have 

S—W--R ... (1) 

Since S>R, S will be the first to attain the maximum value 7. 

Let AE=x. ... GE=x—] 

Now, W. GE=R. ED 

=> W(x—l)=(S—W) c [from (1)] 

W(x—1) 


>Ss=W4+ x) 
c 


Since S« T, 
“W+ e 


= cW—WI4+ Wx<cT 
eT--IW—cW 
=x e as 


Hence, the required greatest length of the rod which can project be- 
yond the peg at E is Inc 


Ex. 7. A weight W is placed upona triangular table ABC at the in- 
centre of the triangle formed by joining the mid-points of the sides of the 
table. Determine the pressure upon the legs and show that they are in 
the ratio b+c: c+a: a+b, where a,b,c are the sides of the triangle ABC. 

Let D, Eand F be the middle points of the sides B C, CA and AB 
respectively of AABC. We join DE, EF and FD. Then the lengths of 
EF, FD and DE are respectively A ; 2-and F Let I be the in-centre 

. of ADEF, where the weight W is placed. Letthis W be the resultant of 
three like parallel forces x, y and z at D, E and F respectively. We join 
ID, IE and IF and produce EI to cut FD at M. 
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X 
Fic. 4-8 
Now, since the resultant of x, y and z passes through 7, the resultant 
of x and z must pass through M. 

MD sin Z MID 

z MD IM _ sin ZMDI 

Hence, “PM — FM - sin 2. MIF 

IM sin Z MFI 


D E. ea 
sin 2 e 5I C _D E EO ue 

vivo MP dr etr] 

SHEA 2 2 COS 

siny 
ETIN 
> siHUD? YE ia a 

DOR d 

at 6 


y 2 Xkytz Ww 


ge 
Hence, =» — c atbtce at+b+c 


aW E DUE TIROL 
X= pte” n aoe z= atoto 


x 


Band 
Now, we replace the force x at D by two equal forces 2 atBand at 
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C. Similarly, the force y at E can be replaced by, at 4 and - at 


C and the force z at F can be replaced by gat Band; at A, Hence, 


yz W (b+c) 
e 
the pressure at 2 2 (abico) 
xtz | W (ato) an 
2 2 (a+b-+c) 
x+y W (a--b) 
the pressure at C= ——————. 
ES 2 2 (a+b+6) 
Hence, the pressure at A,B,C. are in the ratio b+c : a+c : a+b. 
Ex. 8. If four parallel forces are in equilibrium and any plane meets 
their lines of action in four points, show that each force is proportional 


to the area of the triangle formed by the three points in which the other 
three forces meet the plane. 


the pressure at B= 


d 


Fig. 49 ^R 


Let the four parallel forces P,O,R and S act at the points 4,B,C and 
D respectively. We join AC, BC, AD, BD and produce BA and DC to 
meet at O. The resultant of P and Q act at some point on BA and that 
of S and R act at some point on DC. Since the forces are in equilibrium, 
these two resultants must pass through a common point of intersection 
of BA and DC i.e. through O. We have to prove that 
P:Q:R: S=ABCD: AACD: AABD: AABC. 
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Now. since the resultant of P and Q passes through O. hence 


P. 04—0. OB 

P NOBI EB RBT ICD ADU NBGDURABGD: 
7g OA AM  AM.CD 2KACD ~~ (ACD 
Q AACD R AABD . 


Similarly. EDS AABD and Ww AABC 


Hence the result. 


EXERCISE 4.1 


1. Two men are carrying a straight uniform bar 16 m long weighing 
80 N. One man supports it at a distance of 2m from one end and the 
other man at a distance of 3m from the other end. What weight does 
each man bear? 
4 
TT 

2. A horizontal light rod 4B which is 4m long rests on two props 
at its extremities. A body of weight 60 N is suspended from a point C 
such that AC=1m. Show that the pressure at A is three times that at B. 


7 
[Ans. Au and 36— N ] 


3. Find the magnitudes of two like parallel forces, acting at a. dis- 
tance of 4m apart which are equivalent to a force of 20 N acting ata 
distance of 1 m from one of the forces. 

[Ans. 15 N and 5N, 15N force being 1m from the resultant.] 

4. The extermities of a light pole rest on two smooth pegs A and B 
in the same horizontal line. A heavy load hangs from a point P ofthe 
pole. If AP=3 PB and the pressure at B is 25 N more than that at A, 
find the weight of the load. 

[Ans. 50 N] 

5. A uniform see-saw plank, 6m long weighs 560 N. Find the 
position of the support when two children weighing 220 N and 340 N 
respectively sit at the two ends and the plank remains horizontal. 


1 ! 
[Ans. 2m from the heavier child]. 


6. If the position of the resultant of two parallel forces is unaltered 
when their positions are interchanged show that they are equal. 

7. Two like parallel forces P and Q act at two points A and B of a 
their resultant acting at C in the line AB. If Q is reversed 


rigid body, ; 'D— AC, find P: Q 
3 ultant acts at D in AB, If CD=4C, find P: Q. 
(Q> P), the res [Ans. 1:3] 
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8. A man carries a bundle at the end of a stick which is placed 
horizontally over his shoulder. If the distance between his hand and his 
shoulder be changed, prove that the pressure on his shoulder varies 
inversely as the distance between his hand and shoulder. 

9. A man carries a bundle at the end of a stick 2m long, which is 
placed on his shoulder. What should be the distance between his hand 
and shoulder in order that the pressure on the shoulder may be three 
times the weight of the bundle? 

[Ans. 2 m] 
; P Q 

10. Two like parallel forces D N and T N have a resultant 2 N. 
Are these two forces equal? If R be the resultant of these forces and R’ 
their resultant when they are unlike and If R: A'—25:7 and P>Q, find 
the ratio P:Q. 

[Ans. Yes. 4:3]. 

11. Three like parallel forces P, 2P and 3P act at the angular points 
A,B and C respectively of a triangle ABC. Show that the resultant acts at 
a point G in AD where AG:GD=5:1 and D is a point on BC such that 
BD:DC=3:2. 

12. Prove that the resultant of three equal like parallel forces passes 
through the centroid of the triangle if the forces act either at the angular 
points of the triangle or at the mid-points of the sides of the triangle. 

13. Forces of magnitudes 2N, 3N, 4N and 5N act along the sides of 
a square, taken in order. Find their resultant and prove that it is parallel 
to a diagonal and find where it cuts the side along which the 
acts. 


first force 


[Ans. 24/2. N dividing the side externally in the ratio 7:9] 

14. Forces of magnitudes P, 3P, 2P and 5P act along the sides AB, 

BC, CD and DA of a square ABCD, Find the magnitude and direction 

of their resultant, and prove that it meets 4D produced at a point L such 

that AL:DL=5:4. 

[Ans. 4/5 P inclined an at angle tan ^ 3 with DA] 

15. At the angular points of a square, taken in order, there act like 

parallel forces in the ratio 1:3:5:7. Show that the distance from the 

centre of the square of the point at which their resultant acts is ^ where 
a is the length of the side of the square. 

16. A,B,C and D are the angles of a parallelogram, taken in order. 

Like parallel forces proportional to 6, 10, 14 and 10 respectively act at 

the points A,B,C and D. Show that the centre and resultant of these 
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parallel forces remain the same, if, instead of these forces, parallel forces 
proportional to 8,12,16 and 4 actat the points of bisection of the sides 
AB, BC, CD and DA respectively. 

17. Three like parallel forces P, Q and R act at the vertices 4,B and 
C of the triangle ABC and are respectively proportional to a,b,c. Show 
that their resultant passes through the in-centre of the triangle. 

18. Like parallel forces P, Q and R act at A,B and C, the vertices 
of a triangle ABC and O is any point within the triangle. Show that the 
resultant of P,Q and R will act at O if P:Q:R— AOBC:AOCA:AOAB. 

19. Like parallel forces of magnitudes P,P and 2P act at the vertices 
A,B and C respectively of a triangle ABC. Show that their resultant passes 
through the middle point of the line joining C to the middle point of AB. 

20. A straight uniform heavy rod of length 3m has weights 50N 
and 100N attached to its ends and rests in equilibrium when placed across 


a fulcrum distant jm from the middle point. Fund the weight of the rod. 


[Ans. 75N] 
21. A unifrom rod 2m long and weighing 30N is laid on a table 


Sod! aa ; 
with m projecting over the edge. What weight can be hung on the end 


of the rod before it will be pulled over? 
, [Ans. 30 N] 
22. Two light rods AB and BC of lengths in the ratio 1:2 are 
rigidly connected at B and meet at right angles. Weights of 8N and 4N 
are attached at A and C. Find the inclination of either rod to the horizon 

if the system can turn about B. 

; [Ans. 45°] 
23. A light rod AB, 60 cm long, rests on two pegs whose distance 
cm. How must it be placed so that the reactions of the pegs 


apart is 25 
| when weights 2W and 3W respectively are suspended from 


may be equa 


A and B? 
[Ans. The pegs are at distances 6.5 cm and 18.5 cm from the 


middle point of the rod.] 

24. A uniform bar 2m long and weighing 34 N is suspended by 

two vertical strings. One is attached at a point 3 cm from one end and can 
just support a weight of 18 N without breaking. Another is attached 4 cm 
from the other end and can just support a weight of 20 N. A weight of 


32 N is now attached to the rod. Show that the least distance of the 
5 
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point of suspension of the weight without breaking either string is 7 cm 
form either string. 

25. If two like parallel forces P and Q acting on a rigid body at 4 
and B be interchanged in position, show that the point of application of 
the resultant will be displaced along AB through a distance d where 

P—Q 
————A > 
PHO B,(P» 0). 
[C.U. 54] 

26. There are two like parallel forces P and Q. If two equal and 
unlike parallel forces S, S having their lines of action parallel to those of 
P and Q and distant c from one another be introduced anywhere in the 


plane, show that the resultant is displaced through a distance PI 

27. Show that if each of two unlike parallel forces P, Q (P>Q) 
acting at points 4, B respectively be increased by S, their resultant will 
not be altered in magnitude, but its point of application will be moved 
through a distance 

S. AB 

P—Q' 

28. P and Q are like parallel forces. If P is moved parallel to itself. 
through a distance x, show that the resultant of P and Q moves through a 
distance 

BX 

PFO: 

29. The resultant of two parallel forces P and Q at A and B 
respectively acts at C when like, and at D when unlike. Prove that if 
parallel forces whose magnitudes are equal to these resultant forces, act 
simultaneously at C and D, then A and B will be the points at which 
their resultant will act in the two cases of like and unlike directions. 

30. A line AB is divided into two parts at C. The resultant of two 
like parallel forces P and Q acting through the mid-points of AC and CB 
passes through C. If P and Q be interchanged in position, show that 
their resultant will pass through the mid-point of AB. 

31. O is the ortho-centre of the triangle ABC. A force P acts along 
OA, This force is resolved into the like parallel forces acting at B and C. 
Show that the component at B is P sin B cos C cosec A. 

32. ABC is a triangle and O is any point within it. Like parallel 
forces act at A, B and C, which are proportional to the areas of triangles 
BOC, COA and AOB respectively. Show that the resultant acts at O. 
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33. Three like parallel forces P, Qand R act at the corners of a 
triangle ABC. If whatever be the common direction of the forces, the 
line of action of their resultant passes through 
a) the centroid, show that P=Q=R 


s ONER 
b) the in-centre, show that-= == — 
a buc 
c) the circum-centre, show that 
n "e Q M. R 
sin 24 sin 28 sin 2C 
d) the ortho-centre, show that 
Ds err LER 
tan A tan B tan C ^ 


where a, b, c are the sides of the triangle. 
34. A weight W is placed upon a triangular table ABC at the 
centre of the circumscribed circle. Show that the pressure on the leg Ais 


1 W cos A cosec B cosec C. 
t W is placed upon a triangular table ABC at the inter- 


35. A weigh 
section of the perpendiculars drawn from the angles to the sides, Show 
that the pressures at A, B and C are W cot B. cot C, W cot C cot A and 
W cot A cot B respectively. 


Chapter V 


` Moments 


5.1 Introduction 


We have seen that two or more concurrent forces acting at a point 
ofarigid body or a number of like or two unequal and unlike parallel 
forces acting at different points of a rigid body can always be combined 
to give a single resultant. This single resultant can produce a motion of 
translation of the body, if the body is free to undergo such a motion. 
When, however, a system of forces acts on a rigid body in different 
directions, then these forces may not meet at a point and so these forces ` 
may produce a motion of either translation or rotation or both. If a 
single force acts on a rigid body of which one point is fixed, then, unless 
the line of action of the force passes through the fixed point, it will tend 
to rotate the body about the fixed point. The case of rotation of a body 


introduces the idea of the turning effect or moment ofa force, whose 
definition is given below. l 


5.2 Definition of Moment of a force about a point 


The moment of a force about a point is the product of the force and 
the perpendicular distance of the point from the line of action of the force. 

Thus the moment of a force P whose line of action is shown in fig 
50 about a point O is Pp, where p— ON, the length of the perpendicular 
drawn from O to the line AB. It is clear that the moment of the force 
about the point is zero if either the line of action of the force passes 
through O i.e. if p—o or the force P itself is zero. 


5.3 Physical significance of a Moment 


We observe that if the force P does not pass through a fixed point 
O of a body, then the product Pp (fig. 50) is a measure of the tendency 
of P to turn the body about O. The turning power is increased if either 
P is increased or its perpendicular distance ON from O is increased. 
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Fie. J0 


on a smooth horizontal 


e lamina resting 
bout which the lamina 


be pinned at Oa 


consider a plan 
f the Jamina 


Let us now 
table. Let a point o 
can turn freely (fis- 5 


Fie. 5! 
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Let the lamina be pulled by two strings whose extremities are fixed 
at A and B. Let P and Q be the tensions of the strings at A and B 
respectively and let OM and ON be the perpendicul 
the lines of action of the two forces. We observe that 
at 4 alone will turn the body in the clcckwise sense about the point O 
and that of the string at B alone will Produce rotation of the lamina 
about O in the anticlockwise sense. If both the Strings are pulled simul- 
taneously, the direction of rotation of the lamina about O due to the joint 
effect of these two forces will depend not simply on the magnitudes of P 
and Q, but also on the distances OM and ON i.e. on the products Px OM 
and Ox ON. It can be shown experimentally th 
at all if| PX OM | — | OxON |. On the other hand, it will rotate in the 
anticlockwise or clockwise direction due to the joint effect of the two 
forces according as | Ox ON | > | PXOM | or | PXOM | > | OQxON| 

We have thus seen that the magnitude of the tendency of rotation 
of a body about a fixed point due to a force depends on the moment of 
the force about the point and not on the magnitude of the 

Hence, the physical significance of the moment of 


point is that it is a fitting measure of the tendency of rotati 
about the point caused by the application of the force. 


ars drawn from O on 
the pull of the string 


at the lamina will not turn 


force only. 


a force about a 
on of the body 


5.4 Positive and Negative Moments 


We have seen in the previous article that th 
in the clockwise sense and Q in the anticlo: 
account of the position of a force with res 
moment of a force about a fixed point may bee 
or in the clockwise sense. Although either direc 
may be chosen as positive, the usual convention 
taken as positive if the force tends to rotate t. 
direction and it is to be taken as negativ 
body in the clockwise direction. When a number of forces act on a body 
the algebraic sum of the moments of all the forces about some fixed 
point in the body is obtained by giving the value of each moment its 
proper sign aud adding them together. 


€ force P turns the body 
Ckwise sense. Hence on 
pect to a fixed point, the 
itherin the anticlockwise 
tion of rotation ofthe body 
is that the moment is to be 
he body in the anticlockwise 
€ if the force tends to rotate the 


5.5 Geometrical significance of a Moment 


Let AB represent the given force P is magnitude, direction and line 
of action. Let O be any point outside AB and p, the length of the perpe- 
ndicular ON from O on AB. We join OA and OB. Then the moment of 
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the force P about O is Pp=ABx AN=twice the magnitude of the area 
of the triangle OAB. 

Thus the geometrical significance 
a force about a point is that it represent 
formed by joining the point to the extremities 
ing the force. 

When proper sign is given to this expr 
completely in magnitude and sign. 


of the magnitude of the moment of 
s twice the area of the triangle 
of the line segment represent- 


ession, we get the moment 


5.6 Units of a Moment 


The moment of a unit force about a point at a unit ‘perpendicular 


distance from the line of action of the force is defined as the unit of the 
moment. In F.P.S. system, if the unit of force is poundal and the unit of 
distance be one foot, then the unit of moment is foot-poundal. In C.G.S. 
System, if the unit of force is dyne and the unit of distance be one 
centimetre, then the unit of moment is centimetre-dyne. In S.I. unit which 
we shall follow in this book, if the unit of force is 1 newton and the unit 
of distance is 1 metre then the unit of moment is newton-metre. In 


symbol this unit is written as Nm. 


5,7 Moment of the resultant of two forces 


Varignom s Theorem : 
The algebraic sum of the moments of any two coplanar forces (except 

Ò : $ i à à 
two equal unlike parallel forces) about any. point in their plane is equal to 


the moment of their resultant about that point. 
To prove this theorem, we consider two cases as follows: 
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Case I: When the two forces meet at a point 


Let the two forces of magnitudes P and Q acting along AM and. AN 
respectively have a resultant R. Let O be any point in their plane about 
which moments of the forces are to be taken. 

We draw OC parallel to the line of action of P to meet the line of 
action of Q at C. Let the length AC represent the force Q and let the 


(2) (iz) 
Fio. 53 
length AB represent the force P on the same scale. We now complete 


the parallelogram ABCD and join the diagonal AD. Then AD represents 
the resultant R. 


Now, when the point O lies outside Z BAC [fig. 53 (i)], the moments 
of the forces P, O and R about O will be positive according to this figure. 
Hence, the algebraic sum of the moments of P and Q about O 


—2A40B-4-2^A0C 
—2AABD--2^40C [^ A40Band A ABD stand on the same base 
and between the same parallels.] 

=2AADC+2A AOC 

=2AAOD 

=moment of R about O. 

When the point O lies inside / BAC [fig. 53 (ii)], the moments of 
P and R about O will be positive and that of Q about O will be negative. 

Hence, the algebraic sum of the moments of P and Q about O in 
this case 

=2 AAOB—2/A AOC [. the moment of P about O is anticlockwise 

=2AADB—2AAOC and that of Q about O is clockwise] 

—2AADC—2AA0C 

—2AA0D 

— moment of R about O. 
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Case II : When the two forces are parallel 
(a) Like parallel forces 


R=P+a a p ERES A 
A c o 8 
à QU 
Fig . 54 


Let the like parallel forces P and Q have a resultant R=P+0O. Let 
O be any point in their plane, about which the moments of the forces are 
to be taken. Through O, we draw a line perpendicular to the lines of 
action of the forces P, O and R respectively to meet them at A, B and C 
respectively. 

When the point O lies outside the lines of action of P and Q 
[fig. 54(i)], then the algebraic sum of the moments of P and Q about oO 

=P.OA+Q. OB 

=P. (OC—AC)+@. (OC-- CB) 

=(P+Q). OC+Q. CB—P. AC 

=(P+Q). OC (~ P. AC=Q. CB) 

=R. OC: 

— moment of the resultant about O. ^ 

When the point O lies inside the lines of action of P and Q 
[fig. 54(ii)], then the algebraic sum of the moments of the forces P and Q 


=Q. OB—P. AO 

—Q. (CB—CO)—P. (AC+CO) 

— —(P4-Q). CO+Q. CB—P. AC 
——(P-+0). CO (7 P. AC=0. CB) 
=—R. CO 

--moment of the resultant about O. 


(b) Unlike parallel forces 
Let the unlike parallel forces P and Q (P7 Q) have a resultant 


R=P ria be any point in their plane. Through O, we draw a line per- 
pendicular to the lines of action of the forces P, O and R to meet them at 


A, B and C respectively- 
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R=Pa 


(i) 


Fie 55 . 


When the point O lies outside the lines of action of P and O 
[fig. 55(ii)], then the algebraic sum of the moments of P and O about O 

=P. AO—Q, BO 

=P. (CO+AC)—Q. (BC4-CO) 

=(P—Q). CO4-P. AC—Q. BC 

=R. CO (.-P. AC—Q. BC) 

moment of the resultant about O. 


. When the point O lies inside the lines of action of P and Q 
[fig. 55(ii)], then the algebraic sum of the moments of P and Q about O 
=O, BO—P. AO 
—— Q. (CB—CO)—P, (CO—AC) 
=—(P—Q). CO—P. CA—Q. BC 
—-—R. CO [-P. AC—Q. CB] 
—moment of the resultant about O. 


ant, 
then the algebraic sum of the moments of the forces P and Q about the 


through O. 
5.8 Generalised theorem of Moments 


Extension of Varignon's theorem : 


Jf any number of coplanar forces acting on a body have a resultant, 
then the algebraic sum of their moments about any point in their plane is 
equal to the moment of their resultant about the same point, 

Let Pj P, P, .....P, be the forces and let R be their resultant. Let 
O be any point in their plane about which the moments are to be taken. 
Let R, be the resultant of the two forces P, and P,. Then by section 5.7, 
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the moment of R, about O is equal to the algebraic sum of the moments 
of P, and P, about O. We now combine R, with the third force Ps and let 
R, be their resultant. Then the moment of R, about O=the algebraic 
sum of the moments of AR,and P, about O=the algebraic sum of the 
moments P, P, and P, about O. Proceeding in this manner, we finally 
arrive at the final resultant R of the system and the moment of R about 
O=the algebraic sum of the moments of P,, P,...P, about the same point. 
If we denote the perpendicular distances from O on the lines of a action 
..Py by Prs poa respectively and if d be the per- 


of the forces Pj, Ps. 
the line of action of the final resultant R, 


pendicular distance from O on 
then we have 


n 

xXPrpr— Rd. 

r=1 

Remarks: 1f follows from above that if XPrpr—O, then 
either R=0 or d=0. When R=0, the system of forces is in equilibrium 
and when d—0, the resultant passes through O. Hence, if the algebraic 
sum of the maments of any number of coplanar forces about any point in 
their plane be zero, then either the resultant passes through the point or the 
system of forces is in equilibrium. 

Conversely, if R—0, then XPrpr—0 ie. ifa system of coplanar 
forces be in equilibrium, then the algebraic sum of their moments about any 


point in their plane is zero. 
If d=0 i.e. the point O lies on the line of action of the resultant of the 


system of forces, then also XPr pr—0. Hence, the algebraic sum of the 
moments of any number of coplanar forces about any point on the line of 
action of their resultant is also zero. 


5.9 Moment of a force about an axis 


We have so far considered the moments of forces about a point 
all the forces together with the point are coplanar. 
In the general case, a system of forces acting on a. rigid body may not be 
coplanar. In such cases, we may be required to measure the tendency of 
rotation of the rigid body due to these non-coplanar forces about some 
fixed line called the axis of rotation. This necessitates the definition of 
the moment of a force about a line when the line of action of the force 
and the given line are skew i.e. non-coplanar. ie f 
Let P be the force acting at any point O of a rigid body and AB is 
the line about which the moment is to be found out. We can consider 
the force P to lie on one of the faces of a rectangular parallelopiped and 


only in the case when 
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the line AB as one ofits edges, which dces not lie on this face as shown 
in the figure (fig. 56). 


A 


B Fig. 56 


Let p=O0O’ be the shortest distance between the line of action of 
P and AB. Since O'O is perpendicular to the face EOCD on which the 
force P lies, the line OO’ must be perpendicular to the line of action of the 
force P. Let the angle between the line of action of P and AB be 0. We 
resolve the force P along OE, an edge of the parallelopiped, parallel to 
AB and along OC, another edge. The component parallel to AB is 
P cos 0 and that along OC is P sin 9. It is clear that P cos 0 has no 
turning effect about AB, since OE is parallel AB and the moment of 
Psin 0 about AB 

—P sin 0. P, [since OC | AB]. 


Hence, the moment of a force about an axis is the product of the 
force in a direction perpendicular to the axis and the Shortest distance 
between the axis and the line of action of the force. 

Remark 1: The moment of a force about the line AB is zero if either 
the line of action of the force is parallel to AB or if the line of action of 
the force intersects AB in which case both the lines will be coplanar. 

Remark 2: The momentof a force about a point in its plane 
in two dimensions is, in fact, the particular case of the moment of 
the force about an axis through the point, perpendicular to the plane of 
the force. 

Remark 3 : It can be shown that Varignon's theorem is true in the 
case of moments of a system of forces about a line also, i.e. ifa system of 

forces acting ona body hasa resultant, then the algebraic sum of their 
moments about any line in the body is equal to that of their resultant, 
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It follows that if a system of forces acting on a body is in equilibrium, 
then the algebraic sum of their moments about ony line in the body is zero. 
5.10 Solved Examples 


Ex. 1. Four parallel forces 3N, 6N, 9Nand 12N acting at equal 
distances along a straight horizontal rod. Snow that their resultant will act 
at the same point when the third force is removed. 


A [o DG Qe F B 


I2 N 
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Let the four sorces act at C, D, E and F respectively of the rod AB, 

Let CD=DE=EF=a and let the resultant of all these four forces 
pass through G, where DG,=x. When the third force i.e. 9N force is 
removed from E, let the resultant of the remaining three forces passes 
through G, where DG,—y. To show that x—y. 

Since the resultant of the forces passes through G,, the algebraic 
sum of their moments about G», will be zero. Hence, taking moments 
about G», we get 

3(a-++x) + 6x—9 (a—x)—12 (2a—x)=0 

=>30x=30a>x=a. 

Again, since the resultant of the forces 3N, 6N and 12N acting at 


C, D and F respectively, passes through G,, the algebraic sum of the 


moments of their resultant about G, will be zero. Hence, taking moment 


about G4. we get 
3(a--y)--6y—12 Qa-y) -0 
221y-21a >y=a. 
Hence, x—y. 
Hence the result. 
Ex. 2. A uniform plank 3 
horizontally by two vertical strings, 


m long weighing 400 N is supported 
attached. at distances 40 cm and 2m 
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30 cm from one end. What weight should be placed on the plank at one 
end so that (i) the tension in one of the strings just vanishes, (ii) the 
tension in one string is double the tension in the other. 

Let AE be the plank. Its weight 400N acts at G, the middle point of 
the plank. The two strings are attached to the plank at'C and D respecti- 
vely at distances 40 cm and 20 cm respectively from the two ends. 


T= T =O 


400N 


Fig. 58 

In case (i), let the tension in the string at D be zero when a weight 
of W, is placed at the other end A of the plank and let T, be the tension 
of the string at C. Since the plank is in equilibrium under the forces Wa 
T, and 400, all measured in newton, the algebraic sum of the moments of 
all these forces about any point will'be zero. The most convenient point 
about which the moment is to be taken is the point C, since the moment 
of the unwanted force T, about C will be zero. Hence, taking moment 
about C, we get 

W, x 40—400x 110 W,=1100. 


Hence, the weight that must be placed at A in case (i) is 1100 N. 

In case (ii), let W, be the weight placed at A so that the tension of 
the nearest string at C becomes double the tension in the other string at 
D. Let these two tensions be 2T and T respectively. Since, the system of 
forces is in equilibrium in this case also, the algebraic sum of the moments 
of all the forces about any point wiil be zero. Taking moments about C, 
we get, 

W,x 40—400 x 110+-T x (130+110)=0 

= W.—1100+-6T=0 +«(1) 

Also, for equilibrium, the resultant of the upward like parallel 
forces will balance the resultant of the downward like parallel forces. 
Hence, 

T+2T—400+ W, 
=>3T=400+ W; : 
=> 67=800+2W, (Q2 
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Eliminating T from (1) and (2), we get 
TW,—1100--800--20/,—O >3W.=300> W.=100. 
Hence, the weight that must be placed at A in case (ii) is 100N. 
Ex. 3. Prove that if a passenger of weight W advances a distance along 


3 ay 
the top of a motor bus, a weight Wy is transferred from the back springs 


to the front springs, where b is the distance between the axles. 


QÙ 
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e front and back springs respectively so that 
FB=b. Let the passenger of weight W start from P and come to Q where 
PQ-a. When the passenger is at P, let the pressures at B and F be R, and 
W, respectively [fig. 59 (i)] and when the passenger comes to O, let the 


Let F and B be th 
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pressures at these two points be R, and W, respectively [fig. 59 (i)]. To 
eae Ww 
prove that the pressure at F is increased by z when the passenger comes 


Wa 


to Q from P i.e. to prove that W,— W= b 


Let BP=x .. QB=a-+x. 

Since W isthe resultant of R, and W, [fig. 59 (i)], we have, by 
Varignon's theorem, 

Wx=W, b [taking moments about B]. wall) 

In fig. 59(i), W is the resultant of R, and W, and hence taking 
moments about B, we get. 

W(at+x)= Wb. NO) 

From (1) and (2), we get 

W, We and W,— Mata. ; 


W(a--x—x) Wa. 


Hence, W,— W, 
b b 


Hence the result. 


Ex.4. A man can exert a force of 1000 N and pulls on a rope faste- 
ned to thetop of a post; the rope being twice the length of the post. What 
horizontal force applied to the middle of the post will keep it from falling? 


Fig. 60 


Let AB be the post of height h, A C the rope of length 2h and C 
be the position of the man. Let a horizontal force P act at G, the middle 
point of AB, Let the reaction of the ground on the post be R. Since 
these three forces are in equilibrium, hence the algebraic sum of the 
moments of these forces about any point in their plane will be zero, 


MOM 
ENTS 115 


Taking moments about B, we get 


P B 1000x 8C sin Z BCA 


=1000x 4/4h?—h? X 4 
—1000x$x4/3h 


=> P=1000 4/3. 
ed horizontal force is 1000 4/3 N. 


Hence, the requir 
Ex. 6. Forces 4/2,/2 and 4/3 +1 act along the sides BA, CA and 


BC of an isosceles triangle ABC whose vertical angle is 150°. Show that 
their resultant bisects BC and is parallel to one of the two equal forces. 


Fic. 61 
Since ABC is an isosceles triangle and ZBAC=150°, hence 
LABC- 2 ACB=15°. Let the resultant intersects BC at D and AC at 


E. Hence, the algebraic sum of the moments of the forces about D and 


E will be separately zero. 
Taking moments about D, we get 


- A/2 BD sin 15 --4/2 DC sin 15° 


=>BD=DC. 
Hence, D is the middle point of BC i.e. the resultant bisects BC. 


Let AB=AC=a and AE=x so that EC=a—x. 
Now, taking moments about E, we get 
(/3+1) EC sin 1 —V/2x AE sin 30°=0 
S (3-0 ERA 
am - — —4/2X =0 
=> (4/3+1) (aX 23 Vv 2 
[- sin 15°=sin (45°—30°) 
1 V3 1 1 
aK OSS XT 
/2 ZEN US) 
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acd x =0 
UNUM 


—a—x-—x =0> x= 


a, 
2 

Hence, AE=EC i.e. the resultant passes through the middle point 
E of AC. It follows that the line of action of the resultant of the three 
given forces is parallel to AB. 


Ex. 6. Three forces P, Q and R act in the same sense along the 
sides BC, CA and AB of a triangle ABC. Show that if their resultant 


passes through 


(i) the centroid, P cosec A+-Q cosec B+R cosec C=0 
(ii) the circum-centre, P cos A--Q cos B+R cos C=0 
(iii) the ortho-centre, P sec.A+O sec B-+-R sec C=0 
(iv) the in-centre, P-- Q-- R—0. 


(Compare these prolbems with those given in problem no. 293; 
Exercise 4.1). 


(i) Let AD be one of the medians intersecting BC at D and let G be 
the centroid of the triangle. From A and G, we draw perpendi- 
culars AT and GL on BC. Let AT=p [fig. 62(i)]. Then from 


similar triangles ATD and GLD, we have GL-i p. 


Fig. 62 
Now, $ ap= A, where A is the area of A ABC. 
Hence, p =A 
a 
ibat JA 
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“Similarly, if GM and GN be the perpendiculars from G on AC and 
AB respectively, then 


2 
GMT A GR. 
3 b 3 c 
Since the resultant of P, Q and R passes through G, the algebraic 
sum of the moments of all these forces about G will be zero. i.e. 


P. GL4-Q.GM--R. GN—0 


PAIR eee 
Aor a sug e a 
/2 Q R 
bn b fL 
Tg T bac 2 
A a b c K ) 
Nowy, since cung sin B sin C (say 
we have 
a=K sin A, 
b=K sin B, 


and c=K sin C. 

P Q 

Hence, -in A sin B + sin C 

=P cosec A+@ cosec B+R cosec C=0. 

(ii) Let O be the circum-centre of AABC. We join OA, OB and OC 
so that QA=OB=O0C=R’, the circum-radius. Let D, E and F be the 
feet of the perpendiculars drawn from O on BC,CA and AB respectively. 
[fig. 62. (ii)]. Since the angle at the centre of a circle subtended by an arc 
is double the angle on the circumference subteneded by the same arc, 


hence Z BOC=24. 


=0 
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Let C be the centre of the wheel, through which the weight W is act- 
ing vertically downwards. A is the point of contact of the wheel with the 
ground. O is the obstacle of height h above the ground and ON | CA, 
where CA is vertical. 
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To overcome the obstacle, thc moment of P about O must be 
slightly greater than that of W about the same point. In the limiting 
position of equilibrium in which the wheel is about to turnaround O, 
the pressure of the ground through 4 will be just zero. Hence, taking 
moment of P and W about O, we get 


P. NC>W.ON 

>P. (r—h) >W. y OC- Cn? 
-W.Ar—(—hy* 

=W y 2hr—h* 


sps W^/2hr —h: 
r—h 
Hence the result. 
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Ex. 8. Of the four coplanar forces in equilibrium, one is given com- 
pletely, a second and a third, which are not parallel, have their lines of 
action given, while the fourth has its magnitude only given. Prove that 


the line of action of the fourth force must touch a fixed circle. 
[C.U. 1934] 


Let the four forces be P,O,R and S of which P is completely given 
ie. its magnitude, direction and sense are known, the lines of action of 
O and R intersecting at O are given and the 


the non-parallel forces, Q 
magnitude only of S is given. To prove that the line of action of the force 


S touches a fixed circle. Let s and p be the lengths of the perpendiculars 
drawn from O on the lines of action of S and P respectively. Since P is 
completely given and the lines of action of O and R are given, P and 
p are given constants butsis unknown. Now, since the system of forces 
is in equilibrium, the algebraic sum of the moments of all the forces 
about any point in their plane is zero. 


Fic. 64 
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Hence, taking moments about O, we get, 
Pp—Ss=0 


Pp 


>s= S. 


which is a constant, since P, pand S are all given. Now, since the 
distance of the line of action of the forces S from a fixed point O is 
constant for all drections of the force of magnitude S, it follows that the 
line of action of S touches a fixed circle whose centre is O and radius is 


a . Hence the result. 


Ex. 9. If three forces represented in magnitude and direction by the 
bisectors of the angles of a triangle, all acting from the vertices, be in 
equilibrium, prove that the triangle must be equilateral. 

Let AD, BE and CF be the bisectors of the angles 4,2 and C of 

> > > 
AABC and let the forces be represented by the bisectors AD, BE and CF. 
Since all these forces are in equilibrium, hence the algebraic sum of the 
moments of these forces about any point is zero. Now, the moments of 
> > 


CF and BE about A are respectively 2A AFC and 2A ABE. Hence, taking 
moments about 4, we get AABE— A AFC=O w0) 


A 
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Now, since BE is the bisector of the angle B, hence, 


NECE | (GEO BC Oda 
ABAE | AE AB kc 


ABCE-- ABAE a+c S a+c, 
SABAE zx UNS um 


where S is the area of AABC. 
c 
Hence, A ABE = TEL 


T3 € b 
Similarly, A AFC = 455 S. 


Hence, from (1), 


c b 
afte a+b =v 
=>c(at+b)—b (a+c)=0 

>a (b—c)=0>b=c [2250]. 


Similarly, taking moments about B, we can show that a=c. 


Hence, a=b=ci.e the giver 
X and OYare two straight lines at right angles, and a 
force acting in their plane at O has moments G and G’ about the two 
points whose co-ordinates are (x,y) and (x^, y^) respectively with respect to 
the lines OX and OY as axes of co-ordinates. If xy’—x’y=40, prove 
that the magnitude R of the force and the angle 0 between its line of 


action and O X are given by 
(xG' —x'GY: --(yG' —y'G)* 
(xy —x Y 


G'—y' G. 
(pese 
and tan A GIESUIG, 


n triangle is equilateral. 


Ex. 10. O 


R = 


Let P and P' be the points (x,y) and (x^, y’) respectively. The two 
R along OX and OY are Rcos 0 and R sin 0 respectively. 
nts of a force about any point is equal to the algebraic sum 
heir components about the same point, we have by 


P and P' successively, 


components of 
Since the mome 
of the moments oft 
taking moments about 

R cos 0. y' —R sin 9. x—6G-—0 


R cos 0. y —R sin 09, x'—G' —0. 


.« (1) 
NU 
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: e oiy) 


A 
Q G 


O x R cos X 
Fie.66 
Solving for R cos 0 and R sin 0, we get 
RcosÜ ^  Rsin0 muy. 1 
xG'-xG | —Gy-cGy - —yx' 4-xy' 
R cos 0 = BOEG and R sin 0 = Ac pei 
xy —x'y xy —xy 


Squaring and adding, we get 
R= GG'—-xGy-(yG'—y'gy , 


(xy'—x'y) 
Dividing the second equation by the fi rst, we get 
yG'—y'G 


tant GIG 


Hence the result. 


Ex. 11. ABC is an isosceles right-angled triangle whose equal sides 
AB and AC are 4cm in length, The moments of a force about the points 
A,B and C are respectively 8 Nm, g Nm and 16 Nm in the same sense. 
Find the magnitude and the line of action of the force, 


Let the force be F. Since the moments of F about 4, B and C are 
in the same sense, 4, B ang C must be on the same side of the line of 
action of F. If p, and p. be the lengths of the perpendiculars from A and 
B respectively on the line of action of F, we have, by taking moments 
about 4 and B, 
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Fp,—8 and Fp.—8 
vog which we get p,=p2. Hence, the line of action of Fis parallel to 
B. We produce CA to cut the line of action of F at N. Taking 


4cm 


N , 
Fic. 67 F 
moment about C, we get 

F. CN=16 

and F. AN=8 
CN 

Hence, jy 72 CN=2 AN. 
Hence, AN=AC=4, 
p. Sind 
f F— =2, 


Hence, the magnitude of theforce is 2N acting parallel to AB at a 
distance of 4 cm from it on the opposite sides of C. 
Ex. 12. A circular table of weight W has four legs spaced at equal 


distances round its edge. Show that the least weight sufficient to over- 


turn the table is (y2+ DW. 

Let ABCD be a circular table and let A,B,C and.D be the upper 
ends of the legs attached to the rim such that ABCD is a square. Let 4’, 
B', C' and D' be the points of contact of the legs with the floor. O is the 
centre of the table, through which its weight, W, acts vertically down- 
wards. If any weight is placed within the square, there is no chance of 
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overturning, because, ín this case the moment of this weight about any 
side of the square will be of the same sign as that of the weight of the 
table about the same side. The only case in which the table has any 
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chance of overturning is when the weight is placed on the table outside 
the square,say, in the portion ANB. Now, the weight placed will have 
the greatest turning effect when placed farthest away from ABi.e. at N 
where OMN is perpendicular to AB. Clearly, N is the middle point of 
the arc AB and / OAM —45?. Let W' be the Weight placed at N. Now. 
when the table is just on the point of being overturned about AB, the 
legs at C' and D' will just lose contact with the ground and W and W' 
will have equal moments about the line A’B’ ie, about 4B, Hence 
taking moment about AB, we get Ý ; 


W. OM=W’' MN 
= Wa sin 45°=W’. (a—a sin 45°), 
where a is the radius of the circular table. 


1 
W—— 
; RD Ww E^ 
Hence, W — ope Re W (V2 +1) 
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EXERCISE 5.1 


1. A uniform rod 50 cm long and weighing 50 N rests horizontally 
on supports at its ends. If a weight of 15 N is attached at a point 
30 cm from one end, find the pressures on the supports. 
7 [Ans. 31 N and 34N] 
2. Weights of 5N, 10N, 15N and 20N are suspended from a uniform 
rod of length 2m and weight 15 N at distances 40cm, 70cm, 1m 
and 1m 20 cm respectively from one end. Find the position of 
the point about which the rod will balance. 


[ Ans. 96rzem from the end from which distances are measured. | 


3. Find the magnitude and line of action of the resultant of parallel 
forces of magnitudes 3, 6, 8 units in one direction and 12 in the 
opposite direction acting at points A, B, C and D respectively in 
a straight line, where 4B— Im, BC—3m and CD=5m. 

[Ans. 5 units at 14 m from 4 on DA produced.] 


4. A heavy uniform beam of length 4m and weight 300 N is 
suspended in a horizontal position by two vertical strings 
attached at the ends, each of which can just sustain a tension of 
200N. Within what distance from the centre can a weight of 75N 
be suspended without breaking either string? 


| 2 
| [ Ans. $m ] 
. A uniform rod of length 2m and weight 10N rests in a horizontal 

position with its ends on two supports each of which will bear 


a weight of 60 N and no more. Find at what part of the rod a 
weight of 85 N can be placed without breaking either support. 


Un 


[ Ans. iym on either side of the rod. ] 


6. Forces of magnitudes 1N, 2N, 3N, 4N, 5N and 6N act along the 
sides AB, BC, CD, DE, EF and FA of a regular hexagon. Find 


| the moment of each force about 4. 


[ Ans. 0, ay 3, 3a V3, 4a y3, 5a 


a=the side of the hexagon. 5 


3. 


5 and 0, where 
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7. Five parallel forces 1,6,3,4 and 8 units act on lm apart on a 
straight horizontal rod. What force must be added to the first 
force in order that, if the rod be Supported at the point where 
the third force acts, it may remain horizontal. 

[Ans. 6 units] 

8. The horizontal roadway ofa bridge AB, 12m long, weighs 
56000 N and rests on two Supports at its ends. What is the 
pressure on each support when a lorry of weight 33600N starting 
from A is two-thirds of the Way across the bridge? 

[Ans. 392C0N at A and 50400N at B] 


9. A uniform plank ABC of len 


gth 12m and weight 800N rests on 
tw 


© supports A and B, one at the end A and the other at B, 


45 m from the end C. A boy walks along the plank from A to C 


and just as he reaches C, the plank commences to tilt. Find the 


weight of the boy. 
[ Ans. 2663 N | 


10. A light rod ABCD, 2m long, has a vertical force 75 N acting at 
its middle point. It rests on two props B and C, 1m apart, and 
the pressure on C is 4 times that on B. Find the greatest 
vertical force that can act at D without Overturning the rod. 


rv | 

C Ans. 187 N 
11. A stiff pole 4m long sticks horizontally out from 
It would break ifa w 


far out along the- 
safety? 


a vertica] wall. 
eight of 140 N were hung at the end, How 
pole may a boy weighing 560N venture with 


[Ans. The boy can go a distance just less than 1m from the wall.] 


12. A uniform beam 4m long and weighing 300 N rests on two 
props at equal distances from the ends. Find the maximum 
value of this distance so that a man weighing 700N may stand 
anywhere on the beam without upsetting it, 

C Ans. Zm ] 


13. A uniform rod of length 3m and weight 20N is suspended 
horizontally by two strings, one attached at a point distant 1m 


A ; 1 
from one end and the other attached at a point distant 34 from 
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15. 


. A non-unifrom rod, 


the other end. The maximum tension which either string can bear 
is 60N. At what part of the rod a weight of 80N can be attached 
without either string breaking? 


[ Ans. If xm be the required distance from the first end, then 


a7 1 
Ij <x<25 ] 


. A rod AB, 12 cm long, has a weight of IN hung from A and 


when a weight of 15 N is hung from B, it balances at a point 3 
cm from B while if 8N is hung there, it balances at a point 4 cm 
from B. Find the weight of the rod and the point where it acts. 
[Ans. 12N, middle point] 
A non-unifrom rod of length (a+b) and weight W rests on two 
parallel knife edges at a distance c apart in the same horizontal 
plane, so that equal portions of the rod project beyond each knife 
edge. Prove that the pressures on the knife edges are respectively 


fie ote W and poate, if the weight of the rod-acts at a 


aa at a distance a from 4. 


. A light horizontal rod, 12 cm long, is supported by two vertical 


props, each 3 cm from an end of the rod and is loaded with 16N 
at each end. What weights hung from the ends will produce in 
one prop a pressure double and in the other prop a pressure 
half of that produced by the 16N weights? 

[Ans. 26N and 14N] 


. A horizontal beam ABCD rests on two supports at B and C 


where 4B=BC=CD. It is found that the beam will just tilt when 
a weight of p N is hung from A or when a weight of q N is hung 
from D. Find the weight of the beam and prove that the point 
on the beam, where the weight acts, divides AD in the ratio 
2p+q : p+2q. 

[Ans. (p+q) N] 


. A uniform bar, 3} m long and weighing 6N, rests on a horizon- 


tal table with one end projecting 1m over the edge. Find the 
greatest weight that can be hung on the end without making the 


bar topple over. 
16 cm long, rests on two pegs 9 cm apart, 


with its centre midway between them. The greatest weights that 
can be suspended in succession from the two ends without 
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disturbing the equilibrium are 4N and 5N respectively. Find the 
weight of the rod and the position of the point at which its 
weight acts. 

[Ans. 33, 4 cm from the mid-point] 


20. Prove that the line of action of the forces 11N acting along DA, 


21. 


22: 


23. 


24. 


7N along CB, 19N along CD and 5N along BA of a square 
ABCD bisects AD and trisects CD. 

Three forces, each of magnitude P, act along the sides of a 
triangle ABC in order. Prove that the resultant is at a distance of 


D 3 ; 
A from A cutting BC externally in the ratio c : b, where R is 


the resultant of the three forces, A is the area of the triangle 
ABC and a,b,c are the lengths of BC, CA and AB respectively. 


ABC isan equilateral triangle. Forces 4N, 2N and 1N act along 
the sides AB, AC and BC respectively in the directions indicated 
by the letters. Prove that their resultant acts in a direction 
at right angles to BC and find the point in which the line of 
action meets BC. 


[Ans. The line of action divides BC in the ratio ] : 2.] 


A heavy non-uniform beam AB of length / rests across a fixed 
peg P and carries equal weights W, hung from each end. In the 
equilibrium position with the beam horizontal, the distance AB 
is X,. For another pair of equal weights W,, the Corresponding 
distance AP is xp. Prove that the weight of the beam, W, is given 
by (—x) W —(W;— Wj)x, 1 2Wyxy--2W,x,. 


A uniform plank of length 2a and weight W is Supported horizon-: 

tally on two vertical props ata distance b apart. The greatest 

weight that can be placed at the two ends in Succession with- 

out upsetting the plank are W, and W, respeetively. Show th 
W, ; W. b 


at 


ASA SESW a 


. One end of a stout rope of length 20 m is fixed to a vertical 


telegraph post standing on the ground, and a man pulls at the 
other end with a given force. Find the highest point of the post 
at which the rope is to be fixed in order that the man will have 
the least chance of over-turning the post. 


[Ans. The rope is to be fixed at a height of 10/2 m from the 
ground.] 
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28. 


29; 


30. 


31. 


32. 


33. 
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A smooth bamboo pole just stands vertically on the ground, and 
a horizontal rope which is once wrapped at its top has the two 
portions at right angles to one another. The pole is kept in 
position by pulling it with a rope attached at one-third the 
height of the pole. If this latter rope be inclined at an angle 45° 
with the horizon, prove that the tension in it must be six times 
that of the rope at the top. 

The sums of the moments of a system of forces acting at a point 
about two given points are equal in magnitude. Show that their 
resultant is parallel to a fixed line or passes through a fixed point. 


The moments of a force about the points (0,0), (10,0) and (0,5)n 
are 184 Nm,—46Nm and 249 Nm. Find where the force meets 
the x-axis and find its components parallel to the co-ordinate 


axes. 
[Ans. At a distance 8m from the origin. 13N along x-axis an 


23N along y-axis] 


Forces are represented in magnitude, direction and line of actiod 
by the perpendiculars drawn from the angular points of a 
triangle to the opposite sides. If their sum of moments about each 
of the angular points is zero, show that the triangle is equilateral. 


The wire passing round a telegraph pole is horizontal and the 
two portions attached to the pole are inclined at an angle of 60* 
to one another. The pole is supported by a wire attached to the 
middle point of the pole and inclined at 60° to the horizon. Show 


that the tension of this wire is 44/3 times that of the telegraph 
wire. 


ABis a diameter of a circle and BP and BQ are chords at right 


angles to one another. Show that the moments of the forces 
ae 


represented by BP and BQ about A are equal. 

M, and M, are the moments of a force F about two given points 
A, and 4s respectively, where M, and M, are of the same sign. 
Prove that the line of action of the force is along a common 
tangent to two circles drawn with centres A, and A, and radii 


F 
If the moments of two given intersecting forces about a point in 
their plane be equal and of the same sense, prove that the 


point must be on 4 certain straight line. 


Ms and Me respectively. 
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34. Forces 1N, 2N, 4N and 5N act, allin the same sense, along the 
sides of a square taken in order. Prove that their resultant is 
parallel to a diagonal and find where it cuts the side along 
which the first force acts. 

[Ans. It divides the side externally in the ratio 2:3.] 


35. A letter weigher consists of a uniform plate in the form of a 
3 
32 
pended by its right angle C from a fixed point to which a plumb- 
line is also attached. The letters are suspended from the angle A, 
and their masses read off by observing where the plumb-line 
intersects a scale engraved along AB, the divisions of which are 


right-angled isosceles triangle 4BC of mass kg, which is sus- 


1 2 3 : 
marked 35 Ke: 32: kg, PX kg, etc. Show that the distance 


from A of the divisions of the scale form a harmonic progression. 


36. ABC is a right-angled triangle, the sides BC, CA and AB being 
13m, 12m and 5m of length respectively. The moments of a force 
F about A,B and C are respectively 


(i) 0 Nm, 25 Nm and 144 Nm respectively 


(ii) 0 Nm,—25 Nm and 144 Nm respectively. 


Find in each case the magnitude, direction and the line of 
action of F. 


[Ans. (i) F—13N acting along the tangent at 4 to the circum- 
circle of ^, ABC, 


. (i) F—13N acting along the perpendicular from A on BC] 


37. Three forces P, Q and R act alon: 
of a triangle ABC. If the line 
passes through 


g BC, CA and AB respectively 
of action of their resultant 


(i) the in-centre and the circum-centre of A ABC, show that 
P: Q : R=(cos B—cos C) : (cos C—cos 4) : (cos 4 —cos B) 
(b—c)(b--c—a) : (c—a)(c--a—b) : (a—b)(a+b—c) 
(ii) the in-centre and the centroid of A ABC, show that 
P:Q: R=a(b—c) : b(c—a) : c(a—b) 


(iii) the in-centre and the ortho-centre of AABC, 
P:Q:R=cos A (cos B—cos C): cos B (cos 
: cos C(cos A—cos B) 


show that 
C—cos A) 
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(iv) the circum-centre and the ortho-centre of A ABC, show that 
P: Q : R=sin 24 sin (B—C) : sin 2B sin (C—A) 
: sin 2C sin (4—B)—(b?—c?) cos A : 
(c? —a?) cos B : (a2--b?) cos C 
(v) the circum-centre and the centroid of AABC, show that 
P:Q : R=sin 24 sin (B—C) : sin 2B si 
3 2 C—A 
:sin 2C sin (A—B) edes d 
(vi) the ortho-centre and the centroid of AABC, show that 
P:Q: R=sin 24 sin (B—C) : sin 2B sin (C—A) : 
sin 2C sin (4— B), 
where a, b, c are the sides of the triangle ABC. 

38. Three forces P,O and R act along the sides BC, CA and AB 
respectively ofa triangle ABC. If their resultant passes through 
the centroid of the triangle, prove that 
RU EO 
BC a CA Zu 

39. Like parallel forces P, Q and R act at the vertices of a triangle 
ABC perpendicular to its plane. If the resultant passes through 


r 
T 


(i) the in-centre of AABC, show that 
P:Q:R—sin A: sin B: sin C 

(ii) the circum-centre of AABC, show that 
P:Q:R—sin 2A: sin 2B: sin 2C 
or, P(c cos B—b cos C)-- QY(a cos C—c cos A) 
--R(b cos A—a cos B)=0 


(iii) the ortho-centre of AABC, show that 
P-O:R=tan A: tan B: tan c 
or, P(b?--c?—a?) =Q (c? Ea? — b?) R2? +b? —e). 


40. Three forces P, Q and R acting at the vertices A, B and C respecti- 
vely of à triangle ABC, each perpendicular to the opposite side, 
keep it in equilibrium; prove that 


P:0:R=a:bic. 
41. If three forces P, Q and R acting along the bisectors of the 


ABC at the angular points 4, B and € respectively, 


angles of ^ 
n equilibrium; show that 


keep the triangle i 
P:Q:R-cos 1A: cos 1 B: cos} C. 
along the sides BC, CA and AB of 


42. Three forces P, Q and R act 
t the line of action of their resultant 


a triangle ABC. Show tha 
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44. 


45. 


46. 
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48. 
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cuts BC at a point distant x from C, and BA at a point distant 
y from A, given by 

abR bc P 

Qc—Rb'Y  Qa—Pb: 


x 


Three forces acting along the medians of a triangle, all from the 
vertices, are in equilibrium. Show that the forces are propor- 
tional to the lengths of the medians. 


Forces /.BC, m.CA and n. AB act along the sides of a triangle 


ABC, taken in order. Show that their resultant passes through 
the centroid of the triangle if 1--m--n—0, 


Forces P, Q and R act along the sides BC, CA and AB respectively 
of a traingle ABC, and the forces P’, O' and R' act along OA, OB 
and OC respectively, where O is the circum-centre of AABC. 
Prove that, if the six forces are in equilibrium, 
P cos A4-Q cos B+R cos C—0 

BRET OO! RR 

E Yl MIT e 
and A T ao c 0. 
Three forces act along the sides of a triangle, taken in order. If 
the sum of two of the forces be equal in magnitude but opposite 


in sense to the third force, prove that their resultant passes 
through the in-centre of the triangle. 


Three forces P, Q and R act along the sides BC,CA and AB 
respectively of a triangle ABC, taken in order. If their resultant 
touches the 


(i) circum-circle, show that 
aP--bO--cR—0 


(ii) in-circle, show that 


24 s? B 2 
cos 2 CO! 2 COS 


T JE Om R0 


If the four forces, each acting alon 
equilibrium, show that each force is 
side. 


£ a cyclic quadrilateral, be in 
Proportional to the opposite 


A square table stands on four legs placed at the mid-points of 
its sides. If the total weight of the table and legs be W, find the 
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greatest weight which can be put at one of the corners of the 
table without upsetting it. 

[Ans. W]. 

50. A round table of weight W stands on three legs, of which the 

upper ends are attached to its rim so as to form an equilateral 

triangle. Show that a body whose weight does not exceed W may 

be placed anywhere on the table without the risk of toppling it 


over. 


Chapter VI 


Couple and its moment 


6.1 Definitions 


We have seen that two equal and unlike parallel forces cannot be 
combined into a single resultant. Such forces acting on a rigid body cannot, 
therefore, produce any translatory motion of the body. They can generate 
only the rotation of the body. This type of rotatory motion of a body 
due to two equal and unlike parallel forces is observed when we wind a 
clock or spin a spindle. The key orthe spindle rotates due to two such 
forces which are generated by our fingers. 

Two equal and unlike parallel forces whose lines of actions are diffe- 


rent are said to constitute a couple. The effect of a couple on a body is to 
produce pure rotation. 


The arm of a couple is the perpendicular distance between the lines 
of action of the two forces which form the couple, 

The moment of a couple is the product of any one of the forces which 
form the couple and the perpendicular distance between their lines of action, 


P 
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Thus in fig. 69, AB is the arm of the couple formed by two equal and 
unlike forces P,P and p isthe perpendicular distance between the lines 
of action of the forces. 

The moment of a couple is regarded as positive or negative according 
as the couple tends to rotate the body inthe anticlockwise or clockwise 
direction. Thus in fig. 69, the moment of the couple is— Pp, since the 
couple tends to rotate the body in the clockwise sense. 

Remark : A couple with forces P,P and arm length p is very often 
denoted by (P, p). 

A couple is also called Torque by some writers. Some, however, use 
the word ‘torque’ to denote the moment of the couple. 


6.2 Theorem on the moment of a couple 


The algebraic sum of the moments of the two foreces forming a 
couple about any point in their plane is a non-zero constant and equal to 
the moment of the couple. 


R P 


P à) p (2) 
Fic.70 


Let 0 be any point in the palne of two equal and unlike forces P,P 
forming à couple of arm length p. Through 0, we draw a perpendicular 
line OAB [fig. 70(1)] or AOB [fig. 70(ii)] meeting the lines of action of the 
forces at A and B. Then AB=p. In fig. 70 (i) where the point O lies 

ide the forces, the algebraic sum of the moments of the reebot 
outsi OB—P. QA-—P(0B—04A)—P.AB—Pp which is independent of the 
Me of the point O and hence it is a constant. Thisis also equal to 
the moment of the couple. 
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In fig. 70(ii), where the point O lies inside the equal forces, the 
algebraic sum of the moments of the forces about O —P.0 A-- P.OB 
—P.(0A--OB)—P.AB—Pp which is also a constant and is equal to the 
moment of the couple. 

Remark : The moment of a couple can never be Zero, since both P and 


P z Q0. 
6.3 Converse theorem 


The converse of the above theorem is also true i.e. if the algebraic 
sum of the moments of two coplanar forces acting on a body about any point 
in their plane is a non-zero constant, then the forces Jorm a couple. 

The two coplanar forces may be of any one of different types viz. 
(i) they may act along the same straight line, (ii) they may intersect at a 
point, forming a non-zero angle, (iii) they may be like parallel forces 
(iv) they may be unequal and unlike parallel forces or (v) they may be 
equal and unlike parallel forces in which case they form a couple. Now, 
if the forces are of the type (i), then the algebraic sum of the 
moments of the two forces about any point on the line of action of the 
two forces will be zero, violating the given condition of the theorem. In 
case (ii), the algebraic sum of the moments of the two forces about the 
point of intersection of the lines of action of the two forces is clearly 
zero. Hence, the two forces cannot be of this type. In cases (iii) and (iv), 
if we take the moments of the forces about any point on the line. of 
action of the resultant of the two like or unlike parallel forces, then 
by Varignon’s theorem of moments, the algebraic sum of the moments, 
of the two forces about that point is zero. So the two given forces can- 
not be of this type also. The only alternative left is the force in (v) i.e. the 
two given forces under the give conditions must form a couple. 


6.4. Couples of moments equal and opposite 


Equilibrium of two couples : 

If two couples have equal and opposite moments, one will produce 
as much rotation in the anticlockwise direction as the other in the clock- 
wise direction. Hence, the two couples will cancel each other's effect. This 
theorem of equilibrium of two couples can be stated as follows : 

If two couples whose moments are equal in magnitude and opposite 
in sign act in the same plane upon a rigid body, they balance one anoth m 

To prove this theorem. we consider two couples (P, p) and (Q, q) 
such that Pp=Qq LAT) 
in magnitude 

There are two cases to be considered. 
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Case I. When the forces forming the couples are not all parallel 

Let one of the forces of the couple (P,p) intersect one of the forces 
of the couple (O,q) in A and the other two forces of the two couples 
intersect at B [fig. 71]. 


Fig. 71 


Now, the algebraic sum of the moments of the forces P and Q 
acting at B about the point A 

= Pp — Qq=0 [from (1)]. 

Similarly, the algebraic sum of the moments of the forces P and Q 
acting at A about the point B is zero. Hence, it follows that the resultant 
of the forces P and O acting at A passes through B and that of P and Q 
acting at B passes through 4. 

Now, the angle between Pand Qat Ais equal to that between P 
and Q at B and so the resultant of the forces P and Q at A must be equal 
in magnitude to that of P and Q at B. Since these two equal forces are 
acting along the same line in opposite directions AB and BA, they will 
balance each other. Thus the resultant of all the forces forming the two 
couples is zero and hence the two couples balance each other. 


case II. When the forces forming the couples are all parallel 
We draw a straight line perpendicular to the lines of action of the 
les (P,p) and (O,q) to meet them at 4, A, B 


forces forming the two coup 
and B,. Here p=4B and q—4,B,. Let the resultant of the like parallel 


forces Q at A, and P at B pass through C such that 


Q. A, C = P. BC ..(2) 
The magnitude of this resultant is P + Qand the line of action of 


this resultant is perpendicular to A B. 
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P+Q 


Lio Ze 


Now, since the moments of the two couples are equal in magnitude, 

we have Pp=Qq 
=> 0.4, B, — P. A Bx (3) 

Subtracting (2) from (3), we get 

Q. (4,B,—A,C)— P. (AB—BC) 

=> Q. B,C—P. AC. 

This shows that the resultant of O at B, and P at A passes through 
C. Its magnitude is also P+Q and its direction is perpendicular to 
AB,. 

Thus the resultant of P at B and Q at A, and that of P at A and 
Q at B, are equal in magnitude and act along the same Straight line in 
the opposite directions. Hence, they balance each other. Thus the two 
given couples also balance each other. 


6.5 Equivalent couples 


Theorem : Two couples in the same plane whose moments are equal 
and of the same sign are equivalent to one another, 

If we reverse the constituent forces of any one of the two couples, 
then this couple and the remaining couple will balance each other, since 
their moments are now equal in magnitude but opposite in Sign. It 
follows that the two coplanar couples whose moments are equal and of the 
same sign must be equivalant to one another. 
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Remark I: From the above theorem it follows that a couple can be 
replaced by any other couple acting in the same plane provided the two 
couples have the same moments and are of the same sign. It is immaterial 
what the direction of the constituent forces of the second couple may be 
Or their magnitude or the arm. Thus a couple (P,p) can be replaced by a 


PONNY 
couple ( Bes A ) in the same plane with its constituent forces each equal 


to P,. The arm length of this couple should be such that the two moments 
are equal and of the same sign. Similarly, a couple (P,p) may be replaced 


by a couple (Ze n x) with a given arm length x anywhere in the same 


plane. 

Remark 2: A couple has no particular position of application like a 
force, but it may be transferred anywhere in its plane without changing 
its effect on the body it acts upon. We have thus the principle of trans- 
missibility of couples just like the principle of transmissibility of forces. 


6.6 Couples in parallel planes 


Theorem: The effect of a couple remains unchanged if it is transferred to a 
parallel plane without changing its moment in magnitude and sign, 

Let the couple (P, p) lie on the plane XY and let its arm length be 
AB so that p=AB and the constituent forces are perpendicular to AB. 
Let X' Y' be a plane parallel to the plane X Y. We take on X’ Y’ any 
ine 4,B, such that 4,B,=AB andA,B, || AB. We join AB, and A,B and let 
Ithem meet at O [fig. 73]. Clearly, O is the middle point of both 4B, and 
A,B, At each of the points 4; and 2,, we introduce two equal and opposite 
forces, each being equal to P and parallel to its line of action. We can 
and like parallel forces P, P acting at A and B, to a 
agnitude 2P, acting at O along OC parallel to each 
the equal and like parallel forces P,P acting 
heir resultant 2P, acting at O along OD 
These two resultant forces of the same 
magnitude 2P act at O along the same line but in he eee WE RET 
Hence, they balance each other. We are now left with two equal an 


unlike parallel forcea P,p acting at A, and B,.in the same sense and 
neon as those of the constituent forces of the couple (P,p) in the XY 


plane. 
Thus the given couple ( 

om 
couple (P,p) of the same mom" l 
A,B,. Since the couple in the XY ie E p 
any other couple of the same momen gn, 


combine the equal 
Single resultant of m 
of the components. Similarly, 
at A, and B can be replaced by t 
parallel to the components. 


P,p) in the XY plane is equivalent to the 
ent in the parallel plane X Y' with arm 
placed in its plane by 
it follows that a couple 
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in any plane can be replaced by any other couple in a parallel plane 
provided its mement remains unchanged in magnitude and sign. 

Remark: A couple is ccmrletely specified if we know the direction of the 
set of parallel planes, the magnitude of its moment and the sense in which 
it acts. We can, therefore, represent a couple by a line segment drawn 
perpendicular to the set of parallel planes to indicate the direction, the 
length of the line segment will indicate the magnitude of its moment and 
the definite sense of the line segment will indicate the sense of the 


moment. 
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6.7 Resultant of a number of coplanar couples 


We shall now prove the following theorem : 
Theorem : Any number of coplanar couples acting on a body is equivalent 
to a single couple whose moment is equal to the algebraic sum of the 
moments of the couples. 
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Let the coplanar couples be (P, p) (PasP2) (Pas p3),..--- (Ps, ps) 
acting on a rigid body [fig. 70]. We replace all the couples by equivalent 
couples (Xi. p. (Xo p. (Xz p. (X,, p) respectively all having a com- 


mon arm say, AB=p, where 
Ps ps y, = Pn Pa 
n= T 


v ARRP y iD 
215 Xo PC 3 p p 


...X, of these couples act at the extremities of 
ar to AB. The resultant of the forces acting 
at A is their algebraic sum i.e. X,4-Xp...-+Xn in one direction and that 
of the forces acting at B is XX. ...- X, in the opposite direction, 
These two resultants being equal, unlike and parallel form a couple whose 


moment is equal to 


The forces Xy, Xs. : 
the arm AB and perpendicul 
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(Xr AXES HEX p 
—Pp Pp eee Pea 
= algebraic sum of the moments of the separate couples. 


6.8 Resultant of a force and a couple 


Theorem : A force and a couple acting in the same plane upon a. rigid body 
cannot produce equilibrium but are equivalent to a stngle force, equal and 
parallel to the given single force, 


p 
C 
LIPS Imp 

P NS F 
EN 
5 d 4 

NS 
D E 
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Let (P,p) be the couple with arm length AB=p and let F be the 


given force acting at G. We shall show that the couple (P,p) and the 
single force F at G are equivalent to a force. We can replace the given 
couple by another couple whose constituent forces are F, F and the length 
of the arm is x where 
yep. 
x= F 

We place this couple such that 
at G along the line of action of 
sense along GD. Now, the two equal and opposite forces 
G along the same line will balance cach other having a si 
E, which is in the direction of the original force and at a distance of 


TP from G. Thus a force and a couple in the same Plane are equivalent 


to a single force and hence they cannot produce equilibrium. 
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6.9 Forces represented by the side of a triangle 


We now prove a very important theorem which states as follows : 
Theorem ; If three forces acting on a rigid body be represented in magni- 
tude, direction, and line of action by the sides of a triangle, taken in order, 
then they are equivalent to a couple whose moment is equal to twice the 


area of the triangle. 


Fig 76 


> > -> 
Let the three forces BC, CA and AB of magnitudes P, Q and R 


respeetively act along the sides BC, CA and ,AB of the traingle ABC 


[fig. 76]. 
Now, by triangle law of vectors, we have 


— — > 

CA + AB = CB 
ie. the resultant of the forces Q and R acting along AC and AB respec- 
tively is of magnitude P and will act at A in the direction AD parallel 
to CB. The force of magnitude P acting at A and another force of 
magnitude P acting along BC will form a couple of moment 

P x AN = BC X AN = twicethe area of A ABC, where 
AN | BC. Thus the three forces represented by the sides of the triangle 
ABC form a couple of moment equal to twice the arca of the triangle. 
6.10 Forces represented by the sides of a polygon 


As a generalisation of the above theorem, we now prove the follow- 


ing theorem : 

Theorem : If as) 
presented in magnitude, i 
gon, taken in order, then they are equi 
represented by twice the area of the polygon. 


‘stem of coplanar forces acting on a rigid body be re- 
direction and line of action by the sides of a poly- 
valent to a couple whose moment is 
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Let the forces be represented in magnitude, direction and line of 
action by the sides AB, BC, CD, DE and EA of the polygon ABCDE, We 
join AC and AD [fig. 77]. We now introduce two pairs of equal and oppo- 

Hi -> -> > 
site forccs AC, CA and AD, DA acting along these lines. Since these forces 
balance each other, they will have no effect on the system, 
Se > 
AB, BC and CA will form a couple of moment equ 
> > > 
A ABC. Similarly, forces AC, CD and DA will form a couple of moment 


Now, forces 


al to twice the area of 


? 


a couple of moment equal to twice the area of A ADE. Now, these 


: a single couple whose moment is equal 
to twice the area of (A ABC an ACD 4 A ADE) = twice the area 
of the polygon ABCDE, Hence the result. 


6.11 Replacement of a force by the force and a couple 


Theorem: A force P acting at any point A ofa body is equivalent to an 
equal and parallel force acting at any other arbitrary point B of the body 
together with a couple, 

Let the force P at A acting along AE be the given force and B is 
any arbitrary point, Let p be the length o 
to the line of action of P at A. We appl 
each equal and parallel to the force P at A 
act along BC and BD along the same li 
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D Fis. 78 


each other, they will have no effect on the given system. The given force 
P at A can now be regarded as P along AE and P along BD forming a 
couple of moment Pp and a force P at B along BC, parallel to the original 


force and in the same sense. 


6.12 Moment of a system of forces forming a couple 


Theorem : If a system of coplanar forces reduces to a couple, then the 
algebraic sum of the moments of the forces about any point in their plane 


is constant and equal to the moment of the couple. 
Let P, P,... ...P, be a system of coplanar forces acting at Ay, Ass. n 


respectively of a rigid body and let O be any arbitrary point in their plane 
[fig. 79]. Let the perpendicular distances of the lines of action of the forces 
P xac P, from O be pi po p, respectively. Then as in Section 6.11, 
we can replace the force P, by an equal and parallel force P, acting at 
O together with a couple of moment P,p, Dealing with each of the 
other forces in the same manner, we find that the given system of forces 
is equivalent to a system of concurrent forces Py, Po, Pareet P,at O, 
together with a number of couples. These couples can be combined into 


a single couple whose moment is 


Pipi + PaPe oec + Papas 
= algebraic sum of the moments of the couples 


(Papi), PoP) (P, p.) about O. 
= algebraic sum of the moments of the given forces about O. 


The set of concurrent forces at O must be in equilibrium, for, otherwise 
they would combine into a single resultant which, along with the resultant 


couple, would give us à single force as our resultant and not a conple. 
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Fig, 79 


Thus if a system of coplanar forces reduces to a cou 
algebraic sum of the moments of the fo 


couple. 


order, This has been Proved in Ex. 2 of Section 6.13 
Remark 2: The above theorem 


6.13 Solved Examples 


Ex. 1. Forces P, 2P,—P and 2p act 
of the square ABCD, and a forces P V 2 acts alon 


ide of the square ment 2aP, where a is the 
side o : 
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Bu: Pi 
2P y 2P 
A p 8 

Fig. 8C 


We resolve the force P 4/ 2 acting along CA into two components, 
one P 4/2 cos 45° i.e. P along CD and another P 4/2 sin 45? i.e. P along 
CB. Similarly, we resolve the force P,/7 acting along BD into two 
components, P4/2 cos 45" ie, P olong BA and P V2 sing 45° ie. P 
along BC. The two forces P,— P acting along CD will balance each other 
and the two forces P, P acting along 4B and BA balance each other. The 
three forces 2P, P and P acting along BC, BC and CB respectively will 
have a resultant 2P along BC. Hence, the given system of forces is equi- 
valent to two equal and parallel forces 2P, 2P acting along BC and DA. 
Hence, they form a couple of moment 2aP. Hence the result. 
cting along the sides of a triangle, taken in order, 


Ex.2. Three forces a 
le. Show that they are proportional to the sides 


are equivalent to a coup 
of the triangle. 


A 


Fic. 81 
‘A and AB. Let AD | BC. 
d R act along BC, [^ : 
Let ri ; she toe LU sides BC, CA "d e ae of 
a, D, © F a= J 
A ABC and let A be the aréa o ABC. Then 
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“.AD= 2A. Since the forces a 
a 


sum of the moments of the forces about an 


same. Hence, the algebraic sum of 


and C must be equal. Now, the algebraic 


2h: 
a 


R about A is P. AD = P. 


moments of the forces about B and C are res 


2A 2A 
Q. "y and R. = 
DNE DIN 
Hence, p TM QS 
BuU UMOR: 
EODD rA 


i.e. the forces are proportional to the si 


Ex. 3. Two systems of thr 
sides of a triangle, 
prove that 


ee forces 


DET 
where p, q, r area System of concu 
the sides of the tria: 


Fíc.82 
Let the forces P, Q, R and P', 
respectively of a triangle ABC. Let 
S” be that of P’, O’ and R’, Since th 
parallel, we can write 


taken in order. If they prod 


ngle, will be in equilibrium; 
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Te equivalent to a couple, the algebraic 


y point in their plane will be the 
ments of P, O and R about A,B 
sum of the moments of P, Q and 


the mo 


Similarly, the algebraic sums of the 


pectively 


des of the triangle ABC, 
nd P', Q', R' act along the 
uce parallel resultants, 


P, Q, Ra 


rrent forces which, acting paralel]? to 


Qi) 


O', R' act alon 
S be the result 
ese two result 


zg BC, CA and AB 
ant of P, O and R and 
AMIS dre given to be 
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S'—KS; where K is a constant. ` 

Since S is the resultant of P, Q and R, hence KS is the resultant of 
PK, OK and RK which will act along BC, CA and AB of A ABC. Now, 
S’ and—KS being unlike, equal and parallel forces, will form a couple. 
Hence, P’, Q', R’ and —KP,—KQ,—KR acting along the sides BC, CA and 
AB of A ABC will form a couple. 

In other words, the forces P'—KP,Q'—KQ and R'—KR acting along 
BC, CA and AB of A ABC will form a couple. Hence, the algebraic 
sums of the moments of these forces about A, B and C will be equal. If 
AD | BC, a, b, c be the lengths of the sides BC, CA and AB of A ABC 
and A is the area of A ABC, then ; 

ADxa=2A 

> AD = 2A. 

a 

The algebraic sum of the moments of the forces P'—KP, Q'—-KQ 

and R'—KR about A is 


(P'—KP) AD=(P'—KP) xtA, 


Similarly, the algebraic sums of the moments of these forces about 
B. and C are respectively 
2^ 


(Q'—KQ) LA and (R'—KR) 


Now, since the forces p, q, T act at a point, are parallel to the sides 
of A ABC and are in equilibrium, they must be proportional to the sides 


of the triangle ABC i.e. 


a 
q r 
a= Eo b=% CHR 
Hence, the algebraic sum of the moments of the forces about 


OAR 
A becomes (P'—KP) a 


that about B is 
2AK 

‘KO 
(Q KO) T 
and about € is 


2AK' 
A 


(R'—RK) 
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Each of these moments must be equal to the m 


oment m of the 
couple formed by these three forces. Hence, 


(P—Kkb) — E 


=> P'—KP — AP Cimber = R. 


Similarly, 0’ — KỌ — à q=0 
and R'— KR — Xr 
Eliminating K and ^, we get 

P'Pp 


= 0. 


Hence the result, 


Ex. 4. A system of forces in the 
(AB = a, BC = b) have the moments 
A, B, C respectively. Show that the m 


plane of rectangular plate ABCD 
Gu G, and G. 


3 about the points 
agnitude of the 


resultant is : 
Lc Ho ew 
R= A/ ES 

a 
and find the distance from 4 9f the point where its line of action intersects 
AB. Discuss the case G, = G, = Gz. 


Since the moment of the system of 
zeroes, the resultant of t 


ot pass through 4 and B, Let the ` 
resultant R cut AB at E, where AE=x, 


Let X and Y be the components of R 


È I along 45 and perpendicular 
to it through E, Now, taking moments of the forces X and ¥ about A 
we get $ 
xY = G, s) 
Taking moments about B, we get 
(a—x) y = — G, IO) 
Taking moments about C, we get 


bX—(a—x) y = G, (8) 


m 
Un 
w 
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D 


A x B 


Fig. 83 


: G, d 

,y = —- and fi == 2 
From (1), y x and from Q y Se, 
Hence, Gin C. 

X  x—a 


=> G, (x—a) = Gx 
=> x (G,—G,) = aG, 


aX = GG 
Hence, the line of action of the resultant cuts AB at a distance 


aG, A 
GHGs from 4. 
From (2) and (3), we get 

Ga — Gs 


bX+G,=6,2 X= 


G G; (Gi — G) G,— G, 
Also, Y = A S aG DET MEE 


and R= V X* 4- Y 
i ——VÓÓ865. GN 
"ACA en 
a 
= 6, = Gy then R = 0, but G, + 0. 


*. The system of forces reduces to a couple. 
Ex 5. X, Y, Zare the points on the sides BC, CA and AB of 


A O OE CY:YA = AZ:ZB = p:q. Prove that the 
aore by AX, BY, CZ fedgo tiroan CF moment 
‘orces A 


If Gy 
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24 C=] where A is the area of the triangle ABC. We join AX, BY 
and CZ. 
Since BX: XC = p : q, hence 
— > > 
p AC + q AB = (p+q) AX - (1) 
Fig. 84 
Similarly, 


> > > 
,P.BA + q BC = (p+q) By He) 
> > > 
and p CB + q CA = (p--q) CZ <68) 
Adding (1), (2) and (3), we get 


> > — > > > 
p BA— q BA +p AC —qAC + p CB — q CB 


— — 
= (p--9) (AY + BY + CZ) 


T4 zar Fz > > > 
> (p — q) (BA + AC + CB) = (+a) (AX + By + GZ); 
xL > > 
But BA + AC + CB is equal to a couple of moment 2 A, Hence, 
> > > 


AX + BY +. CZis equivalent to a couple of moment 2 A (p=q). 
P+q 
Hence the result, 
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Ex. 6. Three parallel forces P, O and R acting at the angular points 
of a triangle ABC are in equilibrium when they are perpendicular to the 
side BC. If their lines of action are turned through a given angle in the 
same sense, show that they are equivalent to a couple. 
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Let the three parallel forces P, Q and R act at A,B and C respec- 
tively in the directions as shown in the figure. Let the line of action of 
the force P cut BC at D. When the lines of action of these forces are 
perpendicular to BC, then the forces are given to be in equilibrium. 
Hence, the direction of one of the forces, say, P will be opposite to those 
of the other two. 

It P acts downwards and Q and R act upwards. then P— Q-- R and 

the resultant force Q+-R of like parallel forces Q and R must be along 
DA for equilibrium. Let all the forces be now rotated through an angle 
0 in the clockwise directions (shown by dotted lines in the figure). Then 
the resultant of O and R is now a force Q-+R acting upwards at D making 
an angle of 90°—0 with BC and the force P will now cut CB produced at 
D' such that it is parallel to O--R and at a distance AD sin 0 from the 
line of action of the force O--R. Since the forces P and Q+-R are equal, 
unlike and parallel, they form a couple. 
Ex. 7. Show that the forces represented by the sides 4B, BC, CD, DA of 
a quadrilateral can not be in equilibrium but are equivalent to a couple 
whose moment is equal to four times the area of the parallelogram 
whose vertices are the middle points of the sides. ; 

Let P, Q, R and S be the middle points of the sides AB, BC, CD 


— > > 


and DA respectively. We join AC and BD. Now, AB + BC = AC and 


the resultant of the forces AB and BC will act at B parallel to AC, Similarly, 


= > 
CD + DA= 
act at D parallel to CA. 


=> 


CA and hence the resultant of the force CD and DA will 
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POS SR = j AC, PỌ | AC and SR || AC 


ind SPOR = — BD, SP BD and QR | BD. 


Since AC || DN, -. 7 BDN = Z AOD —9 
ü, BN)= BD sin 0 = 2 SP sin 9 
and AC:= 2 PO, 


Hence, the moment of the couple is 
AC x BN. = 2 PQ. 2SP sin 0 
— 4 PQ x SP sin 
= 4 PO x’ SP sin (180° — Z SPQ) 
— 4 PQ x SPsin 7 SPO 
= 4X area of the parallelogram PORS, 
, Hence the result, 
Ex.8. ABCD is a rec 


tangle such that 4B—Cp—4 and BC= 
Forces P act along AD 


DA-b, 
and CB and forces Q act along AB a 


nd CD, 
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Prove that ihat the perpendicular distance between the resultant of the 
forces P, Q at A and the resultant of the forces P, Q at C is 
Pa—Qb 


D i a 


A a N 
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Let the resultant of P and Q at A act along AM and that of P and 
Q at C act along CN. The magnitude of the resultant at each of the 
points A and C is 4/p* + Q*, 

If Z MAD = 0, then 


ele Q sin 90° 
tan "i = PFO cos 90° 


Similarly, if Z BCN = 0, then 
Qsin90° Q 


= 2. 
P 


Hence 0, = 9 and so AM || CN. 


Hence, these forces form a couple of moment 


d /pi 4. Q? , where d is the distance between these two resultant 
mu Originally, we had two couples (Q, AD) and (P, AB). The algeb- 


raic sum of the moments of these two couples — Pa — Qb = the moment 


of the resultant couple. 
^L d / PES. Q? = Pa — Ob 
Os atem o 
"d vpn. 


158 


ELEMENTARY STATICS 


EXERCISE 6.1 


Forces P, 5P, 9P and SP act along the sides AB, BC, CD and DA 
respectively of a rectangle ABCD where AB = 8 cm and BC = 6 
cm. Find the magnitude and line of action of the resultant. 

[Ans. SP. The line of action of the resultant is parallel to CD and at 


a distance of 5 T cm from C] . 


Forces equal to 3N, 5N, 3N and 5N respectively act along the sides 
of a square, taken in order. Find their resultant. 

[Ans. The resultant is a couple of moment 8a, where a is a side of the 
square.] 

Ox and Oy are rectangular axes and P is a point whose co-ordinates 
are (5, 12). Find the intercepts made on Ox and Oy by the line of 


action of the resultant of a force of 13 units along OP and a couple 
of moment 65 units in the sense from Ox to Oy. 


[ Ans. 5 ese | 


y 2 act respectively along the sides 
iagonal AC of the square ABCD. 
is a couple and find its moment. 

[C.U- 47] 
[Ans. 5a, where a is the side of the square] 
ABCDEF is a regular hexagon. Forces of magnitudes P, 2P, 3P, 5P 
and 6P act along AB, BC, CD, EF and AF respectively. Show that 


a force can be determined to act along ED so that the six forces are 
equivalent to a couple, 


Forces of magnitudes 1,2,3,4 2. 
AB, BC, CD, DA and the d 
Show that their resultant 


ABC is an equilateral triangle of side a, D, E and F divide the 
sides BC, CA and AB Tespectively in the ratio 2:1. Three forces 
each equal to P act at D; E and F perpendicularly to the sides and 


directed away from the triangle. Prove that they are equivalent to 
a couple of moment 3 Pa, 


Four forces are completely Iepresented by the sides AB, AD, CB 


and DC of a quadrilateral ABCD. Show that they are equivalent 
to a couple consisting of two forces through 4 and C, each equal 


and parallel to other diagonal BD, 
Forces 3P, 4P and 5P res 


; pectively act along the sides of a right- 
angled triangle of sides 3,43 


nd 5in order. Find the forces acting 
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17; 


at the ends of the greatest side which will equilibriate the system. 
[Ans. Two forces each Dp forming a couple of moment 12P] 


Unlike parallel forces each equal to 4N act along a pair of opposite 
sides of length 2m of a rectangle. Find the magnitude of the forces 
which acting along the other sides of length + m will form with 


these a system in equilirbium. 
[Ans. 1 N] 


. Four forces are completely represented by the sides BA, AD, DC 


and CB of a quadrilateral ABCD. Show that they are equivalent 


‘to a couple consisting of the two forces through A and C each equal 


and parallel to the diagonal BD. 


. Two couples with forces acting along the sides of a parallelogram 


are in equiliribum. Find the ratio of the forces of the couples. 
[Ans. These are proportional to the sides of the parallelogram] 


. Four forces acting along the sides of a parallelogram are equivalent to 


a couple. Show that the forces along the opposite sides are equal 
in magnitude and opposite in sense. 


. ABCDEF isa regular hexagon. If three forces are represented in all 


respects by AC, CE and EA, show that they are equivalent to a 
couple whose moment is equal to the area of the hexagon. 

Forces of 1N, 2N, 3N, 4N, 5N and 6N act along the sides AB, 
BC, CD, DE, EF and FA of a regular hexagon, taken in order. Find 
the single force acting at A and the moment of the couple which 
together are equivalent to the system. 


Ans. 6N along DA produced, 2t 4/3 times AB] 
[ 2 


. If the algebraic sum of the moments of two given coplanar forces 


about any point in their plane is a non-zero constant, show that the 


given forces form a couple. 

Three forces proportional to the sides of a trinagle act perpendicular 
to these sides, all inwards. Show that either they are in equilibrium 
or they form a couple. 

Forces of magnitudes 1,2,3,4,6,5 and 4 units act respectively along 
the sides AB, CB, CD, ED, EF and AF of a regular hexagon, the 
sense of each force being indicated by the order of the letters. Prove 


3 oy pets 
that the six forces are equivalent to a couple of moment o Vaa 


where a is the side of the hexagon. 
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20. 


217 


= 


22. 


23. 


24. 


25. 
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ABCDEF is a regular hexagon. Forces P, 2P, 3P, 5P and 6P act 
along AB, BC, DC, EF and AF respectively. Show that a force can 
be determined to act along ED so that the six forces are equivalent 
to a couple and find its moment. 

[Ans. — 3 4//3aP where 2a is the side of the hexagon] 


ABCD isa square whose side is 2 units in length. Forces a,b,c,d 
act along the sides 4B, BC, CD, DA, taken in order, and forces 
pv 2,q Vv 2 along AC and DB respectively. Show that if pq 


=c—a and p—q=d—b, the forces are equivalent toa couple of 
moment a+b-+c-+d. 


ABCD is a rectangle in which AB=4a and BC=3a. Forces of 
magnitudes P, 2P, 3P, 4P and 5P act respectively along AB, BC, CD, 
AD and DB. Reduce the set-of forces to 

(i) a force at A and a couple 
(ii) a force at B and a couple. 


[Ans. (i) 4/13 P, 5aP (ii) 4/13 P,—7aP] 
Prove that the forces represented in magnitude and line of action 
by the sides of two triangles, taken opposite ways round, are in 
equilibrium, provided the triangles are of equal area. 


D, Eand F divide the sides BC, CA and AB respectively of an 
equilateral triangle ABC of side a in the ratio 5:1. Three forces each 
equal to P act at D, E and F perpendicular to the Sides and outward 


from the triangle. Show that they are equivalent to a couple of 
moment Pa. 


[C.U- 43] 
6 units acting in order round 
; Which touch a circle of radius a, 
ts moment and show that if the 
ed by forces 81 and 53 units acting 


ions opposite to the forces 2 and 5 
the system will be in equilibrium. 


Show that the forces 1,5,3,4,2 and 
the sides of a regular hexagon 
are equivalent to a couple. Find i 
forces 2 and 5 units be replac 
along the same sides but in direct 
respectively, 


[Ans. 21a] 
If three forces P, Q and R acti i f a triangle 
alent to a 
couple, show that 
P:Q:R — sin 24 : sin 2B : sin 2C, 
Two unlike parallel forces P, OQ act on a body. If two equal and 
opposite forces S in any two par: 


c : allel lines at a distance b appart 
are combined with them, show that the resultant is displaced by a 


distance 


bS 
P0 
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26. Y, Y and Z are points on the sides BC, CA and AB of A ABC 


27. 


28. 


29; 


30. 


33. 


34. 


such that a= Si- o =. Three forces are represented in 
magnitude and direction by the sides AX, BY and CZ. Show that 
they are equivalent to a couple whose moment is equal to the area 
of A ABC. 

P and Q are two like parallel forces. If a couple each of whose forces 
is F, and whose arm is a, in the plane of P and Q, is combined with 
them, show that the resultant is displaced through a distance 


Fa 
Pee 
A system of forces in the plane of a square plate ABCD has the 
moments G,, G, and G, about A, B and C respectively. Show that 
the moment of the system about D is equal to Gi + G, — Gs. 
The constituents of a couple G act at A and B. If their lines of 


action are turned through a right angle in the same sense, they will 
form a couple of moment H. When they both act at right angles to 


AB, show that they form a couple of moment 4/G* + H?, 

Forces 2a, Ab, Ac parallel to the sides of a triangle act at A’, B', C', 
the centres of the escribed circles. Show that they are equivalent to 
a couple of moment 24 (a--b--c) R, where R is the radius of the 


circumscribed circle. 


. ABCD and A’ B' C' D' are any two coplanar parallelograms. If 


forces act along 4d’, B’B, CC’ and D'D represented by these res- 
pective lengths, show that they reduce to a couple. 


Three forces Aa, Ab and àc act along AO, BO and CO respectively, 


| where O is the ortho-centre of A ABC. If they are rotated through 


the same angle 0 about A, B and C respectively, show that they are 


equivalent to a couple of moment 4 À A sin 0, where A is the area 


of A ABC. 

If the forces completely represented by the sides of a triangle, taken 
are in equilibrium with three equal forces acting at the 
riangle along the tangents to the circumcircle, the 


same way round, prove that the triangle must be equilateral. 
A uniform bar of weight W and length 2a is suspended by two 


equal strings of length / from two points in the same horizontal 
plane and at a distance 2b apart. Show that the moment of the couple 


in order, 
vertices of the t 
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required to keep the bar twisted through an angle 0 about the verti- 
cal axis is 
Wa? sin 0 


(e — da? sin’ ) 


A circular disc of weight 4 units and radius 14 unit is suspendeds 
horizontally by four equal vertical strings of length 3 units, 
attached symmetrically to points on its circumference. What is the 
magnitude of the horizontal couple required to keep the disc 
twisted through an angle of 60° ? 


dope 


[Ans. 3 units] 


Chapter VII 


Resultant of Coplanar Forces acting 
on a Rigid Body and General 
Conditions of Equilibrium 


7.1 Reduction of a system of coplanar forces acting on a rigid body 


Theorem I: A system of coplanar forces acting on a rigid body can be 
reduced to a single force acting at any arbitrary point in their plane together 


with a couple in the plane. 
Let P, Pa Pj. P, be the system of forces acting at the points 


Ay: (XoY), Aa! (Xe Ys: (Xu, Yn) respectively with reference to two 
perpendicular lines Ox and Oy through an arbitrarily chosen point O in 
the plane of the forces. Let the directions of P,, Ps,.... P, make angles 
da, dgy..-&n Tespectively with Ox. If X, Y, be the components of P, 
(r— 1, 2,.. n) along Ox and Oy respectively, then 

X =P; COS Uy, 

Y,—P, sin 2, (r=1, 2,...... n). 

We now introduce at Oa pair of equal and opposite forces Xs, X1 
acting along Ox and Ox’ and a pair of equal and opposite forces Yı, Y; 
acting along Oy and Oy'. These forces which balance one another will 
have no effect on the given system of forces. Now, the components X; at 
A, and X, at O in the direction Ox’ will form a couple of moment 
—y; X,. Similarly, the components Y, at A, and Y, at O along Oy’ form a 
couple of moment x, Yı. The forces which are left now are X, along Ox 
and Y, along Oy at O. Thus the force P, at Aj, is equivalent to the 
components X, and Y; along Ox and Oy respectively together with a 
couple of moment equal to the algebraic sum of these two moments i.e. 
(x, Y,— y, Xj). Similarly, the force P, at Ay can be replaced by the com- 
ponents Y, and Y, along Ox and Oy respectively at O together with a 
couple of moment x; Ya-ys Xs and similarly for every force of the 
system. Combining all the components along Ox and Oy separately and 
all the couples, we can reduce the given system of forces as 
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n n 
(i) a component force=3X,=3 P, cos % along Ox 
t=1 r=1 
n n 
(ii) a component force—x Y,—x, 


P, sin «, along Oy 
r=] r=] 


and (iii) a Single couple of moment G given by 
n 
G=3 (x, Y,—y, Xj) 
T=] 


n 
Es (xr P, cos «,—y, P, sin o). -0 
The two component forces along Ox and Oy can be combined to 
give a single resultant force R acting at O in a direction making an 
angle 0 with Ox such that 


rey (3x7) taz) 


++4(2) 
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and 
n 
R cos 0= € X 
r=1 
n 
Resin O— SB P. ---(3) 
r=1 


Thus the given system of forces reduces toa single force R at an 
arbitrary point O together with a couple of moment G. 


We also observe that R cos 0—X X, and R sin 0—xY, so that the 
algebraic sums of the resolved parts ofthe given forces along any two 
mutually perpendicular directions are respectively equal to the resolved 
parts of the single resultant in the same direction. Also from (1), we see 
that the moment of the couple is equal to the algebraic sum of the 
moments of the given forces about the arbitrarily chosen point O. 

Remark: For different choices of the point O, the single force R 
will always be the same in magnitude and direction, for its resolved part 
in any direction is always equal to the sum of the resolved parts of the 
given forces. The moment of the couple will, however, be different for 
different choices of the point O. 

Theorem 2: A system of coplanar forces acting on a rigid body 
can be reduced either to a single force or to a single couple unless it is in 
equilibrium. 

By theorem 1, the given system of coplanar forces can be reduced 
to a single force R acting at any arbitrary point together with a couple of 
moment G in the plane. There may be several cases to be considered. 


(i) Let Rz£0 and G30. 
In this case, the resultant of the force R and the couple G is a force 


Racting parallel to the original direction at a distance S from its 
original line of action. 

(ii) Let G=0 but R40. 

In this case, the system of forces clearly reduces to the force R at 
the arbitrary point O. 

(iii) Let R=0 but G40. 

In this case, the given system of forces reduces to a couple only. 
The case R=0 and G=0 is not to be considered, since the given system 
of forces is not in equilibrium. 
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Hence, we see that if the system of coplanar forces be not in 
d H . 
equilibrium, the system reduces to a single force or a single couple in all 

cases. 


Remark: We have seen that the algebraic sum of the moments of a 
systme of coplanar forces about the origin is given by 


n 
G=3 (xr Y,—yr X). 
r=1 


If we need to find the algebraic sum of the moments of the same 


system of forces about any other point, say (h, k), then this moment G’ is 
given by 


n 
G'—X (x,—h) Y,—(y,—k) X,—G—h SY,+k SY, 
r=1 
=G—hY+kxX, 
where, X= X, and Y= Y,. 
7.2 Equation of the line of action of the resultant of coplanar forces 
acting on a rigid body 


We have seen in section 7.1 that a s 


ystem of coplanar forces acting 
on a rigid body can be reduced. to 


a single force R with components 


GENERAL CONDITIONS OF EQUILIBRIUM 167 


n n 
X= X, along x-axis and Y=SY, along y-axis 
r=1 r=1 


together with a couple of moment G given by 


Now, this single force R and the couple G can again be combined 
into a single resultant force whose magnitude and direction will be the 
same as those of R at O. To get the position of the line of action of this 
single resu!tant R, we assume that (x, y) are the co-ordinates of any point 
on its line of action. Hence, the algebraic sum of the moments of the 
given forces X along Ox and Y along Oy about the point (x, y) together 
with the couple of moment G must be zero. Hence, taking moments 
about (x, y), we get v Y—xY--G —0, which is the required equation of the 
line of action of the resultant. 


1.3 Conditions for a single resultant force or a single couple 


We have seen that a system of coplanar forces acting on a rigid 
body is equivalent to a single force R acting at an arbitrary point O with 
components X and Y along two mutually perpendicular lines Ox and 
Oy respectively together with a couple of moment G which is equal to 
the algebraic sum of the moments of all the forces about O. 
Since R2= X?--Y?, it is clear that R=0 if and only if both X—0 and 
Y=0. Thus we get the following results : 


(i) A system of coplanar forces acting on a rigid body will reduce 
toa single force only if G=0 i.e. if the algebraic sum of the 
moments of the forces about any point in their plane is zero, but 
the algebraic sum of the resolved parts in. at least one of two 
mutually perpendicular directions through any arbitrary point in 
their plane is not equal to zero. 


(ii) The above system of forces will reduce to a single couple only if 


the algebraic sum of the resolved parts of the forces in each of 
two mutually perpendicular directions through any arbitrary point 


in their plane is separately zero. 


Since the moment of a couple which is equal to the algebraic sum of 


the moments of two forces, forming the couple, about any point in their 
plane is aconstant, we can also say that the system of forces will reduce to 
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a couple if the algebraic sum of the moments of all the forces about any 
point in their plane is a non-zero constant. 


7.4 General conditions of equilibrium of a system of coplanar forces 
acting on a rigid body 


Theorem 1; The necessary ard sufficient conditions that a system of 
coplanar forces acting on a rigid body may be in equilibrium are that 


() the algebraic sum of the resolved parts of the forces in any two 
mutually perpendicular directions should be separately zero and 


(ii) the algebraic sum of the moments of the forces about any point 
in their plane should also be zero. 


Let the system of coplanar forces be reduced to a single resultant 
force R acting at any arbitrary point O and a couple of moment G which 
is equal to the algebraic sum of the moments of the forces about O, Let X 
and Y be the components of R along two mutually perpendicular lines 
Ox and Oy through O respectively so that Y and Y are the algebraic 
sums of the resolved parts of the forces along OX and Oy respectively. 

i REZKY 

To prove that the conditions are necessary 
assume that the system of forces is in equilibrium. 


and a force cannot maintain equilibrium, hence, for 
and G should be zero. Now, R=03X=0 and Y=0, 


for equilibrium, we 
Now, since a couple ` 
equilibrium, both R 


Hence, X— Y—G-—0, which 


proves that the force System being in 
equilibrium, the conditions Y= Y— 


G=0 are necessary. 


Now, to prove that the conditions X— Y— 
equilibrium, let the system of forces be such that t 
X= Y=G=0 are satisfied. We shall provi 
equilibrium. We show that if any one of 
the equilibrium is not possible. 


Let X—0, Y=0 but G0. 


In this case, the forces will be reduced to a 
equilibrium is not possible. 


G—0 are sufficient for 
he conditions 

€ that the system of forces is in 
X, Y and G is non-zero, then 


couple and so the 


Let X—0, G=0, but Y0; or Y—0, G=0, but Xz£0, In either of 


the cases, the system will be reduced to a single force and so the equili- 


brium is not possible. Hence, the only case for equilibrium is 
X=Y= G-0. 


Hence, the given conditions are both necessary and sufficient. 
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Another set of necessary and suflicient conditions of equilibrium 
of a given system of coplanar forces acting on a rigid body is given by 
the following theorem : 

Theorem 2: A system of coplanar forces acting on a rigid body is in 
equilibrium if the algebraic sum of their moments about any three non- 
collinear points in their plane is separately zero. 

Let the three points in the plane of the forces be the origin O, the 
points A,: (Xs. Y1) and Ag: (xs, Ya), where O, A, and A, are not collinear. 
Let the algebraic sums of the moments of the forces about O, A, and A, 
be G, G, and G, respectively. If X and Y be the algebraic sums of the 
resolved parts of the forces along Ox and Oy, the two mutually perpendi- 
cular lines respectively, then taking moments about A, and Ao, we get 

G,=G—x, Y+X 

and G,—G—x, Y--ys X. 

But it is given that G=G,=G,=0. 

Hence, we have 


x, Y-y X¥=0 (0) 
and x, Y— y X=0. (2) 
Multiplying (1) by x» and (2) by x, and subtracting, we get 

(Xs Yo Xa Ya) X=. ..(3) 


Multiplying (1) by ys and (2) by y; and subtracting, we get dix 
(X Ya— Xs Ya) Y=0. (4) ; 

Now, since the points (0, 0), (x, yx) and (xs, ys) are not collinear, 

hence the slope of the line joining (0, 0) and (x, yı) and that of d Tine 


joining (x, Y1) and (xs, y») will be unequal. 


E 
121094 1 


Hence, nc Ys Ys owt YB 
n METH motos? 
>y; X7 X1 Yo to bsoterti 


Hence, x, Yo—X2 Y170. LAN 
The equations (3) and (4) are, therefore, true only when diliups 2.5 


Y=Y=0. E vig 


Also it is given that G—0. . 
Hence, by theorem 1, the system o HUM. aya 
There is still a third form of the conditions of equilibri f vota 


system of forces which can be stated as follows: q 159 P 

Theorem 3 : A system of ela forces Pas zeig Jes is, ii 

bri 5 raii m ofthe moments of the forces,abowut each 
equilibrium. if the algebraic sw f iA NN ea 


se a ded 
f forces is in equilibrium. , 


fitliO2-íl 
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of two different points is separately zero, and the algebraic sum of the 
resolved parts of the forces in a direction, not perpendicular to the Join of 
the two points is also zero. 


Let the two points be the origin O and A,: (x,, yj). Let G and G, be 
the algebraic sum of the moments of the forces about O and Ay 


respectively. Let the given direction be that of Ox. According to the 
given condition xjz£0. 


Taking moment about 4,, we have G,—G—x, Y--y, X, where X 
and Y have the same meaning as stated. in theorem 2. 

It is given that G,—G— X—Q. 

Hence, it follows that x, Y=0. 


But since x140, Y must be zero. 
Thus we have X— Y=G=0, 


Hence, the system of forces is in equilibrium. 


Remark |: We have seen that for equilibrium of a particle acted 


upon by a number. of forces, it is both necessary and sufficient that Y=0 
and Y—0 and no other conditions are needed, whereas in the case of 
equilibrium ofa rigid body acted upon by a number of coplanar forces, 
only these two conditions cannot be both necessary and sufficient. This is 
because the only motion of a particle is its translation which can be 
Stopped by putting XY—0 and Y=0. But a rigid body possesses not only 
a motion of translation, but also a motion of rotation and this latter 
motion can be stopped by imposing the third condition viz. G—0, since 
a couple causes the motion of r tation of a body. 

Remark 2: One of the conditions of equilibrium as stated in 
Theorem 1 is that the algebraic sum of the resolved parts of the forces in 
any two mutually perpendicular directions should be Separately zero, The 


theorem is still true ifwe take any two different directions in the plane 
instead of two mutually perpendicular directions, 


7.5 Equilibrium of a constrained body 


If one point of a rigid body is fixed, the body can turn about that 
point without having any motion of translation. If two points of a body 
are fixed, then the body can turn about the line joining the two points, 
In this case also, the body can not have any translatory motion. If three 
non-collinear points cf a body are fixed, then the body cannot have any 
rotatory or translatory motion and so the body cannot move at all. If 
one or more points of a body are hxed, then such a body is called a 
constrained body. When a point in a body acted upon by external forces 


^ s 
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becomes fixed, an unknown force passes through this point. Such an 
unknown force is called the force of constraint. Suppose that one point O 
of a rigid body under the action of a system of forces in a plane through 
O is fixed and let the body be in equilibrium. The system of coplanar 
forces can be reduced toa single force R acting at O together with a 
couple of moment G which is equal to the algebraic sum of the moments 
of all the forces about O. Let F be the force of constraint at O. Hence, 
the body is in equilibrium under the forces R, F and the couple G. Hence, 
Rand F acting at O must be equal and opposite and G must be zero. 

Thus when a constrained body has only one point fixed and is acted 
upon by a system of forces in a plane passing through the point, it will be 
in equilibrium if the algebraic sum of the moments of the forces about the 
fixed point is zero. 

Now, let the body instead of having one point fixed have two fixed 
paints i.e. a fixed axis joining these two fixed points. Since the moments 
of the forces of constraints about this axis are all zeros because of the fact 
that all the forces meet the axis, the moments of the resultant of the 
system of forces about the axis must be zero for the equilibrium of the 
body. Hence, when such a body is in equilibrium, the algebraic sum of. 
the moments of the forces about the axis must be zero. 


7.6 Astatic Equilibrium 


When a system of coplanar forces acts on a particle and keeps it at 
rest, then the equilibrium will not be disturbed if we turn each force 
about its point of application through the same angle in the same 
direction. 

But when a number of forces, P}, Pa.. P, act at given points 4j, A» 

An of a rigid body and keep it in equilibrium, then these forces will 
not, in general, continue to preserve equilibrium when the body is dis- 
placed in any manner, each force still retaining its magnitude, direction 
and point of application in the body. If for all displacements of the body, 
the -forces continue to preserve equilibrium, then the body is said to be 
in astatic equilibrium. 

The simplest example of astatic equilibrium is furnished by a heavy 
body suspended by a vertical string attachad at its centre of gravity. Here 
the system of forces is the weights of the particles of the body and the 
tension of the string. In whatever manner this body may be displaced 
about its centre of gravity, all these forces will retain their individual 
magnitudes, directions and points of application and the body will remain 


at rest. 
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When a system of forces applied to a body is not in equilibrium, 
then this system can sometimes be equilibrated astatically by a single 
applied force of constant magnitude, direction and point of applicotion. 

This is always the case for a system of parallel forces. A single 
force equal and opposite to their resultant applied at the centre of the 
forces will astatically equilibrate them. 

We now prove an important theorem which can be stated as follows : 

Theorem: If all the forces in a coplanar system are rotated in the 
same sense, throughthe same angle in their plane round their points of 
application, then their resultant passes through a fixed point in the body. 
This fixed point is called the astatic centre, ' 

Let the coplanar forces P, P4...P, act at the points (x, yj), 

(Xs Yo) (Xn, Yn) of a body and be inclined to the x-axis at angles 
235 %gy...%m respectively. Let X and Y be respectively the algebraic sums of 
the resolved parts of all the forces along x and y axes respectively. 


n n 
Then X= P, cos «, and Y—x P, sin a,. 


r=1 r=] 

If G be the algebraic sum of the moments of all the forces about the 
n n 

point O, then G— (x, Y,—y, X)=3, E (xr sin «,—y, cos æ). (1) 
r=1 r= 


If (x, y) be the co-ordinates of any point on the line of action of 
the resultant of the forces, then the equation of the line of action of the 
resultant is given by 


y X—x Y+G=0. 

Let all the forces be turned throu 
of application in the same plane and in 
becomes «,--« (r— 1, 2,. 
new resultant becomes 

yX'—xY'--G'—0, 

where 


gh an angle « about their points 
the same direction so that Op 
-.n) and the equation of the line of action of the 


RO) 


n a n 
X'—x P, cos (x,--x) —X P, cos «, cos «—x P, sin «, sin a 
r=] r=1 =1 


=X cos «— Y sin «, 


n n n 
Y'—X P, sin (x,--a)—X P, sin ¢, cos «-- X 3 COS €, sin « 
r=] r=] r= 


=X sin « +Y cos « 
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and G '=3 Jg |e sin (x,3- X) — y» cos (a+) ] 
=5 ee X Pf ts (sin «, cos «-4-cos «; sin x) 
—y, (cos «, cos «—sin x. sin x) ] 


n 
=3, cos « P, (x, sin «,—y; cos op) 
r=] 


n 
+3 sin « P, (x, cos %+y, sin %,) 
r=1 


=G cos x--V sin x, 


n 
where V—X P, (x, cos %r+yr sin žr) 
r= 


es xe Y, yr); 


X, and Y, being the components of P, on the x and y-axes 
respectively. 

V is called the Virial of the system. Substituting the values of X’, 
Y'and G' in (2), we obtain the equation of the new resultant as 
y (X cos «— Y sin «)—x (X sin «+ Y cos «)+G cos «4-V sin «—0 

z»cos a (yX —xY--G) —sin « (xX--yY— V)—0. 

This shows that for all values of «, the new resultant passes through 
the point of intersection of the lines given by 

xY—yX—G-—0 
and xX--yY—V—0. 
Solving these equations for x and y, we get 


x T y I 
VX+GY —GX+VY X?*+¥Y? 
VX+GY VY—GX 


>= -FY andy——yrpys- 
Hence, the new resultant always passes through the point whose 
co-ordinates are 


VX+GY, VY-GX 
(sar X?4Y2 
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which is a fixed point, since it is independent of «. These are , there- 
fore, the co-ordinates of the astatic centre. 

We note that if the forces are in equilibrium originally then X—0, 
Y=0 and G=0 and after rotation of the forces through an angle «, we 
have } 

X'—0, Y'—0 but G'—V sin x. 

Hence, if the system of coplanar forces which are in equilibrium are 
rotated through the same angle «in the same plane round their points of 
application, the new system of forces is equivalent to a couple whose 
moment is V sin æ, where V is a constant independent of o.. 

It follows that if the system of forces is in equilibrium both before 
and after rotatory displacement, then we get four conditions of equili- 
brium instead of three. These four conditions are X—0, Y=0, G--0 and 
V=0. These are, therefore, the conditions of astatic equilibrium of a 

rigid body. 


7.7 Equilibrium of three forces acting on a rigid body 


Theorem : If three coplanar forces acting on a rigid body are in 
equilibrium, they must either be concurrent or be all parallel to one another. 


Let P, Q and R be three coplanar forces which act on a rigid body 
and are in equilibrium. Since the forces are in equilibrium, one of the 
forces, say R, must balance the resultant of the other two forces Pand Q. 
Now, since P and Q are coplanar, either P and Q will intersect or they 
will be parallel to each other. When P and Q intersect at a point, say O 
then the algebraic sum of the moments of P,Q and R about O must be 
zero, since the forces are in equilibrium. But since P and Q meet at O, the 
moments of P and Q about O will be separately zero and hence the 
moment of R about O will also be zero. Hence, R must pass through the 
same point O i.e. P, Q and R must be concurrent. 


If P and Q are parrallel to each other, their resultant R must be a 
parallel force balancing the resultant of P and Q. Hence, R must act in the 


same line as the line of action of the resultant of P and Q but in the 
opposite direction. Hence, 


in this case P, Q and R are all parallel to one 
another. 


Remark 1: P and Q can never form a couple in this case, for then 
P, Q and R can not be in equilibrium. 

Remark 2: 'The above theorem gives a necessary condition of equili- 
brium of three coplanar forces, but not sufficient. For sufficient condition, 
when the forces meet at a point, they must also satisfy Lami's theorem 
or converse of the triangle of forces. When all the three 


3 forces are para- 
llel to one another, one being equal and opposite to the ri 


esultant of the 
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other two, their algebraic sum must be zero and the moments of any two 
forces about a point on the line of action of the third force must be 
equal and opposite. 


7.8 Important Trigonometrical Theorems 


In many problems of Statics, it is sometimes necessary to find the 
geometrical configuration of a body in equilibrium under the action of a 
system of coplanar forces. In such cases, the following two important 
theorems of Trigonometry are very helpful in deriving the result at once 
from the geometry of the forces acting on the body. 


Theorems: If a straight line CD drawn from the vertex C of a triangle 
ABC divides the opposite side AB into two segments in the ratio m: n, 
then 
(i) (m+n) cot 0—m cot «—n cot 8 
and (ii (m+n) cot 0—n cot 4—m cot B, 
where z, 8 are the angles which CD makes with CA and CB 
respectively and 9 is the angle which CD makes with AB. 


Fig. 90. 


We have from fig. 90, 
AD sina 
m AD | CD _ sinA 
Uu n DBL DBMS NIIS 
CD sinB 
sin « sin B 
= snAsip' 0 


Now, to prove (i), we write 
B=180°— (8+0) 
and A-—0—« in (1). 
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Hence, from (1), we get 
sin æ sin (6+-8) — sin æ (sin 8 cos 0-L-cos $ sin 0) 
"'sinBsin(ü—c) sin £ (sin 6 cos «—cos 0 sin a) 


cot 9--cot $ [Dividing both numeratorand denominator by 
| Cota—cotÜ sin « sin B sin 9] 


=>m cot «—m cot 0—n cot --n cot g 
2» (m--n) cot 0—m cot «—n cot B. 
Now, to prove (ii), we write 

a=0—A 
and 6—180*— (0. p). 
Hence, from (1), we get 


sin (0—.4) sin B 
sin (0- B) sin A 


m 
n 


m 
n 


— (sin 0 cos A—cos 0 sin A) sin B 
(sin 0 cos B+cos 0 sin B) sin A 


— Cot 4—cot 0 [Dividing both numerator and denominator 
cot B--cotÓ by sin sin A sin B] 
7m cot B--m cot 0—n cot A—n cot 0 
>(m-+n) cot 0—n cot A—m cot B. 
Hence the results. 


7.9 Action of a smooth hinge of a joint in a framework 


> 


ams connected by it consists of a 
or, let POS Tepresent a section of 
- Then since their surfaces are in 


he circumference or a part of it, 
there will be normal reactions at the points of contact, P, ORE NR * Now, 


since all these forces pass through the centre O of the circle, they have a 
single resultant through this point. Consequently, the reaction in this 
case consists of a single force through the centre of the joint. By Symmetry, 
the resultant is the same for every section and We get a system of like 
equal parallel forces acting at every point of the central axis of the 
cylindrical pin. These like parallel forces give rise t 


e oa single resultant 
acting through the centre of the pin. 
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a 


Fi6 Of p 


In a smooth joint connecting two bars, the forces of reaction acting 
on one bar are equal and opposite to the forces of reaction acting on the 
other bar for equilibrium. The direction of the reaction on a bar depends on 
the other forces acting on it. 

To find the reaction at a smooth joint in a framework, it is con- 
venient to draw the connected bars separated or disjointed from one 
another and to draw the forces acting on each bar, the forces of reaction 
at each joint being resolved in two suitable perpendicular directions. Then 
we should consider the separate equilibrium of each bar and write down 
the equations of resolution and the equation of moment for each bar. 
This method is called the method of separation of bars. 

In solving problems of framework, we should remember that if the 
framework and the forces acting on it are both symmetrical about any line 
passing through a joint, then the reaction at that joint is perpendicular to 
the line of symmetry, 

Remark: If ajoint be rough, the reactions at the points of contact 
will not be normal to the cylindrical surface and all the forces at the 
points of contact will not meet at a point. Therefore, the reactions may 
reduce to a couple or a single force. 


7.10 Working principles of solving problems of equilibrium of a 
rigid body 


In solving problems of equilibrium of a rigid body acted upon by a 
system of coplanar forces, we should first of all obtain three equations 
connecting the unknown forces and the angles as follows: 

(i) We should first of all equate to zero the algebraic sum of the 

resolved parts of all the forces in some convenient direction. 
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(ii) We should next equate to zero the algebraic sum of the resolved 
parts of all the forces in some other direction usually perpendi- 
cular to the direction as mentioned in (i) 

Gii) We should finally equate to zero the algebraic sum of the 
moments of the forces about any point in the plane of the forces. 


The point about which we should take moments is usually chosen 
so as to exclude as many forces as possible i.e. the point through which 
most ot the forces pass. In some cases there exist geometrical relations 
between lengths or angles involved, which give additional equations to 
those obtained by resolving and taking moments. In many problems, 
the difficulties are not really in the mechanical principles of the problem, 


but in the geometrical and trigonometrical knowledge required to obtain 
the result asked for. 


When a body is in equilibrium under the action of three forces only, 
we should first of all see whether two of the forces meet or not. If two 
forces are parallel, then the third force must be parallel to them. On the 
other hand, if two forces meet at a point, the third force will also pass 
through the same point. In the latter case, Lami’s theorem or converse 
of Triangle of Forces is often helpful. In many cases, equating to zero 
the algebraic sum of the moments of the forces about a convenient point 
is also helpful. Drawing of an incorrect figure according to the specifica- 
tions of a problem sometimes leads to an absurd cunclusion. In addition 
to the above, the following points should also be remembered: 


(a) The tension of the same string is the same throughout its length. 


If there is a knot in a string, the tensions of the string on the 
two sides of the knot will be, in general, different. 


(b) When two smooth bodies are in contact, the reaction of one 
on the other will be along the common normal to the two 
bodies. 

(c) When two bodies (usually rods) are connected by a smooth 
joint or hinge at a point and are freely movable about it, 
reactions on them will be equal and opposite, but the direction 
of the reaction depends on the other forces acting on the body 
c ncerncd. 

(d) If two bodies are rigidly joined together by a hinge and if we 
consider the equ librium of the whole system, then the internal 
reactions at the joint Should not be considered, since they 
balance one another. But if we consider tne equilibrium of 
each body separately, then the internal reactions must be con- 
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sidered. Allthese points will be clear from the solved examples given 
below. 


7.11 Solved Examples 


(a) Reduction of coplanar forces acting on a rigid body 
Ex. 1. Forces P, Q and R act along the sides BC, CA and AB of the 
triangle ABC in the directions indicated by the order of the letters. If F 
be the magnitude of their resultant, show that 
2— p:..Q*—2QR cos A— 2RP cos B—2 PO cos C. 
Let 0 be the angle made by the resultant F with BC. Then resolving 
along BC and perpendicular to it, we have 


Fic. 92 


F cos 0-- P—Q cos C—R cos B «0 
and F sin 0Ó—Q sin C—R sin B 0 
Hence, squaring (1) and (2) and adding, we get 
F2— P?-.Q? cos? C--R? cos? B—2PQ cos C—2PR cos B 
+-20R cos C cos B+-Q? sin? C-- R? sin? B—2QR sin B sin C 
— P2404- R°—2PO cos C—2PR cos B--20R cos (B+) 
=P? 0? RI—20R cos A—2RP cos B—2PQ cos c. 


Ex. 2. ABCDEFis a regular hexagon of which O is the centre. 
Forces of magnitude 1, 2, 3, 4, 5 and 6 act along AB, CB, CD, ED, EF 
and AF respectively in the directions indicated by the order of the letters. 
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f t : pl nd the point in AB 
e y ea and a couple and find tl 
through which the sing e resultant passes. 


Fig. 93 


We observe that in a regular hexagon ABCDEF, AD, BE and 
CF will pass through O. Also BC and FE are parallel to AD, CD and AF 
are parallel to BE, and ED and AB are parallel to FC. We can now 
el force at O together with a couple. Thus 
d AF respectively are equivalent to a force 
(6+3)=9 along OE together with a couple of moment 3P—6p=—3p, 


where p is the perpendicular distance of any side from O. Similarly, the 
forces 1 along AB and 4 along ED are equivalent to a force (44+1)=5 
along OC together with a couple of moment P—4p=—3p, and forces 2 
along CB and 5 along EF are equivalent to a single force (2+5)=7 along 
OA together with a couple of moment 5p—2p—3p. The algebraic sum of 
the moments of all these couples=G—-"3p—3p+-3p=— 3p, 

We have now three forces 5 acting along OC, 9 along OE and 7 
along OA. 

We now take OC as the x-axis and a line Perpendicular to OC as 
the y-axis. Resolving these three forces along x and Y axes, we get 


X=algebraic sum of the resolved parts of the forces along OY 


d 2) wey 
=5—9 cos 60°—7 cos 60 =o Axe 3 


GENERAL CONDITIONS OF EQUILIBRIUM 181 


and Y=algebraic sum of the resolved parts of the forces along Oy 


=9 sin 60°—7 sin 60 =2X V3 -ys. ` 


Hence, the resultant R=V/ X?--Y?— A12 —24/3. 
If (x, y) be any point on the line of action of the resultant, then its 
equation is 


xY—yX--G—0 

V3 x+3y+3p=0. .. (1) 

Also the equation of the line AB is yz —p. Putting y=—p in (1), 
we get x=0. 


But (0,— p) are the co-ordinates of the middle point of AB. Hence, 
the single resultant obtained by the combination of the resultant and the 
couple passes through the middle point of AB. 

. Ex.3. A system of forces in the plane of a triangle ABC is equiva- 
lent to a single force at A, acting along the internal bisector of the triangle 
ABC, and a couple of moment G,. If the moment of the system about B 
and C are G, and Gs, respectively, prove that (b+c) G;—bG;--cG;, where 
a, b and c are the lengths of th» sides BC, CA and AB respectively of the 
triangle ABC. 

Let us choose the point A as the origin. AB as the x-axis and a line 
perpendicular to it as the y-axis. Let the single force be R, and X and 
Y its components along x and y-axes respectively. 

$ A e 
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Taking moments about B and C, we get 


G, = G,— cY (D 
EGG Disp Dcos A. Y ...(2) 
A 
Also X = R cosis a <- (3) 
and Y = R sin = i (4) 
ANY A. 
From (3) and (4), we have tan TU? X — Ycot i (5) 


From (1), Y — ne and hence from (5), 


GIGE 
c 


X= 


t Ar 
cots 
Substituting the values of X and Y in (2), we get 


G, = G,+ areal sin A cot 4— cos 4] 
c 2 


2 sin a cos? a 
(6: — Geb zh NC ND — cos A 
S sin 2 


= 6, ABET 1 co 4 ua] 


-en GE Gab 
= 6,4 G= 


=G, + 


=> cG, = cG, + bG; — bG, 
=> (b+c) G, = bG, + CG: 


Ex. 4. Three forces P, O and R 
taken in order, formed by the lines x- 


equation of the line of action of their single resultant. 


Let the three given equations be those o 
of the triangle ABC. Let the forces P, Q and R 
BC and CA respectively of the triangle. 


act along the sides of t 
Ty=1, y—x— 1 and y=2. Find the 


he triangle, 


[Nagpur 71954] 


f the sides AB, BC and CA 
act along the sides AB, 
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Resolving all the forces along x and y-axes, we get 
X = algebraic sum of the resolved parts along Ox 


= P cos 45° + Q cos 45° — R 


ie Q 
= set Rk 
VZ v2 
Y = algebraic sum of the resolved parts along Oy 
: 3 P Q 
= — P sin 45° + Q sin 45° = — —— 4 ——, 
\ /2 v2 
Taking moments of all the forces about O, we get 
G — algebraic sum of the moments of the forces about O 


= — P. | sin 45° — Q. 1 sin 45° +2R 


Bs pO 
= Wen -F2R. 


Hence, the equation of the Ine of action of the resultant force is 
xY —yX —G=0 
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Toe use moma e 
-P(cy-)0c-Q0(y—x—1—R4/2(y—2) — 0. 
Ex. 5. Two systems of forces P, Q, R and P" 

sides BC, CA and AB ofa triangle ABC. Prove 

be parallel if 

(QR' — QO'R) sin A+ (RP'—R'P) sin B+ (PQ'—P'Q) sin C=0. 


We take BC as the x-axis and a li 
axis. Let F be the resultant of P, Q and 
R’. Since the two resultants are parallel, 
say 0, with BC. 


*$ 


; Q', R' act along the 
that their resultant will 


ne perpendicular to itas the y- 


they will make the same, angle, 


Pre AG wm x 
Fio. SG 


Resolving the first system of forces along x and y-axes 


F cos 0 = P — Q cos C — R cos B along Bx 
and Fsin 0 = Q sin C — R sin B along By. 


we get 


R and let F’ be that of P’, QO’ and à 
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Hence, 
ate QsinC—RsinB. 
an * = P-—Q cos C—R cos B 


Similarly, for the second system of forces, we get 


Y Q' sin C — R' sin B 
tan 0 — P'—Q'cos C—R' cos B- ... (2) 


From (1) and (2), we get 

(P— Q cos C — R cos B) (Q’ sin C — R’ sin B) 

= (Q sin C — R sin B) (P' — Q' cos C — R' cos B) 
=> PQ’ sin C — PR’ sin B — QO’ cos C sin C 

+ QR’ cos C sin B — RQ’ cos B sin C + RR’ cos B sin B 
= QP’ sin € — QQ’ sin C cos C — QR’ sin C cos B 
— RP’ sin B + RQ’ sin B cos C + RR’ sin B cos B 
> (PQ' — QP’) sin C + (RP' — R'P) sin B 

-+ QR’ (cos C sin B + sin C cos B) 

— RQ' (cos B sin C + sin B cos C) = 0 

=> (PQ' — OP’) sin C + (RP' — R'P) sin B 

+ (QR' — RQ’) sin (B + C) = 0 


> (QR' — Q'R) sin A + (RP' — R'P)sin B + (PQ' — P'Q) 
Xsin C = 0. 


W 


[^ B+C=7—A] 


Ex. 6. The sum ofthe moments of a system of coplanar forces 
about each of three non-collinear points in the same plane as that of the 
forces is equal to the sum of the moments of another system about the 
same points. Prove that the two systems are equivalent. 


Hence show that any system of coplanar forces may be replaced 
by three forces acting round the three sides of a given triangle ABC in 
the same plane as that of the forces. [Allahabad 1957] 


First Part : 
Let X and Y be the algebraic sums of the resolved parts of one 


system of forces along two mutually perpendicular directions Ox and Oy 
respectively and let G be the algebraic sum of the moments of the 
forces about O. Let X;, Y; and G, be the corresponding quantities for 


the second system of forces. 
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Let the co-ordinates of three non-collinear points be Ga, 
and (xs, yj). 


Then the algebraic sum of the moments of the forces in the first 
system about (xı, yı) is G — x, Y + y,X¥ and that for the second system 
is Gi — x; Y, + yi X. 


According to the given condition, we have 
G—xY+yX = G — XY, + yX, 


xc Guo (X YE (G— X,) = 0, (1) 
Similarly, taking moments about (Xs, Yo 


Ya); (Xe, Yo) 


) and (x,, ya), we get 


G — G,—x, (Y— Y) +y (X —¥)=0 ---(2) 
and G — G, — x, (Y — Y) -y(X—x)-90. 23) 
Solving for G — G,, Y — Y, and Y — X, from (2) and (3), we get 

Gas GM ue Y— Y, _ X—2X 
XaYa — XoY SANN SARE T K, say. 
0G — Gi = K (x, 


Ys — Xə yj, Y — Y= K (yo — ys) ++ (A) 
and X — X, = K (x, — x, 


Substituting these values of G — G. 


v Y— Y and X — X, in (1), 
we get 


K [x, (Yo—Ys) — yı (x; — X) + (x2 Ya — Xs y] = 0 


% y» 1 j 
>K X» ys l| =0. 
Xs ys 1 
But since the points GG, Y1), (Xs, Yo) and (Xg, Ya) are non-collinear, 
hence 
Xi yi 1l 
X2 Yo 1 | 40. 
Xs Ya 1 


Hence, K must be zero. 
Hence, from (A), we get G = G,, X = 1 and Y = y,. 
In other words, the two systems of forces are equivalent. 
Second part : 

Let ABC be a triangle and let the algebraic sums of the moments 
of a system of coplanar forces about A, B and C be G,, G, and G 


pectively. We consider another system of three forces P, Q and R 
along the sides BC, CA and AB respectively of a triangle ABC a 


3 Tes- 
acting 
nd let 
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Gi, Go’ and G, be the algebraic sums of the moments of P, Q and R 
about 4, B and C respectively. If these two systems of forces are equiva- 
lent, then as in the first part, 

G, = G,', G, = Gy and G, = Gy. 

But G,' = p;P, Gx = p,O and G,' =p,R, d 

where p, ps and p, are respectively the lengths of the perpendi- 
culars drawn from A, B and C to the opposite sides. 


Hence, p,P = G, PQ = G, and p,R = G; 


Bp ci IT a RE CR 
Pi Pe Ps 


Thus G,, G, and G, of one system of forces being known and py, pe 
and p; being known, we can determine another system of forces P, Q and 
R acting along the sides of a triangle. 

Ex. 7. Moments of the resultant R of a system of coplanar forces 
about three points O, A and B lying in the plane of the forces are G, 
G+J, and G+J, respectively. If, referred to O as origin, the polar co- 
ordinates of A and B be (r,, 0;) and (rs, 0,) respectively, show that 

Ailing E e 0, —6. 

RE sin? (0,—0,) = JE Je o, Sha cos (=) ta. 1954) 

rj rg! Tile 

We take O as the origin and any two perpendicular lines Ox and 
Oy as the co-ordinate axes. Since the polar co-ordinates of A and B are 
given to be (r,, 0,) and (rs, 92) respectively, their rectangular co-ordinates 


b 


Res 
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are A: (n cos 0, r, sin 0j) and B : (rs cos 65, rz sin 0,). Since the algeb- 
raic sum of the moments of the system of forces about A is G + Jy 
hence 
G — Xr sin 0, + Yr, cos 0, = G + J, 
=> Xr, sin 0, — Yr, cos 0, + J, = 0, <0) 
where X and Y are the algebraic sums of the resolved parts of the 
forces along x and y axes respectively. 
Similarly, taking moments about B, we have 
G — Xr, sin 0, + Yr, cos 0, = G+J 
=> Xr, sin 0, — Yr, cos 9,-7,— 0. ...(2) 
Solving for X and Y from (1) and (2), we get 
X — 
Jira cos 0, — Jar, cos 0, Jira sin 9; — Jer, sin 0, 
1 3 
ii Tır (cos 0, sin 0, — sin 0, cus 0) = nre sin (8j — 6) 


_ Jit, cos 0, — Jar, cos 0, 
Buren de es Tyr, Sin (0, — 0,) 
— Sit, sin 0, — Jor, sin on 
VUE E 
Hence, R? — Y? + y? 


— Wits cos 0, — Jar, cos 9)* + (Ayre sin 0, — Jor, sin 0,)2 
a T)ry sin*(0,—0. ^ — ~*~ 


S RÈ sinë Q, — 0) ct + Hn — 24% n cos (0, — 09 
Tyre 
E Jer c 2, is cos (0,—0,) ji 
Ty Tg TT, 


Ex. 8. A plane System of forces js e 
moment M, and if the fo 


a couple N. Prove that when each fo 


Tce is turned 
cation through an angle « in the 


Same sense, 
ilibri if = oH 

equnibriumifitan e ==" [C.H. 1959] 

Show that if the forces be turned through an angle 2 tan-1 y 


Mo the 
System is equivalent to a couple of moment M. 
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| Let Rr Batas P, be the system of forces acting at the points (x, y;) 
(X25 Y3)7- 5 (Xn, Yn) and making angles 0,, 0,..0, with the x-axis. Let Y, 
and Y, be the components of P, (r=1,2...n) along x and y-axes respectively 
and X and Y be the algebraic sums of the resolved parts of the forces 
along x and y axes respectively. Let G be the algebraic sum of the mo- 
ments of the forces about the origin O. 

| Let X, Y, G become. X’, Y', G' and X”, Y", G”, when all the forces 


are turned through a right angle and any angle « respectively. 


Then we have 
X, = P, cos 0,, Y, = P, sin 9, so that 


; n n n n 
X= X X,— X P.cos0, Y= X Y,— 3 P,sin 0, 
r=1 r=1 r=1 r—]1 . 
n n 
andi = S (x, Yr yi X )— qs e sin 0, — y, cos 0,) P,. 
r=1 r= 


Since the system of forces reduces to a couple of moment M only, 
hence we have 


n n 
A= Y= 0S x P,cos 0, = XP,sin0,— 0 .. (1) 
r=1 r— 
n 
and G = M => X (x, sin 0, — y, cos 0) P, = M ...(2) 


r— 


ri 


n n 
Now, X' = = P, eos ( 0+ 5 )=—S Pr sin & = 0 [vo] 


r=1 r=1 
n n 
Y'— X P,sin (o- = )= 3 P, cos 0,= 0 [50] 
r=1 r—]1 
f n 
and G' = X [s sin 0 j)- Yr cos ( +5 ie 
r=1 


n 
= X (x,cos 0, + yr sin 9,) Pe. 
D 
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Hence, when all the forces are turned through a right angle, then the 


system of forces, reduces to a couple of moment G' — N so that 


n 
X (x, cos 0, + y, sin 0,) P, = N. 


t= 
When the forces are turned through an angle «, we have 
n 
X'— X P, cos (0, + c) 
r—1 
n n 
— cos & X P, cosb, — sina X P, sin0, = 0 [by (1)] 
1 


r= r= 
n 
Y" —ZP, sin (0,--o) 
r—]1 


n n 
—sin « XP, cos 0,+cos « xP, sin 0,—0 
r=1 r—l1 


and n 
G’=P,[x, sin (0,-I-«) —y, cos (0,-+«)] 
r=1 
n 
—XP, [xe (sin 0, cos «-+cos 0, sin a) 
r—1 
—Yr (cos 0, cos «—sin 9, sin «)] 


n 
=cos aXP, (x, sin 0,—y, cos 0,) 
r—] 


n 
rsin «XP, (x, cos 9,+-y, sin 6,) 
r=] 


(3) 


[by (1)] 


=M cos «+N sin a. [by (2) and (3)} 
Now if the system of forces be in equilibrium when turned through 


an angle «, we must have G^—0 


2» M cos «+N sin «—0 > tan ac — E 
N.N 
Ifa=2 tan FF —tan © then 


1—tan? T 2 tan 
G’=M cos «+N sin «=M. ——— M5 + y, 


1+tan? 2 Eie 
2 1+tan’ 5 


to] 8 


| 
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j 
E e 23 
2G'—M. nz +N, nz 
NE agno ne Inga 
.M 2—N?) + 2N°M 
M?+N? 
M?+-N* 
=M. MFN: =M. 


Hence, in this case the system reduces to a couple of moment M. 
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Ex. 9. A system of coplanar forces has the total moments H, 2H 
respectively about the points whose co-ordinates are (2a, 0) and (0, a) 
referred to fixed rectangular axes. The total resolved parts of the forces 
along the line y—x vanishes. Find the points in which the line of action 


of the resultant meets the co-ordinate axes. 


[C.H. 1961] 


Let the resultant of the system of forces be R whose line of action 


meets the x-axis at (b, 0). 


Let —X and Y be its components along x and y-axes respectively. 


Taking moments of the forces about the point (0, a), we get 


Yb--Xa=2H, 


ô 


O X (209) (b0) 


Fig. 98 


(1) 
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Taking moments of the forces about the point (2a, 0), we have, 
—Y Qa—b)—H. ..(2) 

Resolving the components X and Y along the line y—x, we get 

Y cos 45? — X cos 45 —0 > Y—X. .(3) 
From (1) and (3), we have 

Y (b—a)=2H. f ...(4) 
Dividing (2) by (4), we get 

pa 2 2b—4a—b+a=0 >b=3a. 

Hence, the line of action of the resultant intersects the x-axis at 
the point (3a, 0). 

Since Y— X, hence the angle 0 made by the line of action of the 


: Y 
resultant with negative x-axis is given by tan {=> —120—45*. 


Hence, the intercepts made by the line of action of the resultant on 
the x and y-axes will be equal. Hence, the line of action of the resultant 
R will cut the y-axis at the point (0, 3a). 


Ex. 10. The algebraic sum of the moments of a system of forces 
about the points whose co-ordinates are (x, yi), (Xe Yə), (Xs x, and 
(xa, ya) referred to Ox and Oy as axes are G}, Ga» Gy and G4 respectively. 
Show that 

1 bs! y G 
1 Xe Ye G: =0 
Ve 3 aie, Gs mes 
1 XA ya G4 
Allahabad : : : 
[Allahabad 1938 ; Bombay 1954 ; Delhi Hons. 1958, 1962]. 


If X and Y are the algebraic sums of the 
resol 
offorces along Ox and Oy respectively, DD d 


and G ist i 
the moments of the forces about the origin, then mxséubis 


G,=algebraic sum of the moments about (xı, y) 
—G—x Y+y, X 
=G—x, Yty, XY—6G1—0 
. Similarly, G—x, Y--y,Y —G,—0 
G—x, Y+y,X—G,=0 
and G—x4 Y+y4X—G,=0. 
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Eliminating G, X, Y from these four equations, we get 


1 Xx Y G, 
I Xs Ys G: =0. 
1 Xs Ys G; 
1 *«"— å y G 


Ex. 11. The algebraic sums of the moments of a system of forces about 
three vertices A, B, C of an equilateral triangle whose sides are 2 units 
long are 10, 20 and 10 units; find the magnitude of the resultant force and 
the points where its line of action intersects AB and AC, 

Let X and Y be the algebraic sums of the resolved parts of the 
System of forces along Ax and Ay respectively, A being chosen as the 
origin and axes Ax and Ay are perpendicular to each other [fig. 99]. Let G 
be the algebraic sum of the moments of the forces about A. Then G—10. 


% 


The co-ordinates of B are (2 cos 60°, 2 sin 60°) 
—(1, 4/3) and those of C are (2, 0). 
Taking moments about B, we have 
20-2G— Y4-/3 X=10-Y+v 3X 
24/3X— Y—10-0. D 
Taking moments of the forces about C, we have 
—10=10—2Y>Y=10. 
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20 
Hence, from (1), X= TRUE 


If R be the resultant force, then 


r=4/ X-pYI— Af 100+ “2 =10 A/ 5 3 


The equation of the line of action of the resultant is 


xY—yX—G-0 
20 2 
EA o 0S i SE Mo 
>10x—-77 Y xxu y7! (2) 


Putting y=0, we get x=1. Hence, the resultant passes through the 
middle point of AC. Again, the equation of the line AB is 


y=tan 60°. x=4 3x. 
Putting y=+/3 x in (2), we get x=— 1. 
Hence, y=—-1/3. 
Hence, the point where the resultant cuts AB is (—1,—4/3 ) which is 
at a distance of »/3-+1 —2 units from A in the direction BA produced. 
(b) Equilibrium of a body acted upon by three forces : 


Ex. 12. A uniform rod can turn freely about a smooth hinge at one 
of its ends and is pulled aside from the vertical by a horizontal force acting 
at the other end of the rod and equal to half the weight of the rod. Find 
the inclination of the rod to the vertical at which it will rest. 


Let AB be the rod of weight W acting at the middle point G of the 
rod. A is the position of the hinge and the end B is pulled horizontally by 


wW : 
a force >: Let R be the reaction of the hinge at A. Since the rod is in 


equilibrium under the action of these three forces only, the reaction of the 
hinge must pass through C, the point of intersection of the lines of action 


: Ww 
ofthe horizontal force m and the vertical force W. Let the vertical 


through A intersect BC produced at O so that ZAOB=90°, 
Let / ABO—9 and Z ACO=¢, 
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Since the rod is in equilibrium under three forces meeting at C, we 
i D 
have, by Lami's theorem, 


ERN AKI o MEL ERES 1 
sn ZACB sin LACD " sin (180°—$) 2 sin (90°++4) 
=>sin $—2 cos $. 
" T 
Since ¢ cannot be equal to =z 8° long as the horizontal force 


exists, we have 


tan $—2 
AO 
> OG -2740—20C. ..- (1) 


Now since G is the middle point of 4B an ie 
so that OB—20C. ` p d GC || AO, hence OC=CB 

Hence, from (1) 

AO=OB and ZABO=0=45°. 

Hence, the inclination of the rod to the vertical is 45°. 

Alternative method : 

Since the three forces are parallel to the sides of the triangle AOC, 
we have, by the converse of the triangle of forces, ? 


AO 
Z ABO=4S’. 


W 2 
mes =20C=0 
OG >4A0=2 B 
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Ex. 13. If a unifrom heavy rod be supported by a string fastened 
at its ends and passing over a smooth peg, show that it can only rest in à 
horizontal or vertical position. 


Let AB be the rod of weight W supported by the string AOB passing 
over the smooth peg at O. Since the same String passes over the smooth 
peg, the tensions of the string at A and B will be equal. Let T be the ten- 
sion of the string acting along AO and BO. The weight W of the rod passes 


A 


Fi6.101 


Ww 


through G, the middle point of the rod AB and it acts vertically down- 


wards. Since the rod is in equilibrium under these t 
vertical through G must pass through O i.e, GO must 


Now the resultant of two equal forces ET 
between them. Since this resultant force balances 
T, T must be along GO i.e, ZAOG= / GOB, 


hree forces only, the 
be vertical. 


must bisect the angle 
W, the resultant of 


Now, let ZOGB=8, 
ZAOG= / GOB—«., 
We have 

AG _ OG . AG sin « 


sina sin A ^ OG — sin (0—4) and 
BG OG BG 


ae J N sin « A 
Sin« sinB OG “sin "= Fay | < AG=BG ] 


æsin « [ sin (180* — (0-2) — sin (0—9)]—0. 
-'. Either sin «=0 whence «=0 


or, sin [180°—-(0-+a)]=sin (0—2) 
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=> 180°— (0-2) =0—«>20=180°>0=90°. 

When 0=90°, the rod AB is horizontal and when «=0, the rod is 
vertical. Hence the result. 

Ex. 14. A uniform rod of weight W and length 2l has one end 
against a smooth vertical wall and rests at an inclination of 45° with the 


vertical upon'a smooth rail parallel to the wall. Find the distance of the 
rail from the wall and the reactions. 


Let AB be the rod of weight W acting vertically downwards through 
G, its middle point. The end A is simply pressed against a smooth 
vertical wall so that the reaction R of the wall on the rod will be per- 
pendicular to the wall and hence the reaction R must be horizontal. Let 
these two horizontal and vertical forces meet at O. The position of the 
rail will be such that the normal reaction of the rail on the rod may pass 
through O. Let C be the point of contact of the rail with the rod so that 
the reaction R, of the rail is perpendicular to AB and it passes through O. 

[Note that the equilibrium of the rod is not possible if the point of 
contact of the rail with the rod lies beyond AG or ifthe rod ABremains 
below the horizontal through A.] 


e 


Now, ZOAC=ZAOC=45°. 
Also, ZAGO=45° and hence ZCOG=45°. ..AC=CO=CG. 
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Now, if CL be drawn perpendicular to AO, then 


AL=LO, since C is the middle point of AG. 


1 1 1 
Hence, AL=AC cos 45°= 2 4G AUT ans 


Hence, the distance of the rail from the wall = Mio á 
2/2 


To find the reactions, Ri and R, we apply Lami's theorem. By 
Lami's theorem, we have 


E Rim uma BR cio Wu ui 
sin 90* — sin(90?--45*) ^ sin (90°+.45°) 
RIER, 


Ww as = 
T cos 45° cos 45°? R= V2R=V2W 


whence R,—4/2 Wand R=W. 


Ex. I5. A heavy uniform rod is in equilibrium with one end resting 
against a smooth vertical wall and the other against a smooth plane 
inclined to the wallat an angle 9. Prove that if « be the inclination of the 
rod to the horizon, then tan «=+ tan 0. 

[P.U. 1932] 


Let AB be the rod of weight W acting vertically downwards through 
its middle point G. Let R, and R, be the normal reactions of the inclined 
plane and the vertical wall AD respectively acting along BO and AO so 
that BO is perpendicular to the inclined plane and AO is Perpendicular to 
AD. Since the rod ABis in equilibrium under the action of these three 
forces only, they must meet at the point O. It is given that 7OAB=«, 
and / ADB—9. 


Now, the quadrilateral OADB is cyclic, 
since ZOAD+ / OBD=9 °+-90° = 180°. 
Hence, 7 TOB=0. 

«. ZBOG=90°—9. Also, L 40G=90°. 
Now, ZOGB=«.+ 7 AOG=90° +e, 
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Hence, using the cotangent formula in the triangle OAB, we have 
(1-41) cot LOGB=cot ZAOG—cot GOB , 

2 cot (90?-I-a) —cot 90°—cot (90°—8) 

>—2 tan «— —tan 0 

=>tan «=} tan 0. 


Ex. 16. A sphere of radius r and wei i 
vertical wall, to which it is attached by a Mc ME Vue 
point on its surface. Show that the tension of the string is E 

W(4-r) 

A/E-X2h C 

Let C be the centre of the sphere t ich i i i 
acting vertically downwards. AB is ds Vei NB Pu M 
smooth, the reaction R of the wall on the sphere will be normal to ue 
wall and hence it will pass through C. BD is the string attached at a point 
D of the sphere. Since the two forces R and W meet at C, hence the 
tension T of the string will also pass through C. Given that BD=/ and 
CD=r. Applying Lami's theorem, we get 

ck ts Cela NU AM 

naso ZACH) sin 90" sin ACB n 
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I*--2lr 

Now, cos Z ACB= ioe sin LAC BV ETH g 
— Wü-) 
Hence, T— POR 


Ex. 17. A beam whose centre of gravity divides it into two portions 
a and b is placed inside a smooth sphere. Show that if 0 be its inclination 
with the horizon in the position of equilibrium and 2 ¢ be the 


angle 
subtended by the beam at the centre of the sphere, 
b—a 
tan0 = Fat" a, [ C.U. 1924 ] 


[The centre of gravity of a body is the point at which its weight 
may be assumed to act.] 


Let AB be the beam of weight W acting through G vertically down- 
wards such that 4G—a and BG=b. The ends of the beam rest on the 


pass through O for equilibrium. AB makes an angle 0 with the horizon- 
tal AMD so that ZBAD=6. Let OC AB. 
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Hence, C is the middle point of AB. 

Now, 7 COG=90°— / OGC=90°— / AGM— Z7 GAM-—0. 

Also, GC=AC—AG=} (a--b)—a—1 (b—a) and 
OC=AC cot ZAOC=3 (a+b) cot « [7 AOC=} Z7 A0B-a.] 


Fig. 105 


Hence, from AGOC, 
GC 4 (b—a) b—a 
tan 0 = gc — (a+b) cot « b+a 
Ex. 18. A solid cone of height h and semi-vertical angle « is placed 
with its base against a smooth vertical wall and is supported by astring of 
length l attached to the vertex and to a point in the wall. Show that the 


tan z. 


greatest possible length of the string is h A/ 1-55. tan? « . 


[Lucknow 1957] 
[The centre of gravity of a solid right circular cone is on the 


j k 3 
axis ata distance a h from the vertex.] 


Let A be the vertex of the cone, BC, the base in contact with the 
wall, and X, the centre of the base so that AX is the altitude. Given that 
AX=h, AP—l and Z BAX— / CAX=za so that 

BX=CX=h tan «. 

The weight W of the cone will pass through G vertically downwards 
so that GX=}h. Let AP be the string attached to a point P of the 
vertical wall PC. Let T be the tension of the string. The reaction of 
the smooth wall on the cone will be normal to the wall. Since the cone 
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is in equilibrium under these three forces, they must meet at a point, say 
O. OD is drawn perpendicular to the wall so that the normal reaction R 
will pass through O. 

Here D is some point within the base BC, Hence, DX« Bx. 

=>OG¢h tan « SNI) 

l 'OGXD is a rectangle]. 

Now, AOAG and APAX are similar. 

. OG 4G 3 


Z= —= — 23 3 MPa a -—_ 
> PAX 4 > 0G = 4X PX —TVAPI— AR 4 v E-—n 


Shep 
Hence, from (1), we have gq V B-ph: <ihitante 


Sia 
> Te (P—h?) <h? tan? « [ *" each term on both sides of the 
inequality is positive ] 
sr«w( 1498 tan? a ) 


16 
2h A/ ltg- tan? a [ "7 Lis always positive 4 


Hence, the greatest possible length of the string is 


h V 145 tan?a, 
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Ex. 19. A fixed smooth hemispherical bowl of radius a is placed 
with its axis vertical, and a uniform rod of length / rests with one end 
inside the bowl and the other projecting over the rim. Prove that the 


length of the road outside the bowl is = ( 7I- f Fm) ; 


and hence deduce the shortest length of a rod that can rest in this manner. 
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Let AB be the rod, G its middle point through which the weight of 
the rod acts vertically downwards. A and C are the points of contact of 
the rod wirh the hemisphere. The reaction of the smooth bowl at A will 
be normal to the hemisphere at A and hence the reaction at A will pass 
through O, the centre of the bowl. The reaction at C of the rim on the 
rod will be normal to the rod and the rim. Since the rod is in equilibrium 
under the action of three forces only, they must meet at a point D. Let 
DG produced intersect the hemisphere at E. We join AE. Now, since AD 
isa diameter of the sphere and 4 ACD=90°, the point D must be the 
other extremity of the diameter AD. Hence, ZAED=90° and so AE is 
horizontal. Let 0 be the inclination of the rod to the horizon. 
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ZEAC=0. Also ZLOAC=ZOCA=/EAC [.;0A—0OC and 
OCII AE] 
Now, OA=OC=a and AB—I. 
From AADE, we have AE=AD cos 20—2a cos 20. 


Also, from A AGE, AE— AG cos o=- cos 0. 


Hence, 2a cos 20— zm cos 0—8a cos? 0—1 cos 0—4a=0. 


2 
=> cos 0 = JAV EFIR : 
16a 
Now, IVT 4e: <0 and so 0 becomes obtuse which is 


loa 
absurd. Hence, rejecting this negative value of cos 0, we get. 
cos 0 = LE VI T1288 | 
16a 
Now, the length of the rod outside the bowl 


—BC--AB—AC-1—AD cos 0—1— 2a cos 0 


2a Sa RUM pde 
ar Tl HV FEBRE) => U-VPRD 


Now, in order that the rod may be in equilibrium with its end B 
just touching the rim, BC 20 


>> VY PF 128a >49 >i +1280 20A / 5 


Hence, the required shortest length of the rodis 2a V poe 
3 


Ex. 20. A smooth rod of length 2a has one end resting ona smooth 
plane of inclination « to the horizon and is supported by a horizontal rail 
which is parallel to the plane at a dislance c from it. Show that the incli- 
nation 0 of the rod to the incilned plane is given by the equation 

c sin «=a sin'0 cos (0—4) [Allahabad 1939, 195 

Let AB be the rod and G be ji 
weight W acts vertically downwards, 
inclined plane of inclination «. Since th 
end A of the rod will be along AO, th 
The point M of the rod is its point o 
be considered as a horizontal strai 
QR, which is not shown in the fig 

the plane is given to be c, 
contact M to the inclined pl 


7; Lucknow, 1953] 
ts middle point through which its 
The end A of the rod rests on an 
e plane is smooth, its reaction on the 
e normal to Ihe inclined plane QR. 
f contact with the rail. (The rail may 
£ht line through M parallel to the plane 
ure). Since the distance of the rail from 
the length of perpendicular from the point of 
ane OR must be c. Let MN be the length of 
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this perpendicular so that MN=c. The reaction of the rail on the rod will 
be perdendicular to the rod. Let this reaction act along MO so that 
ZOMA=90°. Since the rod is in equilibrium under the action of these 
forces only, they must meet at a point, say O. It is given that 

ZMAQ=0 and Z.AQP—a. 

Now, Z0AM=90°—9. 

Let the vertical through G intersect OR at S and the horizontal QP 
at T. 

Then 4604-90 — ZOSA=90°— ZQST 

—90? — (90? — 4) =a 
4 M0A—90— 1.0AM-—90 —(90* —0) —6. 
/.M0G— 4. M0A— LGOA=0-% 
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ZOGA=90°+ 7 MOG—90?--0— z 
ZOAG=90°— / MOA —90?— 0, 
Now, from AMNA, we have 


: MN CUM Ac. 
Virum qp aM us 


But AG=GB=a. 


GM=AM—AG —— Sl q. | 
sin 6 


Now, using the cotangent formula inAOMA, we get | 
(4G+GM) cot / OGA— AG cot Z.OMG— MG cot ZOAG 


2 cot (90°-++-0—«)=a cot 90°— ( er, ) cot (90* — 0) 


sin 0 
[^ [4 
———— —X)——[————— 0 
> sino (an (0—«) ( sn a) tan 
c sin (0—4) c—asin 0 ». sin 0 
e Cau SIE sine os 
sin 0 cos (0—4) sin 0 cos 0 


=c cos sin (08—«)=(c—a sin 8) cos (0—c) sin 0 
7€ [cos (0—«) sin 0—sin (0—«) cos 0]—a sin? 0 cos (0—2) 
=c sin «=a sin? 0 cos (0—4). 


Hence the result. 


O. Hence, the reaction R of 
for equilibrium of the rod. 
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Let BS and AN be horizontal lines through B and A respectively. Let the 
vertical through G intersect AN and BS at E and F respectively [fig. 109]. 
Itis given that AC=3m, 4B—4m and ZABS=60°. 

Hence, Z NAB=60°. Let ZOAE=0. 

Now, ZOGC=ZEGA=90°— 60° —30*, 

4.0CG-—90*, ZOAG=8—60°, 

AG=2m, GC=AC—AG=(3—2) m—1m. 

Hence, using the cotangent formula in ACOA, 

we have 

(AG+GC) cot LOGC=GC cot LGOA—AG cot ZOCG 

3 cot 30°=cot (0—60*) —2 cot 90° 

1+tan 0 tan 60° 
—3V3 =cot (0—60°) =“tan 0—tan 60° — 


_14+/3 tano 
tan 0 —4/3 
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>3/3 tan 0—9=144/3 tan 6 
=>2/'3 tan 0—10 
10 5 
>09 = tan?! ——_ —tan-i 24/7 
24/3 E ( 3 v3 ) P 


To find P and & in terms of W, we apply Lami's theorem and get 


Ru MU RO wx w 5 
sin Z AOF sn ZCOF — sin ZCOA ` ves (4 


Now, L AOF—180*— / AOG= 180*— (90*— 0) —90?-1- 0, 
ZCOF=180°— / COG—180*— (90*— 7 CGO), 

=90°+ Z EGA=90°+30°= 120° and 

ZCOA=90°— / OAC=90°— (0— 60°) = 150°— 9. 


3 
Hence, sin / AOF=sin(90° + 0)=cos 0——. 


Verc 
[e tan 0 — xi] 
3 
sin Z.COF—sin 120° Bv 
sin Z COA=sin (150°—60)= = e 0+% ann 


1 3 V3, 5/3 
= Gtk Tp ape A 
D'VRO IUVR 
mien "Mag 
W3 Veg 
Hence, from (A), 


P TY R 3 Ww 

EEEE y CIT 

v34 2 NITE 
2p and R= va Ww. 


(c) Equilibrium of any number of forces: 


Ex. 22. A bar AB of weight 40N and length 8 m is hinged at A to a 
point in a vertical wall, and is maintained in a horizontal Position by 


GENERAL CONDITIONS OF EQUILIBRIUM 209 


means of a chain attached to B and to a point in the wall Sm 
above A. If the bar carries a load of 20N at a point 6m from 4, 
calculate the tension in the chain, and the magnitude and direction of 
the reaction at 4 between the bar and the wall. 

Let AB be the horizontal rod higned at A to the vertical wall AC. 
The weight 40 N of the rod acts at B, the middle point of AB, vertically 


& 


HONS ZON 
Fig. 110 


downwards. BC is the string attached to the end B of the rod and a point 
C of the wall such that AC=5m. Let T be the tension of the string 
inclined at an angle with the horizontal BA and let R be the reaction at 
the hinge 4, making an angle 9 with AB. 


Now, as E d —/5*5p8 —4/89- 
+=. and cos $ 


. sin $ = A 
7 89 M89 ` 
Resolving all the forces horizontally and vertically, we get 
[cf. section 7.10 (i) and (ii)] 


8T 
R cos 9—T cos $= Vs ... (1) 
and R sin 0--T sin $—20--40—60 
tS 
=> R sin 0—60— WE ses (2) 


Let AM be perpendicular to BC. Then 
40 
= in ġ=8X -== 
AM=AB sin 9=8 J8 VE 
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Taking moments of all the forces about A, 
we get [cf. section 7.10 (iii)] 
1.8 sin 6—40 x 4—20 x 6—0 
5 -— 
TX mmm T—7V 89 
=> 8 Va 280 > v 
Putting the value of T in (1) and (2), we get 


R cos 0— Vg XIV =56 - (3) 
and R sin 0—60— Tum x 7/89 =25. (4) 


Squaring (3) and (4) and adding, we get 
R—V56 323 — 376] . 
Dividing (4) by (3), we get 

BE Boks 
tan 0 — $6 -0—tan 3G ° 


Hence, the tension of the string is 7V/89 N and the reaction at the 


IER DS. d 
hinge is 4/3761 N, making an angle tan-! sg With the horizon, 


Ex. 23. A ladder of length 2 / and weight W rests against a. smooth 
vertical wall. Its lower end is in contact with the floor which is smooth 
and is prevented from slipping by a String of length a connecting it with 
the junction of the wall and the floor, if à person of weight 2W stands 
on the rung of the ladder distant 34 from its lower end, determine the 
reactions at the two ends of the ladder and the tension of the String. 


[C.U. 1941] 


position of the man on the ladder and his weight 2W acts vertically down- 
wards through C. It is given that AC=H and AB=2]. Let T be the tension 
of the string AO and Ry, R, be the reactions of the floor and the wall 
respectively. Since tne floor and the wall are smooth, the direction of R, 
and R, will be normal to 40 and OB respectively. Let the lines of action 
of W and 2W intersect OA at E and D respectively [fig. 111]. 
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Let ZOAB=6. 


PEIUS CLAN ci 
QUU Tog 9T] 


. ga V Ar—a:. 
and sin TERT 


8 —>R2 


Fig. 111 
Resolving all the forces horizontally and vertically, we get 
T=R, 
and R,=3W. 
Taking moments of all the forces about O, we get 
—W. OE—2W.OD—R,.DB+R,.AO=0. 
a 


1 
Now, OE— c 0OA——y i 


En pesas 24 
op=A0-AD=a = 7 o a? 
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actio 
the hinges is 3m and the 
34 m from the line of the hinges. Find the fo 


point 
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OB—4/AB:—04: —4/4F—a4 and 
AO=a. 
Hence, from (3), we get 


3a 


W: 52W. g Re V AE —a?+Ry.a=0 


>—2a W+3a W—R, /A-—a* [-R,—3W] 
aW 

Nine 2 [ from (1) ] 

and R,—3W [from (2)]. 


SIRIS 


Ex. 24. A gate is supported by two hinges in such a way that the 
n of the upper hinge is entirely horizontal. The distance between 
weight of the gate, 60N, acts along a vertical line 

rce exerted by each hinge. 
Let 4 and B be the two hinges such that AB=3m and let G be the 
through which the weight of the gate acts vertically downwards. The 


60 N 
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line of action of this weight is given to be at a distance of 3} m from 4B. 
Let R, be the reaction of the upper hinge, which is given to be horizontal. 
Let R, be the reaction of lower hinge [fig. 112] making an angle 0 with 
the horizontal and let X and Y be its horizonial and vertical components. 
Resolving all the forces horizontally and vertically, we get 


R,=X 2.3) 
and Y=60. ...(2) 
Taking moments about B, we get 


60x T =R,x32R,=10. 


~. From (1), ¥=70. 

Hence, the reaction at the lower hinge=,/X2+ Y?— VIE FEEN 
= 10 y85 N and that at the upper hinge is 70N. 

Ex. 25. Forces, P, Q and R act along the sides BC, CA and AB 
respectively of a triangle ABC and forces P', Q' and R' act along AG, 
BG and CG respectively, where G is the centroid of the triangle ABC. If 


six forces are in equilibrium, prove that 


the 
PP QQ' RR 
“GHG + BGCH | + CGAB at 
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Le the medians AD, BE and CF intersect at G, the centroid of the 
triangle ABC. Let p be the length of the perpendicular from A to BC 
and A be the area of AABC. 

i udi. 
Then mH. p=A>Pi = “BC 
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If pz’ be the length of the Perpendicular from A to BE, then 
&BE.p;—area of AABE=1A 


3 

2 
AT 
BG 


Sy A =- Â pB6GE-2 
BG 


=2 
2238 


Similarly, if p,’ be the length of the Perpendicular from A to CF. 


then we have 


DN E cas 


Now, since the six forces are in equilibrium, hence taking moments. 


about 4, we have 


Pp Q'p',—R'p,' =0 


2 A012. PANTA 
>E ge dO yp. ag R 3. eco 


(1) 
Similarly, taking moments about Band C, we get 
OY R J 
Terps +(%- a ag )=0 2) 
P o 
adgy D. i "BG )=o. e 


Multiplying (1), (2) and (3) by p^ 


0 f£ and tc respectively and 
adding, we get 


PP' |  QQ' qe RRIS AT P'Q' P'R' 
AG.BC ' BG.CA ` CG.AB V^ st CBG.AG ^ CG.AG 
m R'Q' fi Pg (RRE P'R' Q'R' 
' €G.B8 " "4G BG 10 co "Bocg |=0 
IRRA Mat I RR’ 


=> AGBC  BG.CA + ogag =0. 
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Ex. 25. Forces P, Q, R and S act along the sides AC, BC, CD and 
DA of a quadrilateral which is inscribed in a circle whose centre is on 
AB. If they keep a rigid body in equilibrium, prove that 


R=P2+0+S2+ aoe p [cv. 1945 ] 


Let O be the centre of the circle, lying on AB. Since the four 
forces are in equilibrium, the resultant of P and Q must be equal in magni- 


tude to that of Rand S. 
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Hence, 

P?-- Q?--2PQ cos (180? —B) — R? 4-S?--2RS cos (180°—D) 

2 P?-- Q?—2PQ cos B=R'+S*—2RS cos B 

[^ D-- Z.B—180?, the quadrilateral being cyclic] 

=> P?--Q?—R:—S?—2(PQ 4-RS) cos B=0. a: (QU) 

Now, taking moments of the forces about B, we get 
&.BC sin ZBCD+S. AB sin ZBAD=0 

>R.BC sin (180°—Z BAD) +S. AB sin ZBAD=0 

—R.BC sin Z.BAD--S.AB sin L BAD—0 

— R.AB cos B+S.AB=0 [-£ACB-—907] 
Sim ae (2) 
Hence, from (1) and (2), we have 


pO R—S— POHI =0 
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> R= P? +0? 521.9. =o 5 

Ex. 26. Two equal uniform heavy rods are connected at one 
extremity by a thin String and the system is placed symmetrically in a 
vertical plane with the rods resting on two smooth pegs in the same 
horizontal line. If a be the length of each rod, b the distance between 
the pegs and (/<b) is the length of the Connecting string, show that in 
equilibrium position, the inclination of each rod to the horizon is 


(Ven) 


From Symmetry, AC 


is horizontal. We draw AM LEF, CN | EF and let 
CAEM= / CFN=6, 
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It is given that 
AB=CD=a, EF=b and AC=], 
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We can consider the equilibrium of any one of the rods due to the 
symmetry of the system. 

Considering the equilibrium of the rod AB and resolving vertically, 
we get -- (10) 
R cos 0—W. : 

Now, EM = EF—MF=EF—(MN+NF)=EF—MN—EM 
—b—I—EM 

22EM—b—I2-EM —3(b—1). 

Hence, AE=EM sec 0—1 (b—1) sec 0. 


Now, taking moments of the forces acting on AB about A, we get 
WAG, cos 9=R.AE=R.4 (b—1) sec 05 R(b— I) sect0— Wa. «+. (2) 

Dividing (1) by (2), we get 

5 rm 

cot = I. Q—cos-! E : 

Ex. 27. Two equal smooth spheres, each of weight Wand radius r 
are placed within a thin hollow vertical cylinder of. radius a (<2r), open 
at both ends, and resting on a horizontal table. Prove that the least 


weight of the cylinder so that it may not be upset is 2W (- z) 
a 


Let O, and O, be the centres of the two spheres each of radius r. 
The sum of the diameters of the two spheres is 4r and the diameter of 
the cylinder is 2a. Since 2a <4r, hence the spheres when placed within 
the cylinder will rest one above the other in an inclined position as shown 
in the figure [fig. 116]. The lower sphere with centre O, is in contact 
with the horizontal table and let 4 be the point of contact. of this sphere 
with the table. Both the spheres are in contact with the open cylinder as 
as well as with each other. Let B and C be the points of con:act of the 
two spheres with the cylinder. The lower sphere is acted upon by its 
weight W acting vertically downwards through its centre O,, the normal 
reaction R of the table on this sphere, acting through O;, the sideways 
normal reaction of the cylinder at the point of contact acting horizon- 
tally through O, and the normal reaction of the sphere with centre O, 
acting through O,. Similarly, the sphere with centre O, will be acted on 
by its weight W acting vertically downwards through its centre O} the 
sideways normal reaction of the cylinder at the point of contact C acting 
horizontally through O, and the normal reaction of the lower sphere 
acting through O,. The mutual action and reaction of the two spheres 
must be equal in magnitude but opposite in sige and hence they will 
balance each other. Considering the equilibrium cf the whole System 
together and resolving the forces vertically, we get R=2W. 
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Fic. 116 


Hence, the resultant vertical force at O, is 2I — y — W acting in the 


vertically upward direction. This force together with the vertically down- 
ward force W acting through O, will form a couple of moment : 


Wx the horizontal distance between O, and 0.=Wx 2(a—r). 
The horizontal reactions of the cylinder on the spheres will, therefore, 


ce, the sideways pressures 
on the cylinder exerted by the spheres at their Points of contact with it 


cylinder may not be upset 
W'a<2W(a—r) 
=W'>2W ( m) 
a 
i. e. the least wdight of the cylinder must be 


2W (2 3 in order that it may not be upset. 
a 
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Ex. 28. Inside a fixed hollow cylinder of radius b, whose axis is 
horizontal are placed symmetrically and longitudinally two equal smooth 
cylinders, each of radius a. A third cylinder of equal radius but double 
the weight is placed symmetrically on the first two, all the axes being 
parallel. Prove that the third cylinder will force the other two apart if 
b>a (1-413) 

Fig. 117 represents the vertical section of the four cylinders through 
the middle points of their equal axes. O,, O4, O, and Ox are centres 
of the circular sections of the cylinders. Weight W, W and 2W of the 
three cylinders act through Ot, O, and O, respectively in the vertically 
downward direction. Let the mutual actions and reactions between the 
lower and the upper cylinders be R, R acting along O, O, and O, O, and 
those between the two lower cylinders be R”, R” acting along O, O,. Let 
R', R' be the reactions of the fixed cylinder on the two lower cylinders, 
AO, O, and BO, Ox, A and B being the points of contact of the fixed 
cylinder with the two lower cylinders. 

Let 20,0,0,;= L 0,0,0,—0. 


Considering the three cylinders as one body, we observe that the 
system is in equilibrium under R’, R’ acting along 404 and BO, and the 
three vertical weights W, W and 2W acting at O,, O, and O, respectively, 
Resolving these forces vertically, we get 

2R' cos 0=4W >R’ cos0—2W. E 

We now consider the equilibrium of thè upper cylinder which is 
acted upon by the forces R, R along O,0, and O, O, and the weight 2W 
acting at Oin the vertically downward direction. Let C be the point of 
contact of the two lower cylinders. Hence, resolving these forces verti- 


cally, we have 
2R cos Z.0,0,C—2W . (A) 
Now, since 0,0,—04,0.— 0,0,—2a 
and O4C,.1 0,0,, hence 7.0,04C— / CO,0,=30°. 
Hence, we have from (A), 
2R cos 30 —2W 24/3 R—2W . ...(2) 
We now consider the equilibrium of any one of the two lower 
cylinders. It is in equilibrium under the ferces W, R, R' and R”. Resolv- 
ing these forces horizontally, we get 
R'--R cos 60^ —R' sin 0 


>R’=R’ sin 0—3R. e 
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Fio. 117 


Substituting the values of R’ and R from (1) and (2) in (3), we get 


cos 0 3 PLVS 
Now, the upper cylinder will forc 
when R’<O 


R= ELS .sin 6 -— ^ oF (tan 6 -—xwi-) y 
e the two lower cylinders only 


ie. when tan 0— Eal : 
24/3 


Now, 0,0,—b—a, 0,C=a 
Hence, O,C—4/(b— a)? —a: =V/b?—2ab 


Hence, the upper cylinder will force the two lower cylinders 


if eee 
Wine ha 


i. e. if > Ec Em <b [58 b’—2ab>0, b being greater than 2a .] 
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i. e. if 12a?—b?--2ab c0 
i. e. if b?—2ab —12a?20 


i. e. if b> JUEV dus dud [^ this implies that 


b2a—4/4a!-]-48a: ] 
ee ETE 


i. e. if b>a(1+4/T3 ). 

Hence the result. 

Ex. 29. A triangular lamina of weight W is supported by three 
vertical strings attached to its angular points so that the plane of the 
triangle is horizontal. 4 particle of weight W is placed on the triangle at 
its ortho-centre. Prove that if T}, T, and T, be the tensions in the three 
strings, then 

78 T: T 
IF3cotB,cot C  1+3cotC.cotA — 14-3cot A. cot B 
1 [Ihe weight of a triangular lamina acts at the centroid ofthe 
triangle in the vertically downward direction.] 


Fic. 118 


Let ABC be the triangular lamina, AD | BC, AE is a median and 
troid of the triangle. Let O be the ortho-centre of A ABC, 


G is fthe cen ; 3 
W, W act at G and O in the vertically downward direction. 


Then weights 
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Let T}, T. and T, be the tensions of the strings attached with A, B and C 
respectively. If GM | BC, then GM— + AD. 


We join BO and produce it to meet AC at F. Then Z BFC=:90°, 
OD=BD tan ZOBD=BD cot C [v BEC-90?] 
— AD cot B. cot C. 


Now, the triangle is in equilibrium under the tensions 7. T, and T, 
acting vertically upwards and the weights W, W acting at G and O in the 
vertically downward direction. Taking moments of all these vertical forces 
about the side BC which is horizontal, we get 


T. AD=W.GM+W.OD 


& Y AD+W. AD cot B. cot C 


z + W. AD (1+3 cot B cot C) 


TL ies 
ES cot Br con€ peas P ’ 
Similarly, taking moments of the forces about CA and AB, we get 
T, 1 T, 1 
menot erom o Mande s o 01. 
1+3 cot C. cot A 3 and 14-3 cot A. cot B 3 Ue 


Hence, 
T; 


ee s. o NEN, T. 
1+3 cot B. cot C l-c-3cotC.cotA ^ 


3 
1+3 cot A. cot B ` 
of equal lengths are freely 
by a thin String. The system 
gs freely under gravity. If 
etween the rods is 2%, show 


3W sin « 
X4 1+3sinta ^ 
where 2W is the weight of either rod. 
[Tranancore 1940] 
Let E and Fbe the middle points of the rods AB and AC respecti- 
vely. Hence, the weights of the rods act through E and F in the vertically 
downward direction. Let the tension of the vertical string attached at B be 
T" and that of the string connecting B and C be T. We join EF and draw 
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Fig. 119 


AD | BC cutting EF at its middle point H. The resultant of two equal like 

` parallel forces 2W, 2W at E and F will clearly pass through H in the verti- 
cally downward direction. If we consider the two rods as one body, then 
the body is in equilibrium under the forces T” in the vertically upward 
direction and the weight 4W of the rods acting through H in the vertically 
downward direction. Hence, these two forces must act along the same line 
so that the vertical drawn through B must piss through H. Let AC and 
BC make angels ¢ and 0 respectively with this vertical line. 


Now, ZHKA=180°—$, ZKHA - Z.DHB—90^ —0 and Z KAH —«. 
InA HKA, : 
/ HKA-- LKHA+ LKAH=180° 

> 180°—-+90°—0-+a= 180" 

EIR O0% (00) ee LT CN nc Mee (1) 
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We now observe that the red AC is in equilibrium under the forces T 
at C along CB, 2W at F acting vertically downwards and the reaction at 
the point A (not shown in the figure). Taking moments of these forces 
about A, we get 

T. 2a cos «—2W. AF sin 6—2Wa cos (0—«), [from (1)] 

where 2a is the length of each rod. 
Hence, 


pW cos (0—9) — pw £08 0 cos «-+sin 0 sin « 
COS « p cos « 


D 1 AD 1 . AB cosa 1 
Now, ——— —— IL = r 
ow, tan 0 DE 2-—DB CUENTE 2 cot « 
Hence, sec? (Serie cot a Ateot & 
4 4 
2 4 

=>cos? 9— — — — 

Xe 4+-cot® a 

" 4 cot? a 


“. sin? Und RTT — 4-cot* « 


Hence, from (2), 


a w( 2 „— cote tan a 
(XX 4-cot? « ' 4 4-cot- a 
3W 3W sin « 


zu / 3+cosce? « J 1+3 sin? « 


Ex. 31. There uniform rods AB, BC and CD of weight W, 2W and 
W respectively are freely jointed at B and C and are freely hinged to fixed 
points at A and D. They rest in equilibrium with AD uppermost and hori- 


zontal. If AB=2a, BC=4a and AD=6a, calculate the magnitudes and 
directions of the reactions at A and B, 


[London} 

In figure 120, the three rods are shown to be separated from one 
another to show the actions and reactions at the joints clearly. Let X and 
Y be the horizontal and vertical components of the reaction at the end B 
of the rod AB in the directions as shown in the figure. The same forces in 
the opposite directions are the components of the reaction at the endB of 


the rod BC, From symmetry, the vertically upward forces acting on BC are 
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2w 


Fig. 120 


Y, Y at B and C and the vertically downward force is 2W acting at G,, the 
middle point of the rod BC. For equilibrium of the rod BC, we have 


2Y=2W>Y=W. 

Considering the equilibrium of the rod AB which is acted upon by 
| the forces X, Y at B. W at G,, the middle point of AB and the reaction of 
the hinge at A (not shown in the figure) and taking moments of the forces 

| about A, we get 

X. AB sinZ BAM—Y. AB cos Z BAM+ W. AG cos Z BAM, 

where BM and CN are perpendiculars to the horizontal line AD. 


Now, AM-—- (AD BO)-3- (6a—4a)=a 


AM a 1 à 
cos ZBAM=— 49 =a oe dh BAM AJ 1—À- 


4 
UV 
2 
Hence, from (1), 
anc 1 1 i 3aW 
X. 2a... ; SY 2a.75- + Wa. x» —aW4 z W= 2 


V3. 


x=% 
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Hence, the reaction R at B 


E XO. M anc ; 
making an angle of tan-! -y ie tan^ = with the vertical. 


The reaction at A will be equal and opposite to the resultant of X and 
Y at B and W at G, of AB. Now, the resultant of the vertically down- 
ward forces W at G, and Y i. e. W at B is 2W acting vertically downwards. 
The resultant of the vertically downward force 2W and the horizontal force 


yo X3 


2 W is, therefore, 


> Ew 2 Wa os 
A/ duse (Te w) =z” at an angle of 


with the vertical. 


EXERCISE 7.1 


A. Reduction of coplanar forces 


- 


. Forces 3, 2, 4, and 5 N act respectively along the sides 4B, BC, CD, 
and DA ofa square. Find the magnitude of their resultant and the 
points where its line of action meets AB and AD. 

[Ans. v 10 N: If E and F are the required points on BA produced 
and AD produced, then AE=-2AB and AF—6 AB.] 


2. ABCDEF is a regular hexagon. Forces P, 2P,3P, 5P and 6P act 
along AB, BC, DC, EF and AF respectively. Show that a force can 
be determined to act along ED so that the six forces are equivalent 


to a couple and find the magnitude of the moment of the couple. 


[ Ans. va Pa, where a is the side of the hexagon | 


w 


. Find the magnitude, direction and line of action of the resultant of 
the forces 1, 2 and 3 units acting in order round the three sides BC, 
CA and AB respectively of an equilateral triangle ABC of sides 2a. 


[Ans. 4/3 units acting upwards perpendicular to AC and cutting CB 
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.produced and CA produced at distances 4a from B and a from A 
respectively.] 

4. A, B, C are three points ona line ABCD such that AB=BC=a. 
Forces 3, 6 and 4N respectively act at 4, B and C in dircctions 
making angles of 60°, 120° and 270° with AD. Show that they 
reduce to a single force and find where its line of action cuts 4D. 


[ Ans. E a A on BA produced. | 


5. AD is an altitude of AABC in which BC=6m, CA=7m and 
AB=5m. A force of 12N along DA is equilibriated by parallel forces 
at B and C. If the directions of all the forces are rotated about A, 
B, C respectively through the same angle so as to be perpendicular 
to AB, prove that the resultant of the forces is a couple and find its 
moment. 

[Ans. 57.6 Nm.] 

6. ABCD isa trapezium in which the parallel sides AD and BC are in 
the ratio 2:3 and AB=AD=DC, Find the magnitude and position 
of the resultant of forces 3P from B towards C, P from B towards 


A, 2P from D towards A and 21. P from D towards C. 


[ Ans. 2.37P, it cuts BC ate BC from B, and makes an angle 


tan“ VE with BC ] i 


7. ABCD is a rectangular board in which AB=DC=3m, BC—AD 


=6m. One rope pulls it along AD with a force of 15N, another rope 
pulls it along BC with a force of 25 N, a third rope pulls it along CD 
with a force of 16N. Find what force along AB will make the 
resultant pass through G, the point of intersection of the two 
diagonals of the rectangle and calculate the resultant completely. 
[Ans. A force of 36 N from B to A; 53 N nearly.] 
. A unit force acts along the side, AB, of a square ABCD, Find the 
magnitudes and directions of the ferces which must act along the 
remaining three sides in order to maintain equilibrium. Find the 
resultant if (i) the force along BC is reversed, (ii) the forces along 
BC and AD are both reversed. 
[Ans. 1 from C to D, 1 from C to B, 1 from Ato D (i) 2 along BC 
(ii) a couple of moment twice the side of the square.] 


oo 


9. ABCD is a square. Four forces whose algebraic magnitudes form 
an arithmetical progression, act along the sides, taken in order. 
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Show that, if their resultant passes through a corner of the square, 
the progression is a diminishing one, in which, if the common 
difference is 2P, the greatest force is 5P or 3P. 


10. ABCD isa square of side 2a. Pisthe middle point of AD, and Q 
that of DC and the following forces act on the square: 20 from A to 
B, 20 from C to D, 40 from A to Q and 30 from P to B. Show that 
the resultant is a force of 50 and that the length of the perpendi- 
cular from 4 on its line of action is about 27a. 


11. ABCD isa rectangle in which BC—n AB. Prove that the system of 
forces P, nP, P, nP acting along 4B, CB, CD and AD would 
maintain equilibrium. Find, when BC=3AB, the magnitude and 
position of the resultant of forces 1, 3, 1, 5N acting along the sides 
AB, BC, CD and DA respectively of the rectangle. 


[Ans. 2N parallel to DA cutting BA produced ata distance 34B 
from A.] 


12. Four forces P, P, Q, Q act along the sides AB, BC, CD, DA of a 
rhombus ABCD. Find the sum of their moments about the centre 
O of the rhombus. Prove that their resultant is at a distance 


i BD. es from O. Discuss the case when P—Q. 


[Ans. When P=Q, they are equivalent to a couple.] 

13. O is any point inside a triangle ABC. «, B, Y are the perpendiculars 

from O on the sides. If the forces acting along the sides BC, CA and 
AB in the same sense be equal to E es 


aR BUY respectively, show 

that the equation of the line of action of the resultant force is 
sinB  sinC l cosC, cos B 

zr peli ergata: LUN 

with reference to O as the origin, a line through O parallel to BC as 

the-x-axis and a line through O perpendicular to BC as the y-axis. 


14. Prove that a force acting in the plane of the triangle ABC can be 
replaced uniquely by three forces acting along the sides of the 
triangle. 


15, Show that a system of coplanar forces can be reduced to 
(i) two forces acting through two given points 
(ii) two forces, one of which acts through a given point, and the 
other along a given straight line. 


16. If six forces of magnitudes 1, 2, 3. 4, 5, and 6N act along the sides 
of a regular hexagon, taken in order, show that the single equivalent 
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20. 


21. 


22. The 


force is of magnitude 6N and that it acts along a line parallel to the 
force 5N at a distance from the centre of the hexagon 3} times the 


distance of the side from the centre. 
[Patna 1957] 


. The sum of the moments of a system of coplanar forces about 


each of three non-collinear points in the plane of the forces is a non- 

zero constant. Prove that the system is equivalent to a couple. 
Hence show that three forces represented in magnitude, direction 

and position by the three sides of a triangle, taken in order, are 


equivalent to a couple. 
[C.U. 1937]. 


. The algebraic sum of the moments of a system of coplanar forces, 


not in equilibrium, is zero about each of two points 4 and B. Show 
that the algebraic sum of the resolved parts of the system of forces 
in the direction perpendicular to AB is zero. 


. The algebraic sum of the moments of a system of coplanar forces 


about the points whose co-ordinaies are (1, 0) (0, 2) and (2, 3) referred 
to rectangular axes are Gy, C; and Gs respectively. Find the tangent 
of the angle which the direction of the resultant force makes with 


the axis of x. 
[Lucknow, 1939; C.H. 1956] 


[ Ans, G22 3Ga+2Gs ] 


726;—6,—6;. 


The moments of a system of coplanar forces, not in equilibrium, 
about three collinear points A, B and C in their plane are G;, Ga, G; 
respectively. Prove that (with due regard to the sign) 

G,.BC-4-Gs. CA--G,. AB—O. [P.U. 1939; Punjab 1939; Delhi 1962] 


The moments of a force acting in the plane ofthe rectangular 
axes Ox and Oy about the points (0, 0), (10, 0) and (0, 5) are 
368,—92 and 438 units respectively. Determine the components of 
the force parallel to Ox and Oy and also the equation of its line of 
RM [C. U. 1962]. 
[Ans. 14 and 46; 23x--7y—184]. 


moments of a force lying in the plane of the triangle 4BC 


about A, B and C are L, M and N respectively. If the force is the 
resultant of three forces P, Q and R acting in the same sense along 


BC, CA and AB respectively, then prove that 
P:Q: R=aL: bM: cN. 
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24. 


25; 


[27 


26. 


2 


2 


oo 


29) 


= 


- Six coplanar forces 
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[Ans. Parallel to CB divi 
ABCD is a quadrilateral in whic 
If the forces P.AB, q.BC, r. 


ding DA in the ratio 1:5] 


g AB, BC, 
; Show that 

p—r and (p—s) AD=(r—q) BC. 

A system of forces acts on an equilateral tri 

side 2a. The forces 


act in the plane of the pl 
about 4, B and C are G,, G, and G. 


magnitude of the resultant is 

[ S EORIGS-GG; G6 Gc i 
E d os 

A system of 

of moment G 


angular plate ABC of 
ate and their moments 
3 Tespectively. Show that the 


a couple 


S (x,, y) 
2 Tespectively. 
action of the resultant is 


xy 0 
Xı Yı Gy 
Xo Yo Ga 


where a, b, c are the sides of the triangle and A, its area. 


act on a body along the sides AB, BC, CD, DE, 
EF and FA of a regular hexagon ABCDEF, in w 


hich 4B is im long. 
Their magnitudes are 10, 20, 30, 40, PandQ N Tespectively, Find P 
and Q so that the System reduces to a couple, 


[P.U. 1930] 
N, O=60 N] 
nits about the 
he magnitude 


[Ans, P=— 19 
—26 units and 36u 
Tespectively, Find t 


A force has moments 6 units, 
origin, the points (8,0) and (0, 10) 
and the line of action of the force. 
[Ans. 5 units of force ina directio 


x n joining the Points (0,—2) and 
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30. The moments of a system of forces acting in the x, y plane about 


3 


32; 


33. 


(0,0), (a, 0) and (0, a) are aw, 2aw and 3aw respectively. Find the 

components parallel to the co-ordinate axes and the line of action of 
the single force to which the system is equivalent. 

[C.U. 1965; C.U. 1960] 

[Ans. 2W,—W, x+2y+a=0] 


. The straight line 4x4-3y— 5 meets the” rectangular axes Ox and Oy 


at the points A and B respectively. If the forces P, Q and R act 
along the lines OB, OA and AB respectively, find the magnitude of 
the resultant and the equation of its line of action. [C.H. 1958] 


2.1 PN 24. 9 wo ; 
[Ans A/ Por $ PR S OR i 


x (5P--AR) —y (509 —3R) —5R —0] 

Forces P, Q and R acting along the altitudes from 4, B and C of 
the triangle ABC are equivalent to forces X, Y and Z acting along 
BC, CA and AB respectively. 

Prove that 


Xin OP eis 
cos A sinB sin C 


and two similar equations. 
[Allahabad 1923] 


ABCD is a square whose side is 2 units in length. Forces a, b, c, d 


- act along the sides AB, BC, CD and DA, taken in order, and forces 


34. 


95. 


36. 


pV2,qv2 act along AC and BD respectively. Show that if 
p+q=c—a, and p—q= d—b, the forces are equivalent to a couple 
of moment a+b+c-+d. ; [Madras 1940] 


If a system of forces in one plane reduces to a couple of moment G 
and when each force is turned round its point of application through 
a right angle, it reduces to a couple H. Prove that when each force 
is turned through an angle 0. the system is equivalent to a couple 
whose moment is G cos 0-- H sin 0. 

Forces 1. BC, m. CA and n. AB, where l, m, n are positive, act 
along the sides BC, CA and. AB respectively of a triangle ABC, in 
the directions indicated by the order of the letters. Show that the 
line of action of their resultant divides BC, CA and AB externally 
in the ratio m: n, n:l and l:m respectively. 

What happens if 1-m-n? 


Find the intercepts made on the rectangular axes OX and OY by 
the line of action of the resultant of a force of 7 units alongOP, 
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where the co-ordinates of P are (3, 4), and a counter-clockwise 


couple of moment 21 units. 
[ Ans. a, =] 


37. Three forces, each equal to P, act along the sides of a triangle ABC, 
taken in order. Prove that the resultant R is given by 


R=P(1—8 sin} A sin} B sin 108 and find the distance of its line of 
action from 4. Examine the case when the triangle is equilateral. 


[ Ans. Z 4, Where A is the area of A ABC ] 
B. Three forces in equilibrium 


38. A uniform rod can turn freely about a hinge at one of its ends, 


and is pulled aside from the vertical by a horizonal force acting at 
the other end of the rod and equalto three quarters the weight of 
the rod. Find the inclination of 


the rod to the vertical and also the 
reaction at the hinge. 


Ans. tan-i e J 1L times the weight of the rod at tan- iS) 


to 
the horizontal ] 


39. A heavy uniform rod is Suspended from a point O b 
OA and OB. Show that the pl 


ane OAB is vertical. 
40. A smooth sphere rests a 


gainst a smooth vertical 
Supported by a string attached to i 


the point of contact. 
radius of the sphere, 
on the wall. 

[^os Tension— 2M 


Sm and pressure— T= where 


y two strings 
[C. U. 1925]. 


wall being 
t and to a point vertically above 
If the length of the string is equal to the 


find the tension of the String and the pressure 


W is the weight of the Sphere i. 


vertical wall, the oth 
string of length l. Prove y remain in equilibrium at 
an angle 0 to the wall, given by 

P—gq 


€os* 0 = [C.U. 1941] 
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42 


43. 


44. 


46. 


4T. 


48. 


49. 


. A uniform beam, AB, 6m long, weighs 40N. The end 4, about 
which the beam can turn freely, is attached to a vertical wall, and 
the beam is kept in a horizontal position by a rope attached to a 
point of the beam 1} m from A and to a point of the wall vertically 
above A. If the tension of the rope is not to exceed 120 N, show 
that the height above A ofthe point of attachment of the string to 
the wall must not be less than 1$ m. 


AB is a uniform bar of weight W, movable about a smooth horizon- 
tal axis fixed at A; to B is attached a light cord which passes over a 
pulley C fixed vertically over A, and supports a weight Pat its free 


rs P 
end. Show that, in the position of equilibrium, CB= x . AC. 


Show that it is impossible for a heavy rod to rest in equilibrium 
with its ends on two smooth planes, one of which is horizontal and 
the other inclined to the horizontal at any angle. 


5. A uniform rod has its lower end fixed to a hinge, and its other end 


attached to a string which is tied to a point vertically above the 
hinge. Show that the direction of the action at the hinge bisects the 
string. 
A rod, AB, hinged at A, is supported in a horizontal position by a 
string BC, attached at the end B, so that C is a fixed point in the 
vertical through A. If AC=AB and the weight of the rod is 2U N, 
find the reaction of the hinge. 

[Ans. 10\/2 N above AB making an angle of 45° with it.] 


Prove that a uniform rod cannot rest entirely within a smooth 
spherical bowl, except in a horizontal position. 


A uniform heavy rod, AB, freely hinged to a fixed point A in a 
smooth wall is kept in a horizontal position parallel to the wall by a 
light cord, attached to its free end B and fastened to a point P in 
the line LM in which the wall meets the ceiling. Prove that for 
various positions of P on LM (the length of the cord being adjusted 
so that the rod is always horizontal), the tension in the cord is 
proportional to its length BP. 


A uniform rod, AB, is suspended with its end in contact with a 


smooth vertical wall AC by a string CE. If AE= 4B, show that CB 


will behorizontal. 
[P.U. 1928]. 
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50. A rod, AB, hinged at an extremity A, is acted upon by a horizontal 


force which is P: times the weight of the rod, acting at a point C 


of the rod such that in the position of equilibrium its inclination to 
the vertical is 60°. Find the position of C. 

[Ans. BC=} AB]. 
is suspended by a light string of length 
Peg and rests horizontally, the string 
s of the rod. If the rod weighs 7N, find 


51. A uniform rod, 3 m long, 
5 m passing over a smooth 
being attached to the end 
the tension of the string. 


[ Ans, 42N ; 
8 

52. A uniform rod, CD, movable about a smooth hinge C, presses against 

lination « to the horizontal. Find the 

he horizon in order that the pressure 

y.be equal to half its own weight. 


[Ans. 4 «]. 


d against a 
5? with the 


[C.U. 1914]. 


[Ans. 1! \/2; W (of the wall) and W/2 (of the rail)] 


54. A uniform rectangular 
a weight of W’ be susp 
the diagonal AC to t 


tan 0— 2a 

W(a?--b:) 42W ELIT 
where AB=a and AD —b. 
[The weight of a rectan 


i gular plane acts through the Point of 
intersection of its two diagonals), 


plane ABCD of weight W hangs 
ended from B, show that the inclinati 
he vertical is given by 
b W’ 


: 2W 
[ Ans. Tension ia » Where W is the Weight of the rod. 
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56. 


Si: 


58. 


59; 


60. 


61. 


The ring is at a height of 6 m from A and the inclination of the 


string with the downward vertical is 30° | 


A heavy uniform rod, 15 m long, is suspended from a fixed point 
by strings fastened to its ends, their lengths being 9m and 12m. 
If 0 be the angle at which the rod is inclined to the vertical, show 
that 25 sin 0—24. 

[Punjab 1933]. 


A heavy uniform rod of length 2a rests in equilibrium, having one 
end against a smooth vertical wall. and being placed upon a peg at 
a distance b from the wall. Show that the inclination. of the rod to 
the horizon is 


"- 2 M s 


A uniform rod, AB, of weight W can turn freely about a hinge at A 
and to the end B is attached a string which passes over a small 
smooth pulley at C, vertically above A, and carries a weight w 
hanging freely. Prove that in the position of equilibrium, 

BC: AC—2w:w. 

A uniform beam of weight W can move freely in a vertical plane 
about a hinge at one end A. To the other end B, a string is fastened 
which passes aver a small fixed smooth pulley vertically above 4, 
and supports a weight w at the other end. Prove that the beam can 
rest inclined to the horizontal at an angle whose sine is 


1 4 w? a 
E Ie 2 


where a is the length of the beam and / is the height of the pulley 
above A. 


[Lucknow 1931]. 


A piece of wire of weight 4 units is bent to form the sides 4C, CB 
of an equilateral triangle. If a weight of 1 unit is attached to B 
and the wire is suspended from A, show that, in the position of 
equilibrium, BC is horizontal. 


Two strings have each one of their ends fixed to a peg, and the 
others to the ends of a uniform rod. When the rod is hanging in 
equilibrium, show that the teusion ofthe strings are proportional 


to their lengths. 
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62. 


63. 


64. 


65. 


66. 


67. 
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A straight rod, AB, whose 


centre of gravity (i.e. the point in the 
rod, through which the wei 


ght of the rod passes) is 7 cm from A 
and 5 cm from B is suspended from a fixed point C by means of 
two strings AC and BC, of lengths 13 cm and 7 cm respectively. 
Show that the angle that the rod makes with the vertical in the 


position of equilibrium is 60° and find the tensions of the strings in 
terms of W, the weight of the rod. 


[ Ans 65W, 49 W i 
' 96 96 

A heavy uniform beam is hung from a fixed point by two strings 

attached to its ends. If the lengths of the strings and the beam be as 

2: 5: 6, find the ratio between the tensions of the strings and the 

weight of the beam. 


sini ( Pub: ) 
Doe uau 
IV ete 
Find also the tensions of the string. 
[ Wa W b ] 
Ans: — — d CE RLL a 
V 2(at--b5)— 7 V 2e Ep — 1 


Equal weights, P and P, are attached to two strings ACP and BCP 
Passing over a smooth peg C. 


AB is a heavy beam, of weight W, 
Whose centre of gravity (i.e. the point in the beam, through which 
the weight of the beam acts) is at 


distances of a from A and b from 
B. Show that AB is inclined to the horizon at an angle 


Si) esto fet M 
tan [ alb tan (sin oP J] 


A uniform bar, AB, of weight 2W and length 
à smooth hinge at its upper end A, 
to the end B 


l, is free to turn about 
and a horizontal for, 


A uniform tod, AB, can turn free] 
A, which is fixed, and the rod 


y in a vertical plane about the end 
vertical by means Of a string att 


is held at an inclination 0 to the 
ached to B, Find the direction of 
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68. 


69. 


the string so that the tension in it may be as small as possible, 
and determine the reaction of the hinge in this case. 


: Wom pele AS ius 
[Ans. Perpendicular to AB; -z V 4—3sin * 0 , where W is the 


weight of the rod. 


A uniform rod, AB, is in equilibrium at an angle « with the horizon- 
tal with its upper end A resting against a smooth peg and its lower 
end B attached to a light cord which is fastened to a point C on the 
same level as A. Prove that the angle 9 at which the cord is inclined 
to the horizontal is given by the equation tan B=2 tan «--cot « 
and that AC= EIS 7 

[Delhi 1940] 
A uniform rod whose weight is W is supported by two fine strings, 
one attached to each end, which after passing over small fixed 
smooth pulleys, carry weights W, and W, respectively at the other 
ends. Show that the rod is inclined to the horizon at an angle 


sini ( us. Baie ial ) 
WA/20W4--Wz)—W* 


70. A uniform rod of weight W rests with its ends in contact with two 


TL. 


smooth planes inclined at angles « and f respectively to the horizon 
and intersecting in a horizontal line. If 0 be the inclination of the 
rod tothe vertical, show that 2 cot 0—cot 8—cot «. Also find 
the reactions at the ends of the rod. 

[P.U. 1933] 


[ AT Ww sin 8 W sin « 
sin (x+) ' sin («+6) 

A uniform bar of length a rests suspended by two strings of lengths 
land I’ fastened to the ends of the bar and to two fixed points in 
the same horizontal line at a distance b apart. If the directions 
of the strings produced meet at right angles, and if 7, and 7, be 
the tensions of the strings, prove that 

T, alb, 

T,  al'+bl 


72. A uniform rod, 10 m long and weighing 40 N, is placed on two 


smooth planes inclined at 30? and 60? to the horizontal. Find the 
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pressures on each plane and the inclination of the rod to the 
horizontal when in equilibrium. ; 


[Ans. 20 4/3 “N on 30° plane and 20 N on 60 


plane. Inclination of 
the rod is 30° to the horizontal.] 


73. A uniform rod, AB, of weight W is h 


other end Bis attached a string which passes over a small pulley at 
C and carries a weight W’ hanging freely. If AC be horizontal and 
AC=AB, show that, when 4CAB=60°, equilibrium will be 
maintained if 6W’=4/3 W, Find also the reaction at the hinge. 


x NE E 
[ Ans. A/ Livin a direction making an angle sin-!V a 


upward drawn vertical. ] 


inged at the end A, and to the 


with the 


74. A picture of we 
5 units to two 
3 units of length 


ight 5 units is hung from a nail by a cord of length 
rings attached with the picture, the two rings being 
apart. Find the tension in the cord. 


| Ans. 23 units ] 


à rests in equilibrium under gravity in a 
of its sides in contact with smooth pegs in 
t a distance c apart, Show that the angle 


orizontal in a non-symme- 
trical position of equilibrium is given by c (sin 0--cos 0)—a, 


a side of the Square. 


75. A uniform Square lamin 


Ed or 4 sin-! ae 
4 2 SIN aa a 
77. A uniform triangular lam 


| ina ABC has a right angle at C and rests 
m a vertical plane With its si i 
D and E, in the Same horizontal plane, the v 
Prove that the inclination 0 


of AC to th i is fiy 
AC cos 0 — BC sin 0—3 DEG * horizontal is giv 


en b 
Os 2 0, y 


[Agra 1946, 1951] 
78. A heavy equilatera] triangle, hun : 
A > & upon a smooth 
the ends of whichh are attached to two of its an Peg by a string, 


gular points, rests 
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79; 


80. 


81. 


82. 


83. 


84. 


85. 


with one of its sides vertical. Show that the length of the string is 
twice the altitude of the triangle. ` 
A uniform circular plate of weight W, wliose centre is C and plane 
vertical, is freely movable in its own plane about a horizontal axis 
fixed at a point A of the circumference. The line AC is to be kept at 
a given inclination « to the vertical by causing the plate to rest 
against a fixed smooth peg at a point B on the circumference. Find 
the position of B such that the pressure on the peg is least, and find 
this least pressure. 

[Ans. ZACB=90° and B is below C. Least pressure— W sin «] 
A uniform square lamina of side 2a rests in a vertical plane on 
two smooth pegs ina horizontal line. Show that if the sum of the 


distances of the pegs from the lowest corner is equal to a, there is 


equilibrium. 
A uniform rectangular board rests vertically in equilibrium with its 
sides a and b on two smooth pegs in the same horizontal line at a 
distance c apart. Prove that the side of length a makes with the 
n angle 0 given by 2c cos 2 O0—b cos 0—a sin 0. 

[Agra 1956; Baroda 1954]. 


ABCD is a uniform lamina in the shape of a rhombus with side of 
length a and the angle 4—2«. P and Q are two smooth pegs, PO 
being of length 1 and horizontal Find the angle that 4C makes 
with the vertical if the lamina can rest with points on the sides 
AB, AD in contact with the pegs, and with AC, not vertical. Show 
that such a position of equili- brium occurs only if a cos? « sin 
a<I< a cos'z. [Gorakhpur 1962] 


A rod of length / rests wholly inside a fixed smooth hemispherical 
bowl of radius a placed with its axis vertical. The centre of gravity 
of the rod divides its length in the ratio m:n. Show that the inclina- 
tion of the rod to the horizon 1s 


vertical a 


si xil (n—m)! jJ 

iv 2v m+n)? a?—mn/? 

Show that the greatest inclination to the horizon at which a uniform 
rod can rest partly within and partly without a fixed smooth 
hemispherical bowl placed wit 


A uniform rod rests on a fixed smooth sphere with its lower end 
pressing against a smooth vertical wall which touches the sphere. If 


h its rim horizontal, is si ( v3 ) 
3 


240 


9 be the angle 


equilibrium, prove that a—27 sin 
length of the rod and a, the radius o 


86. A smooth ‘hemis 
With its rim in co. 
rod is placed wit 
with the wall. I 
rod rests, prove t 


h one end inside the bowl, and the 
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at which the rod makes with the vertical, when in 
(56) cos? (26), where / is the 
f the sphere. 

[Lucknow 1956]. 
pherical bowl of radius I is placi 


ed on the ground 
ntact with a smooth vertical wall. 


A heavy uniform 
other in contact 


f 0 be the inclination to the horizon at which the 


hat the length of the rod is 


1 
Q1Lf———l y 
o ( AI an ) 


partly inside it Tests a 
of the bowl, Show th 


equations 


lsin (+8)=r sin «= 


where œ is the 


horizon and 26 
the rod within th 


a part of it proj 


by any radius tothe ri 


with the same ax 


in the position of equilibrium, 


4a sin B sec 4 (« 


89. A heavy unifor 


Smooth sphere of 
against a smooth 


Sphere from the 


wall, prove that / sin? 


Tod of length 27 and of weig 
at the position of equilibrium is given by the 
—2 r cos (2-28), 


inclination of the base of the hemisphere to the 
is the angle subtended at the centre by the part of 
e bowl. 


» and a rod rests with 
ecting out over the rim. If « 


is by the radius to the lower 
mab): 


[Punjab 1932]. 
m rod of length 27 


Tadius r, and the 
vertical wall, If the 
wall is c and ther 
*-kr cos a=Cc, 


is resting in 

lower end of t 
distance of t 
Od makes an 


contact with a 
he rod presses 
he centre of the 
angle « with the 
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91. 


93. 


94. 


95. 


96. 


A solid cube, with edges of length lhas a string attached to the 
middle of one edge, the other end of the string, which has also a 
length /, being fastened to a point in a smooth vertical wall. Find 
the inclination of the string to the wall when the cube hangs freely. 


[ Ans. tan“! 5d 


. A cylinder of radius r whose axis is fixed horizontally touches a 


vertical wall along a generating line. A flat beam of uniform 

material of length 2/ and weight W, rests with its extremities in 

contact with the wall and the cylinder, making an angle of 45? with 
: - cus eli, MSi 

the vertical. Show that in bi of friction, E Vio” 

that the pressure on the wall is à W and that the reaction of the 

cylinder is 4 M5 W. 

A smooth hemispherical bowl of diameter a is placed so that its 

edge touches a smooth vertical wall. A heavy uniform rod in 

equilibrium is inclined at an angle of 60° to the horizon with one end 

resting on the inner surface of the bowl and the other end. resting 

: ; a 
against the wall. Show that the length of the rod must be 4+ Vis 


In a smooth hemispherical cup is placed a heavy rod, equal in length 
to the radius of the cup, the centre of gravity of the rod being one- 
third of its length from one end. Show that the angle made by the 


rod with the horizontal is cot! GV. 3) 


A right circular cone of height h and vertical angle 2% is placed 
with its vertex in contact with a smooth vertical wall, and its slant 
side resting against a smooth horizontal rail fixed parallel to the 
wall and at a distance c from it. Show that if, in the position of 
equilibrium, the axis makes an angle 0 with the horizon, then 
3h—4c sec? (0— 2) sec 0 . 

[Madras 1935] 
The altitude of a cone is h and the radius of its base is r. A string 
is fastened to the vertex and to a point on the circumference of the 
circular base, and is then put over a smooth peg; if the cone rests 
in equilibrium with its axis horizontal, ‘show that the length of the 
string must be 4/h?+-4r* . [Lucknow 1954]. 
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c. Equilibrium of any Number of Forces 


97. A ladder of weight 24N rests on a smooth horizontal ground leaning 
against a smooth vertical wall at an inclination of tan-! 2 with the 
horizon and is prevented from slipping by a string attached at its 
lower end and to the junction of the wall and the floor. A child of 
weight 72N begins to ascend the ladder. 
tension of 30N, how far along the ladder 
safety ? 


If the string can bear a 
can the child rise with 


[ Ans. 2 of the length of the ladder. 
98. A heavy uniform rod of wi 
equal strings, one at 
hung half-way betwee 


that the ratio of the tensions in the strings is 
2W+3w 


2W+w 


99. A uniform beam rests With its ends on two s 
which make angles of 30° and 60° 
A weight equal to twice that of the 
Find the position of the sliding 
horizontal position. 

Ans. i of the length of the beam from the end on 30? 

100. A uniform beam wh 
hinged to a vertical w. 


eight W is hung from a point by two 


mooth inclined planes 
with the horizontal respectively. 
beam can slide along its length. 
weight when the beam rests in a 


plane. 
ose weight is 200 N and which is 4 
all. A string attached to the other e 


of 300N is hung from 
the thrust on the beam. 


m long is 
nd keeps 
it. A weight 


[ Ans. 666 z 


mooth floor and agai 
pping bya Tope tied 
t the junction of the 


Nand O see 
101. A ladder Testing ona s 
is prevented from sli 
other extremity fixed a 


nst à smooth vertical wall 
to a point on it with its 
floor and the wall. If 


| nd ¢ Tespectively to the 
€nsion of the Tope is 
Wm cos 0 


(m+n) sim (—4) > Where W is the Weight of the ladder, 
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102. 


104. 


105. 


106. 


A smooth uniform ladder rests with its extremities against a vertical 
wall and a horizontal plane and is held by a rope, one end of which 
is attached to a rung of the ladder, one quarter of the way up, the 
other end being fixed to a point of the base of the wall, vertically 
below the top of the ladder. Show that if the base and the top of 
the ladder be distant a and b respectively from the base of the wall, 
the ratio of the reactions P and Q between the ladder and the 
ground, and between the ladder and the wall respectively is given by 
P 5b 

Q' 5a 


. A square lamina ABCD of weight W is hinged to a vertical wall at 


A with its plane vertical. A weight W is suspended from its 
corner C and is supported with AC horizontal by means of a 
horizontal string joining B to the wall. Find the tension of the 
string and the reaction at the hinge. 


„x D 
[ Ans. 3W; W\/13 making an angle tan^? > with the horizon. | 


A gate weighing W is hung on two hinges a metre apart in a vertical 
line which is b metre fromthe centre of gravity of the gate. Find 
the magnitude of the reaction at each hinge on the assumption that 
the whole weight of the gate is borne by the lower hinge. 


[Ans. Reaction at the lower hinge LT A/a?.-b: making an 
angle of tan with the vertical. Reaction at the upper hinge— 
2w which is horizontal. } j 

A gate 2m high and i m wide weighs 560 N and is supported 


by two hinges i m from the bottom and top respectively. The 


lower hinge can only exert a horizontal reaction. Find the magni- 
tudes of the reactions at both the hinges, if a boy of weight 210 N 
is sitting on the end of the gate. 

[Ans. The reaction at the upper hinge—1356N nearly and the 
reaction at the lower hinge=1080N.] 


Forces P, OQ, R and S acting along AB, BC, CD and DA of a 
quadrilateral ABCD are in equilibrium. Show that 


PxR | | QxS 
ABxCD | BCxDA 


TICS 
244 ELEMENTARY STA 


107. A rod is movable in a vertical plane about a hinge at one end and 
at the other end is fastened a weight equal to half the weight of 
the rod. This end is fastened by a string of length / to a point at a 
height c vertically over the hinge. Show that the tension of the 


string is gu Where w is the weight of the rod. 
c 


108. A uniform rod ACB of length 2a and weight W rests 
smooth horizontal plane at 4 and ag 
It is prevented from slipping by mea 
ing A with the point D Situated ir 


below C. If AC be of length c and if the rod rests inclined at an 
angle « to the h'rizontal, determine the tension of the string and the 
reaction of the ground and show that A will not remain in contact 
with the horizontal plane unless e>acos? g. 


against a 
ainst a smooth fixed wall at C. 
ns of a fine light string connect- 
1 the horizontal plane vertically 


Wa sin 2« r 


[Ans. Tension— 2c 


Reaction at A=W (1— 5 cos? a). 


109. Forces P, Q, R act along the sides BC, CA, AB respectively of 
A ABC and forces P'.Q'.R' act along O4,0B,0C Iespectively, where 


O is the circum-centre, in the directions indicated by the order of 


the letters. If the six forces are in equilibrium, Show that 
P cos A--Q cos B--R cos C—0 


PP’ | QO’ RR 
and = + 20' DU [ Rajasthan 1951 
110. A triangle formed by three rods is fixed in a horizontal 


Position and 
a homogeneous smooth Sphere rests on it. Show that the reaction of 
each rod is proportional to its length. 


111. A sphere of weight W and radius r i 
and a uniform rod i 
to the same point and 
touching the Sphere, show t 
the vertical is given by 


Wa cos? « 
tan 0—— AUR aa 
Wr--wa cos « sing ^ 


112. Three uniform rods, AB, 
tional to their lengths a, b 
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TIS: 


114. 


115. 


116. 


117. 


in a horizontal position on two smooth pegs, the distance between 
which is x. Show that 
Cray, O E 

Seth opo 55 

Weights W, w and W are attached to points B, C and D 
respectively of a light string AE, where B, C, D divide the string into 
4equal lengths. If the string hangs in the form of 4 consecutive sides 
of a regular octagon, with the ends 4 and E, attached to points on 


the same level, show that W=(\/2 1) w. [Annamalai 1936] 


A weight, W, is attached to an endless string of length / which hangs 
over two smooth pegs distant c apart in a horizontal line. Prove 
that the pressure on each peg is 


Il—c 
p a/ 2(I--2c) 


AB is a straight rod of length 2a and weight \ W with the lower end 
A on the ground at the foot of a vertical wall 4C, B and C being at 
the same vertical height 2b above A. A heavy ring of weight W is 
free to move along a string of length 2/, which joins B and C. If the 
system is in equilibrium with the ring at the middle point of the 
string, show that 
Se qa AF2) 

[Lucknow 1955; Allahabad 1927] 


A beam of weight W is divided by its centre of gravity G into two 
portions, AG and GB, whose lengths are a and b respectively. The 
beam rests in a vertical plane on a smooth floor AC against a smooth 
wall CB. A string is attached to a hook at C and to the beam at a 
point D. If T be the tension of the string and « and Q8 be the 
inclinations of the beam and the string respectively to the horizon, 
show that 


a cos « [ 
LES (a--b)sin(«—8) ^ [Punjab 1941] 
A circular disc, BCD, of radius a and weight w is supported by a 
band of inappreciable weight and thickness which surrounds the 
disc along the arc BCD and is fastened at its extremities to the point 
A in a vertical wall. The portion AD touches the wall, the plane 
of the disc being at right angles to the wall. If the length of the 
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118. 


119. 


120. 


122. 


123. 


. Two uniform rods, 
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band, not in contact with the disc, be 2/, show that the tension of 
the band is 

Wo al [Pemi 1940 | 
PAT E 


A uniform rod of weight W is supported in equilibrium by a string 
of length /, attached to its ends and passing over a smooth peg. If 
now a weight W’ be suspended from one end of the rod, prove that 


the system may be placed in equilibrium by sliding a length 
IW 


7, Of the string over the eg. 
IWW) $ y 


Two uniform beams, AC and BC, of equal lengths, hang in a vertical 
plane and are inclined to the horizontal at an angle «. Unequal 


weights, W, W'. are pin-jointed at C, and the ends 4 and Bare higed 
to two fixed points at the same level. Find the reaction at C and 
prove that its line of action is inclined to the vertical at an angle 


tan“ ( riw ) COS c, : [ London 1931 ] 


[ Ans + V WEWE eot at P Wy ] 


2a, are freely 
fixed smooth 


[Allahabad 1955; C.U, 1964]. 
AB and AC, each of length 2a are s 


est symmetrically in a vertical plan 
smooth pegs in the same horizontal level 


Show. that they are in equilibrium if 


vertical an angle sin-! (s 
a 


moothly 
€ on two 
at a distance 2c apart. 
each rod makes with the 


A heavy triangular lam 


ina is Suspended w 
from a fixed point b 


ith its plane horizontal 
Y Strings attached toits 


corners. Show that the 
length. Prove also that 


of the triangle is not 
horizontal. 


Two equal uniform rods, AB and AC, each of wei 
jointed at 4 and rest with the extremities, B and C, 


ght W are freely 
a smooth circular hoop whose radius is greater th 


on the inside of 
an the length of 
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124, 


125. 


either rod, the whole being in a vertical plane and the middle points 
of the rods being joined by a light string. Show that if the string is 
stretched, its tension is W (tan x—tan $), 


where 2x is the angle between the rods, and £, the angle either rod 
subtends at the centre. 


A circular lamina is hung up from three points A, B and C on its 
rim by equal strings attached toa fixed point. If 7,, T, and T3 be 
the tensions in the strings, prove that 

T; fie e Ts 


sin 24 sin 28 sin 2C © 


Two uniform rods, AB and BC, rigidly joined at B so that ABC is a 
right angle, hang freely in equilibrium from a fixed point 4. The 
lengths of the rods are a and b, and their weights are aw and bw. 
Prove that if AB makes an angle 0 with the vertical, then 


[ Lucknow 1952] 


2 


b 
tan Weg raa rd : 


126. Two equal beams, AB and AC, each of weight W, connected by a 


hinge at A are placed ina vertical plane with their extremities B 
and C resting on a horizontal plane. They are kept from falling by 
strings connecting B and C with the middle points of the opposite 


: š AN LA es 
sides. Show that the tension of either string is gy cot 20, 


where 0 is the inclination of either beam to the horizon. 
[Rajasthan 1948] 


Show also that the action of the hinge on either rod is iw cot 0. 


127. A sphere rests on three smooth pegs which lie in a horizontal plane 


and are at distances a, b and c from one another. Prove that the 
pressures on the pegs are in the ratios 
a?(b?-I-c*— a?): b*(c*-4-a*— b?): c*(a?--b? —c?). 


128. Two light rods, AB and AC, each of length 4m are hinged at A and 


are placed in a vertical plane with the ends B and C resting on a 
smooth horizontal plane. B and C are joined by a string 4m long 
and a weight W is fastened to the rod AC at a point D, h metre 
above the horizontal plane. Prove that the tension of the string is 


War 
Vets B 
TE [ anaras 1953 |. 
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129. 


130. 


131. 


132. 


133. 


134. 
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A uniform rod of length 2a and weight W is suspended freely from 
the end A and a couple of moment G(<aW) in a vertical plane is 
applied to the rod. Find the angle the rod makes with the vertical 
and the reaction it exerts on the hinge. [Banaras 1940; Agra 1949] 


[ Ans. sin! ( Ir ip Ww ] 
each of length 7, freely joined at A, are 
Pe PO and rest on a smooth horizontal 
plane, a man of weight W climbs a distance x up one of the ladders. 
If w be the weight of each ladder, 2b—the length of the rope and 
AP=AQ==a, show that the tension of the rope is 
Wx--wl b 


Two equal uniform ladders, 
connected by a horizontal TO 


2a \/at= os 
Two equal uniform TOds, AB and AC. each of weight W, are 
smoothly hinged at 4 and placed in a vertical plane with the ends 
ooth horizontal plane. Equilibrium is 
hich attaches C to the middle point of AB. 
the string and the reaction of the rods at 4 
are both equal to y WA/ i49 cot? o and that each is inclined at an 
angle tan“! (4 tan a 


) to the horizon, where « is the inclination of 
either rod to the horizon. 


B and C Testiug on a sm 
preserved by a String w 
Show that the tension of 


and is held up by 
there being no frictio: 
placed on one of t 


eu of the height of the ladder, the increase in the tension of the cord 


Id 
Is ~ W tan v, 
n 


Three uniform beams AB, BC an 
lengths 7, 2/ and l respecti 


vely are connect 
B and C and rest on a perfec 
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135. 


136. 


137. 


138. 


139. 


140. 


that the middle point of BC and the extremities, 4 and D, are in 
contact with the sphere. Show that the pressure at the middle point 


of BC is m of the weight of the beam. 

A uniform circular disc of weight nW has a particle of weight W 
attached to a point on its rim. If the disc be suspended from a point 
A on its rim, B is the lowest point. Also if suspended from B, A is 
the lowest point. Show that the angle subtended by AB at the centre 


of the disc is 


2 sin“? fafat )} : 


AB, BC and CD are three equal rods jointed at Band C. The rods 
AB and CD rest on two smooth pegs in the same horizontal line so 
that BC is horizontal. If « be the inclination of AB and f that of 


the reaction at B to the horizon, prove that 3 tan « tan £—1. 


A fine smooth vertical rod is fixed firmly into the top of a fixed 
smooth sphere of radius a. A bar of length 2b has at one end aring 
which slides on the rod and the bar rests on the sphere. Show that, 
in equilibrium, the angle « which the bar makes with the vertical is 


H in? 
given by a cos «=b sin a. 


One end of a uniform rod is movable about a hinge and the other 
is supported by a string attached toit. The string is inclined at the 
same angle 0 to the horizontal as the rod. If W be the weight of 
the rod, show that the reaction at the hinge is 


T /8-Ecosec* [] 


Two uniform rods, each of weight W and length a are freely jointed 
at A, and each passes over a smooth peg at the same level. From A, 
a weight W’ is suspended. Show that in the position of equilibrium, 
the inclination 0 of the rods to the horizon is given by 


cos?0= (nim). , where c is the distance between the pegs. 
2Wa 
AOB is a weightless rod bent to form an angle « at O. Weights P 


and Q are attached at 4 and B, and the whole is suspended from O. 
If OA=a, OB=b, and if 0 be the inclination of OA to the 


ATICS 
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horizontal, prove that 


Pa 
S ta. 

ER Ob sin « cota 

141. A solid hemisphere of weight W an 
curved surface on a smooth hori 
I(l<a) is attached to a point on its ri 
Show that the tension of the stri 


d radius a is placed with its 


ng is 
3 Ww a—l Andhra 1954. 
8 7 Vae Lucknow 1953 
142. A uniform sphere of weight JY and Tadius r rests on a smooth 
inclined plane and is suspended by a string of length 7 attached to 
thesphere, the other end of the string being attached to a point in the 
plane. Show that the String makes an angle sin-1 ( ril ) with the 
ry 
plane. 
143. 


A prism whose Cross-section is 
two edges horizontal on smooth 
the horizon. If 0 be th 


makes with the verticals, 


an equilateral triangle rests with its 
planes inclined at angles « and f to 


e angle that the plane through these edges 
Show that 


du om 24/3. sin « sin 8-L-sin («.--8) 
V3 sin (x—8) 
[Delhi 1964; Gorakhpur 1964] 
144. Forces act along the four side 
to a, b, c and d times the len 
is equilibrium, ac— 


which the diag 
intersection. 


[Lucknow 1934] 
145. Two uniform spheres of e 


qual weight but unequal radii, a and b, are 
f length 7 attached to a Point on each 
tact, the String hanging over a Smooth peg, 
ons of the String make €qual angles 


. b i 
Sin"! ( =e with the Vertical, 


Show that the two porti 


146. A heavy uniform bar of length 2a and weight w is movable in a 
vertical plane round a Smooth hinge fixed at one extremity, A 
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147. 


148. 


149. 


150. 


151. 


152. 


heavy smooth sphere of weight W and radius r is 

e attached t 
hinge by a cord of length /. The two bodies rest in contact. 1o 2d 
$ be the inclinations of the cord and the bar to the vertical 


t netia 
show that sin (02-4) mum 
and W(I--r) sin 0—wa sin $. 


Two rods, OA and OB, are fixed in a vertical plane with O uppermost, 
each rod making an acute angle « with the vertical. Two aoth 
rings of equal weight w which can slide upon each rod are connec- 
ted by a light inextensible string, upon which slides a third smooth 
ring of weight 2w. Show that in the symmetrical position of 
equilibrium, the ratio of the distance from O of the third ring to 


the distance from O of either of the others is z (sec «cos «). 
'eighing 2N and 10N rest on two smooth planes of 


with the horizontal and press against each 
f their centres is inclined to the hori- 


Two spheres W 
inclinations 45? and 30* 
other. Prove that the line o 
zontal at an angle 


tan? ( na) 3 
3 


Two smooth spheres of radii a and b of equal density are connected 
by a light string of length /, the ends of the string being attached 
to points on the surface of the spheres. The string is slung over a 
smooth fixed peg and the spheres hang freely in contact with one 
another. Show that in the position of equilibrium, the peg divides 
the length of the string in the ratio b*(a--7)—a*: a? (a1) — b. 


form spheres of equal weights but of radii 2m and 
4m are placed in a fixed hemispherical bowl of radius 8m. Show 
that in the position of equilibrium, the inclination 0 to the vertical 
of the line joining the centres of the spheres is given by 11 tan 0—48. 


Two smooth uni 


Two smooth spheres each of radius a and weight W lie in contact 
with a smooth spherical bowl of radius na. Show that the pressure 


between them 1$ ,/p:—2n 
W rests inside a smooth fixed hemispherical 


A particle of weight 
radius is vertical, being supported by a string 


bowl whose middle 


252 


1537 


154. 


155. 


156. 


157. 


158 
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which, after passing over the smooth rim of the bowl, hangs verti- 
cally carrying a weight P. Show that the angle between the two 
portions of the string is given by 

ad PIMVPHESWP ) 
cos am E 


Two smooth balls of the same material, of radii a an 
inside a hemispherical bowl of radius R. Prove that t 
the centres of the balls will be horizontal if 
petb +b?) 

= a—ab+b? oc 


d b, are placed 
he line joining 


A circular disc of radius r and weight w is placed inside a smooth 
sphere of radins R (>r) and at a distance d from the centre of the 
disc is fixed a weight W. Show that in the position of equilibrium, the 


plane of the disc makes with the horizon an angle whose tangent is 
wd 


WEVE ` 


An intextensible string binds tightly together two smo 
cylinders of radii R, r. Show that the r. 
the cylinders and the pressure by w 
4V Rr 

Rr ` 

Inside a fixed vertical rin 
cally two equal small rin 
placed symmetrically on 


! oth weightless 
‘Ae ratio of the pressure between 
hich it is Produced is 


g of radius R, there are placed symmetri- 
gs of radius r and a third equal ring is 
them. Prove that the tings will remain in 
contact provided R—r(1-1-4/27 ) [Agra 1957] 


Two spheres whose radii are a; and a, rest inside a smooth hollow 
vertical cylinder of which the external radius is c and the internal 
radius is b, where b Xara; Prove that, if the Sphere with radius 
a, is the lower, the cylinder will not overturn if its Weight exceeds 
(2-2-2, ) , 


Kc 
where W is the weight of the Upper sphere. 


The weight of a gate is W. I 


, n one side of the gate, 
two circular headed staples at C 
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139: 


160. 


161. 


162. Two equal rods, each of weight w 


Aa wW W: 
upper staple is either v Va +b Or x 


according as CD is slightly smaller or greater than AB, where the 
horizontal length of the gate is 2a and CD=b. | [Lucknow 1951] 


Two uniform rods, 4B and AC, of weights W, and W, and of equal 
length are smoothly hinged at 4, and rest with B and C on a smooth 
horizontal line being kept in equilibrium by an inextensible string 
joining BD. A weight Wis suspended from a pointin ACata 


distance 7 AC from A. Prove that the tension of the string is 
1 i ell A 

al Wit Witz ") tan 3: 
ngth 2a and weight W has a cord of length 2b 


A uniform bar of le 

attached to its ends. The cord passes through a small smooth ring C 
which is fixed against a smooth vertical wall. The bar is placed ina 
vertical plane perpendicular to the wall with the end A vertically 
below C. Prove that, in equilibrium, 4 is ata distance ^/ b?— a? 
below C and that the tension of the string is 

mal pee | . [ Birmingham 1935 ] 
2 y b?—a* 


A picture frame rectangular in sh 


ape rests against a smooth vertical 
wall from two points in which it is suspended by parallel strings 
attached to two points in the upper edge of the back of the frame, 
‘the length of each string being equal to the height of the frame. 
Show that if the centre of gravity of the frame coincides with the 
centre of the figure, the picture will hang against the wall at an 


to the vertical, a being the height and b, 
[Allahabad 1955] 


angle tan^ 


Ba 
the thickness of the picture. 


, are freely jointed and their free ends 
are attached by strings to 2 fixed point. A circular disc of weight W 
and radius r rests in the angle between the rods, and the whole 
1 plane. If 2a be the length of each rod and each 


hangs in a vertica 

string and 20, the angle between the rods, prove that 
` 3w+2W 

r—2asin 0 tan 9. mo 
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163. A pole with one end resting on the ground is kept vertical by two 
Iopes attached to fixed points on the ground at equal distances d 
from the foot of the pole, and in the same plane with it. The ropes 
are fastened to the pole at heights a and band the tensions are 
adjusted so thatthe vertical Teaction on the ground is twice the 


weight of the pole. Prove that the total reaction on the ground 
makes an angle 0 with the vertical, where 


1 1 1 
tan 0 zie 1| rocca) : 
164. A uniform rod of weight W and length 2a is free to turn about one 
end A. It is supported by means of a light string of length 7, one 
end of which is attached to a point vertically above and at a 
distance h from A while the other end is attached to a smooth ring 
of weight w, through which the rod passes. Show that, in the equili- 


brium position, the string is inclined at an angle 0 to the vertical, 
where 


Wal (h cos 0—1) —-w(I?* — 2h! cos Ohi) 3/2, 
165. Three equal uniform rods, each of 


so as to form an equilateral triangle, 
the middle point of one of the ro 


Weight W, are smcothly jointed 
If the system be supported at 
ds, show that the action at the 
lowest angle is iva W and that at 


Wen] 
12 


166. Three equal uniform Teds, each of Weight W, a 
their ends so as to form an equilateral triangle, Fj 
the joints when the triangle is suspended by 
point of one of the sides 


each of others is 


Te freely jointed at 
nd the forces at 
a string from the mid- 


[ Ans. Vis W, Vis Wand 2m 
2V3 2V3 2/3" 
167. A rhombus framework, ABCD, of four uniform smoothly jointed 
rods, each of length a and weight w is hung upat A and inside it 
is placed a smooth uniform circular vertica] disc of radius r and 
weight W, resting symmetrically on t 


he two lower rods, BC and DC; 
If 0 be the inclinmation of the rods to the vertical in the equilibrium 
configuration, prove that 2a (W —-2w) sin? 6— Wr cos 0. 


168. Three smooth pencils of w 


eight W are tied together by 
laid on a smooth table. 


à String and 
The two lower pencils are p 


Tessing each 
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169. 


170. 


171. 


172. 


173. 


other with a force P. Show that the tension of the string is 


pa eas 
E VE [Roorkee 1956] 


Four equal uniform rods are freely jointed to form a rhombus ABCD. 
The rhombus is suspended from the joint, 4, and is maintained in 
the form of a square by means ofa rod of negligible weight, joining 
the middle points of BC and CD. Find the vertical and horizontal 
components of the reactions at the joints B and D. Find also the 
thrust along the line joining the middle points of BC and CD. 

[Ans. The vertical and horizontal components at each of B and D 


are Wand. W respectively and the thrust=4W, where W is the 


weight of each rod.] 


Two equal heavy beams, 4B and AC, each of weight W are smoothly 
jointed at 4, and B is joined by a string to the mid-point of AC. 
The beams rest with B and C on a smooth horizontal plane. If 


USE HW: 
Z BAC=60°, show that the tension in the string is yc 


Six equal weightless rods hinged together at their ends form a 
regular hexagon ABCDEF, The rod AB is held horizontally and a 
weight W is hung from the middle point of DE, the hexagonal shape 
being maintained by a light rod CF. Show that the stress in the rod 


CF is us W. 


Five weightless rods form a regular pentagon ABCDE and the 
framework is stiffened by other weightless rods, BD and CE. The 
system is placed in a vertical plane with CD on a horizontal table 
and a weight W is hung from A. Prove that the thrust in BD or CE 
is W cot E 
A step ladder of weight 2W consists of two equal parts, jointed at 
the top and held together by a rope half-way between the top and 
bottom, so that when the rope istight, the angle between the two 


6 d 
halves of the ladder is 2tan™ 73 - A man of weight 5W mounts 


the ladder and then stops two-thirds of the way up. Neglecting the 


friction between the ladder and the ground, show that the tension 


174. A regular pentagon, 
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in the rope is 2W and the horizontal and vertical components of 
the reaction at the hinge are 21” and Sw respectively. 

ABCDE, formed by five uniform rods, 
Sed to each other at their ends is pl 
CD resting on a horizont: 
form is maintained by mean: 
the rods BC and DE. Prov 


the string is ( cot = +3cot = ) W. 


each of 
aced in a 
al plane and the 
s of a string joining 
e that the tension in 


weight W, freely hin 
vertical plane with 
regular pentagonal 
the middle points of 


Chapter VIII 


Centre of Gravity 


8.1 Centre of Mean position or Centroid 


Let a system of n scalar magnitudes m;, m,...mp be associated 
with a set of n points 4;, 4s,...An respectively. Let the co-ordinates of 
Ay, Ag, Ag... An be (XoY) (SoY) (Xn y») respectively referred to co- 


ordinate axes Ox and Oy. 
oy) 


+ 1 
à Me? 


As (333) 


Fie 121 


258 


We now divide 4,4, at G Go y) such that 


4G, M 
Zen umm 
Similarly, we divide G,A, at G(x, y.) such that 
GG, m 


AG, mj4m; 

We again divide G,As at Gs (x, ys) such that 
GG, _ ma 

AiG, m,4-m,4-mg; 


and so on until we finally arrive at a point Gp_, 
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. (A) 


when the last point 


An has been obtainted. We denote this final point Ga, by G(x,y) which is 
called the centre of mean position or centroid of the points A,, 4;...An for 


the system of n scalar magnitudes my, m,, 


the y-axis, we have 


oy---™Mn. 


Now, to find the co-ordinates of the centre of mean position, we 
have from (A) 


AG; — m 

A hGi+A 2G, m Fm, 
NA 163 Emo 
AA, EZ m +m, 


G,B, _ Mm, 


* AN A,B,G,~ A 44B; | 
Siapa m Fma E 17191 


EM cen 


Ya—yi mim, 


eue mi(yo—yi) _ MrYi-+ my, 
So Umm ^ mom, 
— (m,-+m,) Yi-tmy, 
|m,-m,--ms 
— My + msys4- myy. 
= mtm pm, [from (Dl. 


Similarly, 


m 


Proceeding in this way till we get the point Gy. ,(x 


y= MYi-++Msyo-+ 
m; mj... 
Similarly, considerin 


-ccmnys — Xmy 
+m ^ xm 


z= tM max 


A a TMX  Xmx 


mtm +.. -+mn T =m 


. (1) 


sy), we have 


g the distances of the points A, As... An from 
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Thus the co-ordinates of the centre of mean position are given by 


Xmx Xmy 
zm xm-A* 

Remark: The centre of mean position is a general term which 

includes, as special cases, the centre of a set of parallel forces and the 


centre of mass of a body. 


8.2 Centre of mass (C.M.) 


If we regard the scalar magnitudes mı, m»... mn in article 8.1 as 
masses of a system of particles, then the centre of mean position becomes 
a point called the centre of mass (C.M.) of the system of particles. How- 
ever close the particles may be, the proceess of arriving at G, the centre 
of mass, remains the same. Hence, for a continuous body consisting of 


minute particles of matter, we can always find its centre of mass. We can 


thus define the centre of mass of a.body as follows: 

The centre of mass of a body is the centre of mean position of all 
the points within it for a system of scalar magnitudes which are proportional 
to the masses of the indefinitely small particles placed at these points. 


The centre of mass of a body is unique so long as there is no 


relative change of position of the particles constituting the body. A 


different arrangement of the particles will, however, change the position of 


the centre of mass of a body. 


8.3 Centre of gravity (C.G.) 


We know that each particle of a rigid body is attracted to the 
centre of the earth with a force known as gravity which is proportional to 
the mass of the particle. We call this force as the weight of the particle. 
If a rigid body be small compared to the earth, the lines joining the 
centre of the earth with the different particles of the body will be almost 
Parallel, Hence, the forces acting on different particles of a rigid body 
can be treated as a system of parallel forces. These parallel forces can be 
Combined into a single resultant force which is called the total weight of 
the body. This resultant will pass through a fixed point in the body and 
this fixed point is called the centre of gravity of the body which is the 
same as the centre of the parallel forces. If we turn round the body in 
any way, the forces of attraction on the different particles will still be para- 
llel, but only their directions relative to the body will change. But the 
Centre of parallel forces acting on different particles is independent of 
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the directions of these forces and depends only on the position of the 
particles which are fixed relative to the body. Thus the centre of parallel 
forces formed by the weights of indefinitely large number of indefinitely 
small particles constituting a body and hence the centre of gravity of the 
body remains the same in whatever position the body is placed provided 
that the body is small in comparison with the dimension of the earth. 


Thus the centre of gravity of a rigid body may be defined as follows: 


The centre of gravity of a body (or a system of particles rigidly 
connected to one another) is the point fixed in the body (or with respect to 
the system of particles) through which the resultant weight of the body or 
the system always passes for all positions of the body. 


We observe that the centre of gravity of a very large body whose 
` dimension is not negligible in comparison with the size of the earth (e.g. 
a big mountain) does not necessarily exist. In this case the lines drawn 
from different points of the body to the centre of the earth can not be 
treated as parallel and hence the resultant of all these forces may not 
necessarily pass through the same point in the body for all positions of 
the body. Thus the centre of gravity which is taken as a fixed point in 
the body does not exist. For most of the practical cases, we deal with 
bodies whose dimensions are small in comparison with that of the earth 
and so whenever we talk of a rigid body, we shall assume that its centre 
of gravity exists. 


8.4 Uniqueness of the centre of gravity 


There can not be more than one C.G, of a body. For, if possible 
let a body have two C.G.’s viz. G, and G, Hence, the weight of the body 
passes through both G, and G,, in whatever manner the body may be held. 
We now ae the body such that G,G, is horizontal. The weight which is 
a vertical force can not now pass through both G. 
coincides with G,. i: ku hong (ea Men 


Hence, the body cannot have t o i 
words, the C.G. of a body is a unique point in the body Log s 


8.5 Distinction between the Centre of mass and the centre of gravity 
T h ; 
Bi hA i. a body is due to the action of the force of gravity. 
C TONS 24 un is independent of any attraction to which the 
a cu Eu If we imagine that the body has been removed 
ere is no attraction, the body wi i 
hence the existence of Alife ade pid 


the centre of gravity of the body i 
: 2 ds y is beyond our 
imagination. But the mass of the body will always exist, since it is an 
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inherent property of the material of the body and so the centre of mass 
of the body even in space devoid of any attraction will exist. 

For a body of any shape, the centre of mass always coincides with 
gravity whenever such a point exists in the body. Thus a 
centre of gravity has its centre of mass, but one having 
ss may or may not have its centre of gravity. 


the centre of 
body having its 
its centre of ma: 


8.6 Working formulas for finding the centre of gravity of a body or a 
system of particles 


Since the weight of a particle is a force which is proportional to its 


mass, the farmulas for finding the C.G. of a system of particles will be 


identical with those for C.M. 

Thus if a system of particles of weights Wy Way Wg..-are SitBatediat 
the points (x; Y)» C» yg. (X35 Y» respectively referred to the co- 
ordinate axes Ox and Oy, then the co-ordinates (x,y) of its C.G. are given 


by the formulas 


Zw 
Since weights are proportional t 
written as 


o masses, these formulas can also be 


5 
z3 my , where m denotes the mass. 


x= 
eing situated at isolated points as above, 
ution of matter, the summations can be 
we subdivide the continuous distribution 
re of gravity is to be determined, into a 
shape that the position ef C.G. of each 
n. Then (x, y), the co-ordinates of 


If, instead of the weights 
we have a continuous distrib 
replaced by integration. Thus 
of matter of the body whose cent 
large number of small parts of such 


part is known to a first approximatio i 
roximately given by the above formulas 


the C.G. of the body, will be app atel; nula 
and the larger the number of subdivisions, the more accurate will, in 
general, be the result. If, therefore, the number of subdivisions be increased 
indefinitely, the magnitudes of the parts will decrease indefinitely and the 
sums X wx, Sw and X WY will tend respectively to definite integrals 

[xdw, [dw and [ydw 

(with suitable limits of integration so as to include the whole matter 
of the body) where ôW is the elementary infinitesimal part whose centre 
of gravity lies at (x,y). Under such circumstances, the above formulas 
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become exact. Hence, we obtain the following formulas for the deter- 
mination of the centre of gravity of a continuous distribution of matter 
or a body: 


where the limits of integration are to be chosen to include the 
whole matter or body. 


Since 8w—g8m, where £ is the acceleration due to gravity and m is 


the mass of the elementary portion cf the centinucus distribution, the 
above formulas can be Te-written as 


for the C.G. of a System cf particles can also be derived directly by 
equating the algebraic sum of the moments of the forces Wy, Wo Wg... 
about x and y axes, taken Separately, to the mo 


ment of the resultant 
force w,-+W.+-..... about the same lines respectively 


8.7 Analytical determination of the C.G.'s of some simple bodies 
We shall now find out the positions of the 

bodies by using the formulas Stated above, 

used wherever required and found more con 


C.G.’s of some simple 


The integral formulas will be 
venient. 


8.8 C.G. of a thin rod 


Let the length of the rod O4 be 2a. w 
a distance x from the end O, we take an 
the rod. We assume that the thickness of th 
its length and let a be the area of Cross se 
constant. 


e take OA as the x-axis, At 
elementary length PO—$x of 
€ rod is the same throughout 
ction of the rod. Hence, a is a 
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3 
XO 

[e] PG - A X 
Fic. 122 


Case 1: Let the rod be of uniform density. 


Let o be its uniform density. Then the mass of the element PQ 
=a 8x. p, since a 8x is the volume of PO. Hence, 8m—a ôx. p. 


Since this element of mass is at a distance x from O, the distance x 
of the C.G. of the rod is given by 
2a 2a 
a p xdx if xdx 


XL an 25 N 3 
fo aax if dx 


[.. a e is a constant] 


The limits of integration are chosen so as to include the entire rod 
from the end x=0 to the end x—2a. 


E 
or 2a? EE 


2a 2a 


the C.G. of a thin uniform rod of uniform density is at its 


Hence x = 


Hence, 
middle point. 


Case 2 : Let the rod be of variable density. 
Let the density of the rod be some function of x, say p=f(x). 
Then 
2a 2a 
Ih a f(x) xdx Ib x f(x) dx 


= 5 


x= 5 35 5 
^ le a f(x) dx Jo ME 
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In particular, if the density of the rod at any point is proportional 
to its distance from O, then 


f(x)=k x, where k is a constant. 


Hence, aon 
2a à x a 
pom js s E [5] 
= = oe 
\" kx dx SIR 
0 2 
8a? 
SPUMA 
TEETE 


4 
Hence, the centre of gravity of the rod lies at a distance 344 from 
the end O, 


Remark 1: In what follows, by *a uniform rod', we shall mean a rod 
of uniform density and uniform cross-section unless otherwise stated so 
that the C.G, of such a rod should be taken always at its middle point. 


Remark 2: A uniform wire can be treated as a very thin rod so that 
the C.G. of a uniform wire will also be at its middle point, 


8.9 C.G.’s of Several uniform rods forming closed regions 


(i) To find the C.G, of three uniform rods 


i forming a triangle (or, the 
C.G. of a uniform wire bent into the form ofa triangle): 


Let AB, BC and CA be three 
a triangle ABC, Let the lengths o 


combined into a weight (a-L.c) w at p on FD such tht ŽE Ww oa. 
PD T 


CENTRE OF GRAVITY 265 


Fic.123 ev 


which shows that EP is the bisector of 7 FED. If we now combine 
this weight (b--c) w at P with the weight bw at E, then their resultant 
Will pass through some point on EP. Hence, the C.G. of the three rods 
forming the triangle ABC lies at some point on the internal bisector of 
Z FED. 

Similarly, if we combine the weights at F and E first and then 
combine this resultant with the force at D, it will be found that the C.G. 
of the same three rods will lie at some point on DO, the internal bisector 
of / FDE, Since the C.G. of a body is a unique point, the C.G. of the 
three rods must be at a common point situated on both EP and DO i.e. the 
point, I, of intersection of these two bisectors. Clearly, the point, I, will be 
the in-centre of ADEF. Hence, the required C.G. of the three rods will 
be at the in-centre of the triangle formed by joining the middle points of 
the rods. 

Remark: The above example shows that the C.G. of a body or a 
System of bodies may not lie always in the body or bodies. 

(ii) To find the C.G. of four uniform rods forming a parallelogram : 


Let AB, BC, CD and DA be four uniform rods which form a 
Parallelogram. Let P, Q, R and S be the middle points of AB, BC, CD 
and DA respectively. We join PR and S@ so as to intersec at G. From 
Geometry, it follows that G is the point of intersection of the two 
diagonals AC and BD of the parallelogram. Also PR and QS bisect each 
Other at G. 

Let AB— DC —a and AD=BC=b and let w be the weight per unit 
€ngth of each rod. Then the weights aw, aw of the rods AB and CD, 
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Fig, 124 


acting at Pand R respectively, can be combined into a single weight acting 
at G, the middle point of PR. Similarly, the weights bw, bw of the rods AD 
and BC, acting at Sand O respectively, can be conbined into a single 
force acting at G, the middle point of SO. Hence, the total weight of the 
four rods acts at G. Hence, the required C.G. of the four rods forming a 
parallelogram is at the point of intersection of its two diagonals. 


8.10 C.G. of three equal weights placed at the vertices of a triangle 


Let three equal Weights each equal to w be placed at A,B,C of A ABC, 
Let D, E and F be the middle points of BC, CA and AB respectively. The 
two equal weights w, w at B and C can be combined into a single force 


A 


Fie 125 
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2w acting at D. If we now combine this weight with the weight at 4, 
then we see that the resultant weight will act at G on AD such that 
AG :GD==2w : w—2 : 1. Hence, G must be the centroid of A ABC. Hence, 
the C.G. of three equal weights placed at the three vertices of a triangle 
lies at the centroid of the triangle. 


8.11 C.G. of a uniform triangular lamina 


(A very thin tin. plate or a card board may be considered as a 
lamina). 

Let ABC be a uniform triangular lamina and D and E be the middle 
points of BC and CA respectively. 

Let the medians AD and BE intersect at G. 


A 
K [E 
E 
B D £ 
Fio 126 


We now divide the triangle into an infinite number of thin strips by 
lines parallel to BC and let KL be any such strip. This strip can be treated 
as a thin uniform rod and so its C.G. will be at its middle point. 


Let AD and KL intersect at H. Now, since KHL || BDC, we have 


KH AH HL 
BD TAD DC' 


But since BD=DC, hence KH-HL i.e. H is the middle point of KL. 


Hence, the C.G. of the strip KL lies at H. 
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Similarly, the C.G. of each of other Strips parallel to BC will lie on 
some point on AD. Hence, the C.G. of the entire lamina will be a point on 
the median AD. Similarly, dividing the triangle into an infinite number of 
thin strips each parallel to AC, we can show that the C.G. of the triangle 
ABC lies on some point on the median BE, Since the C.G. of a body is a 
unique point, hence the C.G. of the triangular lamina will be at the 
common point of intersection, G, of the medians AD and BE i.e. at the 


centroid of AABC. Thus the C.G., of a uniform triangular lamina is at 
its centroid. 


Remark : We have seen that the C.G. of three equal weights placed 
at the three vertices of a triangle is at the centroid of the triangle. It 
follows that the C.G. of a uniform triangular lamina is identical with that 
of any three particles of equal weights, placed at its vertices. 

We can, therefore, replace the weight W of a uniform triangular 


lamina by three equal weights T. X ana placed at its vertices, since 


in this case not only the C.G. would be unaltered but also the magnitude 
of the resultant Weight. 


8.12 C.G. of a uniform rectangular lamina 


Let OABC be a uniform rectan 


gular lamina. We chooss OA and OC 
as the rectangular axes of co-ordi 


nates. At a distance x from O, we take 
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a small elementary strip PORS of breadth ôx, drawn parallel to y-axis. 
Let p be the weight per unit area and the length and breadth of the 
rectangle be a and b respectively so that OA=a and OC—b. 

The area of PORS=b8x. 

Then the weight of the strip PORS is &w=D8x.9. 

The strip PORS may be taken as a thin uniform rod so that the 


1 
co-ordinates of its C.G. ard (s 35 


Let (x, y ) be the co-ordinates of the C.G. of the rectangular lamina. 


Then 
a lg 
= EGER ace ME Da 
x — 
fdw b? [oe a 2 
0 5 
and 
al 
bo | = bd: ba 
- gus p ondas o 
[dw ia i m a 2 
NIU 


Hence, the C.G. of the rectangular lamina is at e à, zb ) which is 


clearly the point of intersection of the two diagonals, 


8.1¢ C.G. of a uniform parallelogram lamina 


Let ABCD be uniform parallelogram lamina of weight W. Let the 
two diagonals AC and BD intersect at O. We know that OA=OC, 


OB=OD and area of AADC=atea of AABC. 


s Ws. 
.; The weight of AADC will be > acting at the centroid G, of 
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a . 
AADC and that of AABC is K acting at the centroid G, of A ABC, 


The resultant weight, W, will obviously pass through the middle point of 
G, G. 


Now. oG, = OD and 06,— 4- OB and since OB—OD, hence 


OG,= 0G, so that the resultant weight W of the parallelogram will pass 
through O which is the point of intersection of the diagonals BD and AC. 
Hence, the C.G. of a parallelogram lamina will be at the point of intersection 
of its two diagonals, 


An alternative method : 


pee lie A 
We replace the weight > Of 7 6^ 


AADC by three equal weights , us 
K placed at A, D and C. Similarly, the weight ¥ of AABC can be 
replaced by three equal weights, Ls + placed at 4, B and C, The 
total weights at 4, B, C and D will be LE x Y respectively. The 
resultant of x at A and Me at C is m acting at O, the middle point 


cf AC. Similarly, the resultant of z at D and u at B will be Pu O, 


the middle point of BD. Hence, the total weight T + L4 = W of the 
lamina will pass through O, the Point of intersection of the diagonals AC 
and BD. 


Remark 1: The C.G. of a uniform parallelogram lamin 
as that of four equal weights placed 


à is (he same 
at the angul 
gram. 


ar points of the parallelo- 
Remark 2: The C 
found out directly 
Strips drawn p 
section 8.11, 


«G. of a uniferm par 
by dividing the lamina int 
arallel to the adjacent sid 


allelogram lamina can also be 
© an infinite number of thin 
es of the parallelogram as. in 


8.14 C.G. of a uniform trapezium lamina 


Let ABCD be a uniforn 
and DC and let AB=2a a 
trapezium and w be the w 
pointsof AB and CD respe! 


n trapezium lamina 
nd DC—2b. Let h 
eight per unit area. 
ctively. We join AE, 


with parallel sides AB 

be the height of the 
Let F and E be the middle 
EB and EF. The trapezium 
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A F B 


Fic. 129 


1 1 
consists of three triangles ADE, AEB and BEC of areas 3 DE. AW, 5 AB. hw 


1 


E d i bhw respectively acting at their 
2 


and FEC. hw i.e. bhw, ahw an 


ME 
centroids. Now, the weight 5 bhw of A ADE can be replaced by three equal 


1 Ju NS 
Weights v bhw, - bhw and | bhw acting at 4, Dand E. Similarly, 


the weight E bhw of ABEC can be replaced by three equal weights 
2 


th ight ah f AAE. 
+ bhw, - bhw and quw at B, E and C, A Sa ahw of AAEB 
ta 3 = al t 
can be replaced by three equal weights 3 y aw, s ahw, BM. OE and 
(4-24) hw 
B. We thus get the total weight 7 z= bh ahw = at eachonja 


and B, c bim at each of D and C and bhw-- Loiw-gahw=3 (a+b) hw 
at E. The two E weights at D and C can "e combined together to 
ultant of the weights at D, C 


Sive the resultant 5 l bhw at E. Hence, the res 
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1 1 1 
and E is [5 (a+) + 35 hw= — 


sy 
3 


(a+2b) hw acting at E. Also, the two 


equal weights at A and B can be combined together to give a resultant 
Qui hw acting at F. We have thus reduced the weight of the 


é nit se : 1 
trapezium lamina into twofor ces : one of magnitude T (a+2b) hw at E 
3 


and the other of magnitude + Qa Aw at F. The resultant of these two 
forces will pass through some point G on EF such that 
EG : GF- (22.1) : (a+26). 


Thus the required C.G. of th 
F joining the mid 
that EG : GF— 


e lamina lies at a point G on the line 
dle points of two parallel sides of the trapezium such 
(a+b) : (a+26). 
8.15 C.G. of a uniform parabolic lamina boundcd by a double ordinate 

Let the equation of the parabolic lamina AOB be y?=4ax, where AB 
is the double ordinate whose equation is, say, x=b. We take an elemen- 
tary strip PO of thickness x parallel to y-axis at a distance x from O, 


y 


Q 


Fic.150 
Since all such strips are bisected by 
the C.G. of the lamina will lie on the x-axis, L 
C.G. from O and let w be the weight per unit 
the co-ordinates of P are (x, y), the 


the x-axis, we see from symmetry that 


et x be the distance of the 
area of the lamina. 
area of the strip PQ=2y 8x, 


«`. The weight of this strip 2yw §x=2 V4 ax w ôx 
=4 ax w § x. 


CENTRE OF GRAVITY 273 


b A 
| x.44/ax . wdx 


Hence, x= ; 
E 4/ax . wdx 
[oe dx 2 [e li 
DONNE UE E 
Pera 2p 
0 ° 3 0 
3 
=—b 
5 


Hence, the required C.G. of the parabolic laminu is at a distance 


3 
= b from the vertex O. 
8.16 C.G. of a parabolic lamina bounded by the curve y°=4ax, x-axis 


and the line x=b 
We take an elementary strip PQ, parallel to y-axis, of thickness 8x 
e origin O. Pis the point (x, y), so that the area of 


at a distance x from th 
then the weight of this strip 


PQ is y 8x. If w be the weight per unit area, 


is yw 8x. 
Q 
Fig. 131 
The co-ordinates of the C.G. of this strip PO which can be treated 


as a thin uniform rod are ;\% +) M Let (S. J) bethe required 
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co-ordinates of the C.G. of the lamina, 


b MINI XE 
s) xy dx n X y4ax dx : x?? dx 


VEX EL p em 


[Lo — 


b ^ k Zd j ee 
vf ydx 9 4/4 ax dx o dx 
- b [as in section 8.1 5], 


by 1 fb 
eu w o 2 "Ydx dE NUTS 
vas ydx i V4 ax dx 


8.17 C.G. 


1 We know, from symmetry, 
Is at its centre, 


3 


Fic.132 


of a plane area bounded by a circular arc and two radii 


that the C.G. of a uniform circular plate 
To determine the position of the C.G. of a sector ora 


CENTRE OF GRAVITY 275 


segment of a circle, we can conveniently introduce the polar co-ordinates 
(r,) whose relationship with the Cartesian co-ordinates (x,y) is given by 
the formulas 

x=r cos 9, y=r sin 0. 

We shall also use an important result for finding the area of the 
sector of a circle of radius r with the angle at thecentre O, as §0. The 


area of this sector is given by p 80. When 80 is very small, this sector 


can be treated approximately as a triangle so that the C. G. of this 


triangle will be at its centroid, G, whose Cartesian co-ordinates will be 


( à cos 0, E sin 0) with sufficient degree of accuracy for our purpose 
[fig. 132.] We now determine the C.G.’s of such laminas. 

(i) C.G. ofa uniform sector of a circle. 

Let OACB be a sector of a circle with centre O and let 7 AOB=2c. 
Let r be the radius of the circle so that OA=OC=OB=r. 

Let OC bisect Z AOB. We take OC as the x-axis. From symmetry, 
we see that the C.G., G, will lie on Ox. Let the distance of C.G. of the 


sector from O be x. 


We consider a small triangular stri 

If w be the weight per unit area, then the elementary weight o 
. 2 Ps pe 

is + 30.w and this weight acts at the point (5r cos 9, $+ sino) 


within the strip. 


p OPQ such that Z POQ=9. 
f this strip 


Fio.133 
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"T | m cos 6, Ly: do 
Hence e N MES NON NO PN oua 
[s 1 


AES ; 2 sin « 
CE 3 2a 
Ea —2 >. sing 
3 æ 
Hence, the C.G. lies on the bisector of / AOB at 
2 r “= from the centre O. 


a distance 
Remark : Fora semi-circle, «= 


E so that OG— gal 
(ii) C.G. 


3x 
of a uniform segment of a circle. 
Let AOB be a sector of a Circle of radius r and centre O. Let OC be 
the bisector of 4 AOB=2«, We join AB to cut OC at D. We choose OC as 
the x-axis. We have t 


o find the C.G. of the segment ACBDA of the 
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circle. From symmetry, the C.G. of the segment will lie on OC. Let x be 
the distance of its C.G., G» from O. Let G, be the C.G. of AAOB and 
G be the C.G. of the sector AOB. 

Since OD=r cos «, 


s. 0G— 2 COS x. 


3 
As in (i), 
m sin « 
0G— DUCTA: 


Let w be the weight per unit area. Then the weight of 
AAOB—4AB.OD.w—r sin « cos «.W. 


Area of the sector AOB= + r*.2« —r?a. 


Hence, the weight of the sector 40B—r'«w. 

Since the sector AOB consists of the triangle AOB and the segment 
ACBDA, the weight of the segment 

=raw—r? sin « cos o. W. 

Hence, the resultant of the weights r° sin « cos «. w at G, and 
(r*a.—r? sin % cos a) w at G is Paw passing through G. 

Taking moments about O, we have 

r? sin « cos. w.OG, - (ra —r* sin « cos «) w.OG,—r?« w.OG 

sin « cos a). OG; 


2 : 
=r? sin « COS «3T cos ¢+(ra—r? 


: 235 
2 p sin aa sin « cos? « 
Hence, 06,— ra—r! sin « cos « 
DM 
Zr? sin? a 
TUTTI 
r (a~ sin « cos «) 
2, | ol Se 
AS : 
3 


a—sin « cos « 


8.18 C.G. of a homogeneous solid right circular cone 


We take the vertex O of the cone as the origin and the axis of the 
cone as the x-axis. At a distance x from O, we take an elementary circular 
strip PQ of thickness 8x. The co-ordinates of P are (x, y). Let p be the 
density. Then the mass of his stripe zy 8xe. 

From symmetry, the C.G. of the cone will be on its axis OA. 
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Eu 


DNI t 


Fic. l85 


Let the height OA of the cone be h and the semi-vertical angle be «. 
If the distance of C.G., G, of the cone from the vertex O be X, then 


hes d V 3 tan? « d 
o 7 Y fxdx o X tam a dx 


A 


pose HES d 
ELIT ON S tane dx 


Pe i-us] 
X 
xL 
lE NER 
E zu ALL 
[5 b 


j ; r ; 3 
Hence, the C.G. of a cone lies on its axis at a distance È h from its 
ri 


vertex, where h is its height. 


Remark : Yhe C.G. of a solid right circular cylinder lies at the middle 


point of its axis and that of a sphere lies at its centre. These follow from 
the symmetry. 


8.19 C.G. of a solid hemisphere 


Leto be the centre of the sphere and AB be ihe base of the 
hemisphere. We take OA as the y-axis, and a line perpendicular to it 


through O as the x-axis. At a distance x from O, we take an elementary 
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Fig 136 
circular strip PQ of thickness 8x, where P is the point (x,y). If o be the 


ny? xp. Let a be the radius of the 


density, then the weight of this strip is 
e will lie on Ox, a 


hemisphere. From symmetry, the C.G. of the hemispher 
line through the centre O perpendicular to the base. 
Now, let PQ intersect Ox at A’ 
From A OPA’ we have 
qhL—Ág$$pyimey-c—x. 
If x be the distance of the 
- |. my? px dx I; x (a?°— x?) dx 
x-2————— T 


C.G. of the hemisphere from O, then 


| zy? p dx 5 (a?—x?) dx 
0 0 
[ 2 2 4 


Sigg 
aD I VIELES 

[^ $4 ; 

the C.G. of a solid hemisphere lies on its radius perpendicular 


Hence, 


3 : 
to its base at a distance of F a from its base. 
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8.20 C.G. of a quadrant of an ellipse A b 


Let.OAB be the quadrant of the ellipset +51, where 
major axis OA=a and semi-minor axix OB—b, We take OA as the x-axis 
and OB as the y-axis, O being the origin. We take a thin strip PO of 
thickness àx at a distance x from O so that P is the point (x,y). If w be 


semi- 
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the weight per unit area, the elementary weight of PO is y. 8x.w which 


acts at the middle point of PỌ i.e. i PA 
a e point of PO i.e. at the point (x, 2^ Let (x,y) be the 


co-ordinates of the C.G. of the quadrant of the ellipse. Then 


a a 7 
enu xy dx ^ xb A/i- ar dx 


a 


I o ear o EE 
4l E VIR: 
SS d 
o ydx 0 1 zs 
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a mei EA 
Now, to evaluate I, = f X 4/a® — x? dx, we put 


Va -—x-t 
> St 
=> xdx = — tdt. 


When x=0, t=a, andwhen x=a, t=0, 
a a 


a i. aia NISUS $ 

“hE [i t dig Mises 
a ————— 

To evaluate I; — f Aa: — x dx, 


we put x = a cos Ü 
. dx = — a sin 0 dé. 


When x = 0, 0 = E and when x=a, 0—0. 


a? («2 
= AN (1 — cos 2 0) d0 


PIS AR 4 
a 
as 3 | 4a 
vm up NES 
4 
a 
v| D. oydx 
e - 02 
Similarly, y — A 
v [o y dx 
lee bx 
Xena cO 
=F VUES 
jo Va — x dx 
ies b? x3 Ja 
2D 3& jo 


a sin 2 0 d za 
o- ——— = -—, 
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1 ae Ba 
z (* im 


v ab M 
4 


Hence, the co-ordinates of the C.G. are 


(# r) 
E ^ Su 


4b. 
3v 


8.21 Solved Examples 


Ex.1. D, E and F are the mid-points of the sides BC, CA and AB of 
the triangle ABC. Masses m,, mp, m; are placed at A, B, C respectively 


and masses K, K, K, are placed at D, E, F respectively. If the two 
systems have the same C.G., prove that 


EEskecckd pU pem 
A (rn, ) 
ao E (K2) 
SOS PE Cony 
Fio.138 


We draw AE | BC. Let G be the common C.G. of the two systems 


and let GL be perpendicular to BC. Now, the mass K, at D is equivalent 


1 1 
to > K, at B and x K, at a C, the mass K, 
1 
7^» at C and the mass K, at F is equivalent to 


at Eis equivalent to 
; K, at A and 


1 1 
ES at A and 7 K, at B. Hence, K,, K, and K,at D, E and F are 


p 1 1 
equivalent to E (K,4-Ks) at A, pu i E) at B and 4 (K,--K) at 
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C. Since the resultant of weights proportional to m,, mə», ms passes 
through G, hence taking moments about BC, we have 


(m,+m,+m,) GL=m, AE’. (0) 
Again, since the resultant of the weights proportional to 3 (K;-- K3), 

1 : 
F (K, 4-K;) and T (K+K) at 4, B and C respectively passes through 


G, hence taking moments about BC, we get 


Hx o Eyre Lexie) ake) Me aes (2) 
Dividing (1) by (2), we get 
My+Me+Ms _ 2m; — 
Kekk KatKs 
Im 1 m, 4- m, - ms Sten 


ZKK, 2 KAKEK 
Similarly, taking moments about CA and AB, we get 


Me = 

orm pne 
nie 

and EE A 


H mi peepee ees 4 

at K,+Ks Ky Ki K+, 

Ex. 2. A uniform wire is bent into the form of a triangle of sides of 
lengths a,b,c. Prove that the distances of the C.G. of the whole triangle 
from the sides are as 

btc tuu ME [». U. 1940 | 

a b c 

Let ABC be the triangle with sides BC=a, CA=b and AB=c. Let w 
be the weight per unit length of the wire. Then the weights aw, bw and cw 
of the rods BC, CA and AB act at their middle points D, E and F 
Tespectively. We can replace the weight aw at D by two equal weights 


y aw at Band i aw at C. Similarly, bw at E can be replaced by 


1 
bw at A and bw at C and cw at F can be replaced by zw at A 
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Ow 


and M cw at B. Hence, the C.G. of the three wires is identical with 


the C.G. of three weights7- (b+c) wat A, j (a+c) w at B and 30-5 


wat C. Let AL | BC and G be the C.G of the three wires. Let GM | BC 
and GM=x, Taking moments about BC, we get 
j 69 w.AL-—(a--b--c) w.x 


Now, AL. BC=2A, where A is the area of AABC. 


- AL 2A. 
a 
Hence, ; (b+c) 25. (a-bcc) x 
M. A b+c _ b+c A 
VD a rae, WU kar wa em 


If y and z be the distances of G from AB and AC res 


| pectively, then 
by taking moments about AB and AC, we get 


y=K. ecard z—K. fart 


b c 
Hence, x:y:z = Be : E str 
[4 


Ex. 3. A triangle of uniform rods of differe 
(i) the circum-centre 
(ii) the in-centre 


of the triangle. Show that in the first case, the densities are propor- 


tional to sec A, sec B and sec C, and in the second case, they are propor- 
tional to 


nt densities has its C.G at 
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"mr. siB 35 
cose —, cose —- and cosec” PEE 


2 


() Let Pi f, and Ps be the densities of the rods BC, CA and AB 
respectiveiy and let D,E and F be their middle points. 

Let BC=a, CA=b and AB=c. Taen the masses Pa, Po b and 
łc act at D, E and F respectively. Let O be the circum-centre of ABC. 
Then OD | BC. Let DO produced meet EF at L. 

‘+ EF=BC, -.OLLFE. We join FD. 

FE. DC and FD || EC, the figure FDCE is a parallelogram. 


cL DFE-C. ~. FL—ED cos C= 1b cos C. 


1 
Similarly, LE —,5 c cos B. 


A 


Now, since the C.G. of the particles of masses fı 4, p2 band pọ c is 


at O, hence the C.G. of o, b at E and p; c at F must be at L. 
1 1 
"e pab: pc=FL:LE=7 8 cos C : ze 00s B 
=>Py:P,=cos C: cos B=sec B: sec C. 
Similarly, we get 


Py: Po=sec A; sec B. 
Hence, ;:Ps:Pe=see A: sec, B: sec G: 
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(ii) Let I be the in-centre of A ABC; D; E and F are the middle points 
of BC, CA and AB respectively. From F, I and E, we draw 


Fie 141 i 
perpendiculars FS, IM and ET on BC. If AL=p, and A be the area 


of AABC, then ap,-2A S p,— 25. - Let r be the in-radius. 


Now) iS edn LIE A ALT ETC 
2 2 a 


Taking moments of the masses p14, pcb and esc placed at D, E 
and F respectively about BC, we get 


b 
(na eire) r= (bto) È =A. p EHA. pÊ 


a 
E" sin B sin C 
A. Ps sin At A: & sin A 


[^a:b:c—sin A:sin E:sin C] 
etis Bits sin C= Bei BO) cin 


—k sin A, 


... (1) 
hrena (Pia +Pob+pPc)r 
A 
Similarly, taking moments about AB and AC, we get 
fs sin C--f, sin 4—K sin B -.. (2) 


and f, sin 4+f, sin B=K sin C . (3) 
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Adding (2) and (3) and subtracting (1) from the sum, we get 
) 1 
fy sin A—k (sin B--sin C—sin A) 


. BAC B— 
k ( 25m + cos z cs 4) 


A B—C 
k (2 cos 5-. cos > —2 sin 4 . COS $) [A+ B+ Caz 


Bee: A 
= 2k sin > sin 7-cos > . 


ei B.C 
sin MM WA en DA C eects A 
tiber pee m P. 
sin 5- 
UD REC 3B 
Similarly, P2=* sin 4 sin > Sin g cose” -7 


TRA s fe 326 
and fs=k sin x sin y sinz cose? 5- - 

a d ds Les 

Hence, fy: fy fi = cose 77 cose? z ` ¢ 2 
i i horter side and 

Ex. 4. The longer side of a rectangle 1s double the sh 
On the longer side an equilateral triangle is described. Find the C.G. of 
the lamina made up of the rectangle and the triangle. 

Let ABCD be a rectangle such that AB = 24D and let DEC be an 
*quilateral triangle. Let G, be the point of intersection of the two diagonals 
Of the rectangle. Then 6s will be the C.G- of the rectangular lamina. We 
; gle. E 
join GE,, Now, since ADEG: = ACEG;, hence ADEF = ACEF. 


SGZLEFD- LEFC-90" . 
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Hence, EF must be a median of / DEC. The C.G. of A DEC will, 
therefore, be at the centroid G, on EF, 


Let AD=a. ». DC--2a— DE—EC. 


Then the area of AEDC — 1 X2ax 2a sin 600 


=2a?. A F MBa. 
Area of the rectangle ABCD—2q? 


Let w_be the weight peru 
at Gs and 4/3 à? w will act at G. 
figure, then taking moment about B 


nit area, Then the w. 
If G be the C.G, 
C, we get 

2a? w. G,F—4/3 a?w, G,F— (2a? 


eight 2a? w will act 
of the combined 
+/3 a) w. GF 
a = | E 3 (EE 
2.4—4/3. 3 24sin 60 =(2+./3) GF 
>a—a=(2+4/3 ) GF>GF=0. 
-.G will coincide with F, 


Hence, the required C.G. lies at the middle point of the common 
side DC. 
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j Ex. 5. A triangular lamina, obtuse-angled at C stands with the side 
AC in contact with a smooth table. Show that the least weight suspended 
from B, which will overturn the triangle, is 

1 


3 W. 
where W is the weight of the triangle. Interpret the above, 
if cac—3P. 
We replace the weight, W, of the lamina by three particles of weights 
1 1 ji 
— — = WM 
3 W, 3 Wi 3 W placed at A, B, C. 


Let w be the least weight suspended from B as a result of which the 
triangle ABC just turns about C. In this case, only the point C will be in 
contact with the table. Let R be the normal reaction of the table on the 


lamina. 


wW. 
(6 
w 
2 LA 
{ HS 
Fig. 145 


Taking moments about C, we get 


b^ ACE (aa ) BC. cos (7— C) 


3 
gota Wide L 
=> —cos =~ (3w-E W) BC 
c—wd—b _ Wb 
PEE (3w-- W)a 


= Bw-+-W) a (ca? —b)—24b* W 
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>3wa (c?—a?—b*) = W(2ab?—ac? 4-a3--ab?) 
—W(3aP?--a?—ac?) 


If c?—-a?--3P^, w becomes negative and so the triangle will overturn 
about C due to its own weight only and there is no need of placing any 
additional weight at B. The significance of negative weight at B is that in 


order that the lamina may not overturn about C, the least force to be 
applied at B must be vertically upwards. 


Ex. 6. Two uniform heavy rods, AB, BC rigidly united at B are 
hung up by the end A. Show that BC will be horizontal if 
y IL B 
sin C = 4/2 sin c 


The weights of the two rods BC and AB will act at their middle 
points D and E respectively. For equilibrium, the tension T of the string 
at A must balance the rsultant vertical weight of the two rods. Let G be 
the C.G. of the two rods lying on ED. Hence, the line of action of T must 
pass through G and will be vertical. Since BC is horizontal, the vertical 
AM through A will be perpendicular to BC. We join 4C. Let BC=a, 
CA=b and AB=c and let w be the weight per unit length of the rod. 
Then the resultant of the weight aw of BC acting at D and the weight cw 
at E of AB will pass through G such that EG:GD=a:c. Let EN | BC. 


A 
E 
B NOM D G 
Fio 144 
1 1 
EG MN -z BM —- ¢ cos B 
MUNET iNT = na 
BD—BM $-— ccos B 
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-»a?—2ac cos B—c? cos B 
z»a*?— (c? ca? — b?) =c? cos B. 
=>b?=c?(1+cos B)=c? 2cos? 2 


2 


b a. EB 
=>- 7 2 cos 7 


b JZ cos Ē[ Taking the positiv l 

=>% = a/2 cos zl aking the positive square root on ».] 
SB cos a 

Sana VA 


ILLINS OP RU (f 
ASIS cos z7 —42 cos 7 sın 


: E B 
=> sin C= 2 sin 2 


Hence the result. 
Ex. 7. A triangular lamina is suspended successively from the angles 
A and Band the two positions of any side are found to be at right - 


angles to each other. Prove that 


a*-p—5ce. 
Let G be the centroid of the triangle ABC and BE and AD be 
two medians. The weight of the lamina will pass through G vertically 


A 


€ 


Fig. 145 


hung from A, 
be vertical. Hen 


ü AG must be vertical. Similarly, 
downwards and hence when eae tud ORCI 


When hung from B, BG will 
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the lamina is 7 AGB. As the two positions of any side are at right angles, 
the angle turned over is 90°. Therefore, Z AGB=90° . 
Hence, c?— AB? — AG? BG? 


=(4 4D) 2 1627; y= s( AD?-- BE: ) sti) 
Now, AB'--AC*—2(AD'--BD*) [AD is a median.] 


>C+b=2AD?+2 (+ a) 


S RIST a fme 1 
—AD'— 2 [e +b 7 ] 
Similarly, since BE is a median of ABC, 
acd agua D 
BE (aee sm ~ 


2 
A PR 
Hence, from (1), c?— 9*5 c4-b ke +e 3 
2 a Dura 
ap sm a 
seg (0e 


9c = 40" +b? +a? a? p — 5c. 

Ex. 8. The centre of gravity of a hollow right circular cone, closed 
by a base, made of a thin uniform sheet, is the same as if the cone were 
solid. Prove that its vertical angle is 2 sin-'4. [Delhi 1964; Lucknow 1962] 

[C.G. of a hollow right circular cone without base lies on its axis at 
a distance $ h from its vertex, h being the height of the cone.] 

Let A be the vertex of the cone, h its height, Z its slant height, r the 
radius of the base and 20 the vertical angle of the cone. The area of 


1 

the curved surface of the cone—z rI—r? cosec 0 c q = cosec o] 
The area of the base of the cone—zr?. If w be the w 

area of the surface, then the weight of the base of the cone is 
at O, the centre of the circular base. The w 


eight per unit 
TI? w acting 
eight of the curved surface of 


the hollow cone—zr? cosec 0.w acting at G, such that AG. 2,Lp 


= 
3 

If x be the distance of the combined C.G., G, of the hollow cone 

with the base, then taking moment about A, we get 


(mr +T? cosec 0) wx—zr* hw-L-xr* cosec 0. hw 


zr? ( E cosec 0 ) 
mr*(1-++-cosec 0) 


> x= 
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BELLES sin 9 
3 muo i (1) 


F10.146 


For the solid cone, the distance of the C.G. from A is 2a. Since the 


two C.G.’s are given to be identical, hence x = Sh. 


Hence, from (1) 

3, h 2+3sin0 
45-7 3° 1+4sin 6 
+949 sin 0=8+ 12 sin 0 
3 sin 0—120—sin^4. 


Ex.9. ABC is a thin uniform triangular lamina. Find the position 
of the point P within the triangle such that if the portion PBC be removed, 
the C.G. of the remainder is exactly at Rs [C.D. 1963]. 


Let D be the middle point of BC so that AD is a median of A ABC. 
Let P be any point within the triangle ABC. We join PB, PC and PD. 
The C.G. of APBC must lie on its median PD. It is given that the C.G. 
of the remaining portion ABPC is at P. Hence, the C.G. of. AABC must 
be on PD. But we know that the C.G. of AABC lies on its median AD. 
Hence, PD must coincide with AD and the centroid G of AABC must 
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A 
B N M D C 
Fig. 147 


lie on PD. Let G, be the centroid of APBC and let w be the weight per 
unit area. Let PMI BC and AN | BC. 


1 
Now, ea of APEC FBCPM py pp 
* area of AABC — ] AN AD: 
—BC.AN 
2 
Hence, area of ApBc=?2 A, where A is the area of AABC, 
Hence, the area of the remaining portion ABPC 
—A— PDA. (4D—PD)A AP.A 
=A— Bo CODE SUIT EEG 


Hence, taking moments about A, we get 
Weight of APBCx T e of 4BDOx AP=weight of AABCx AG 
D 


+ AWwX (AP+ 2 pp) H5. Aw. AP 


= Aw. i (400) 


=> PD, AP+- 2 pps Alea AP.AD + AD.PD 


Il 


wjn us| 


P (4rseo\+2 PD 2) 


AP? + =z AP.PD + A PD.AP + i PD?, 


1 b A 
ans PD.AP- 34P =0 


=> PD= AP, 
Hence, P will be the middle Point of the median AD, 
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Ex. 10. A pack of cards is laid on a table, and each card projects 
in the direction of the length of the pack beyond the one below it. If each 
projects as far as possible, show that the distance between the extremities 
of successive cards from the top will form a harmonic progression. 


Let A,, As, As, As...---be the extreme ends of the successive cards 
from the top and let G;, Gz, Gs, Ga ..be their respective C.G.’s. Let 27 be 
the lengths and w be the weight of each card. The C.G. of the topmost 
card i.e, G, must, in the extreme case, be just supported at 4», otherwise 


A, 


Fic.148 


it would topple over. Hence, it can at most project. a length / i.e. the 
horizontal distance A, 4.=/. Similarly, the combined C.G. of the two 
topmost cards must, in the extreme case, be vertically above 4,. In other 
words, the resultant of w at G, and w at G, must pass through 4,. Hence, 


w X A, A44— WX horizontal distance between G,and A, 
—w(I— 4545) ; 
=2A,4,=!> Ass = i 


e combined C.G. of the three topmost cards must in the 


ain, th j 
oy i.e. the resultant of 2w acting at 4, and 


extreme case, be vertically over 4, 


W at G, must pass through Ag. 
Hence, 2w X 4g 44—- WX horizontal distance between G; and 44 


>2wX As 4a=w(l— A341) 
i 


234, Ail >AM =F > 


and so on. 
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Hence, the successive distances between the extremities of the cards 


are I, = b i 5 i OPE which form a H.P. 


Ex. 11. A piece of wire is formed into a triangle ABC. Show that 
if x, y, z be the distances of the C.G. of the wire from the three sides of 
the triangle, then 


4xyz—r' (x--y -z)—r), 
where r is the radius of the in-circle of the triangle. 


Let D, E and F be the middle points of the sides BC, CA and AB of 
the triangle ABC. The weights aw bw, and cw of the wires BC, CA and 


A 


F16.149 


AB act through D, E and F respectively, where w is the weight of the wire 
per unit length and a, b, c are the lengths of the sides of the triangle. 


Let AM | BC. ".AM —c sin B==b sin C. 

Hence, the distances of F and E from BC are respectively 
1 f 

z ¢ sin Band + b sin C. 


Taking moments about BC, we have 
1 
x(a--b--c) w = bw. i53 bsin C+ew. x sin B 


Lae i 
z” sin C + zË sin B 


RK a4-b--c 
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b 1 : c 
o yb sin Cr sac sin B 
= atb+e 
b pe 
uo A 
Epa where A=area of AABC 


(b--crs _ T 
= za P9. 


Hence, x = 
? 2as 


Similarly, y— x (c+-a) and z= 5, (a+b). 


Now, 4xyz—r? (x+y+2) 


ba pa 2 ( bie em 

- ff orator) Geek: +2) 
3 

= san [(bc--ab 4- c? 4- ca) (a+b) —be (b+c)— ca(c+a)—ab(a+b)] 
3 

= BE (abc -a2b-l-ac* -a*c bc -b'a t bo -abe— De — beca 

| —ca?—a*b—ab?) 

r? 

= sabe x2abc-r?. 


Hence the result. 


Ex. 12. A circular disc of radius 1m has two equal circular holes 
d in it, the centres of these holes being at the middle points of two 


punche 
one another. If the radius of each hole 


radii of the disc at right angles to 
is cm find the distance of the C. G. of the remainder from the 
centre of the disc. 


Let the centre of the circular disc 
Let G, and Gs 


be at O and let OA and OB be its 


two perpendicular radii. be the centres of the two holes on 
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F46. 150 


1 1 
OA and OB respectively such that 0G=G4=5 and 0G,=G,B=— : 


We take OA and OB as the x and y-axes respectively. 


The area of each of the holes=( i J- and the total area of 


2 


the circular disc=7]?=z, Hence, the area of the remaining part of the disc 
when the holes are made 


Edo. tas 
S rome 
If w be the weight per unit area, then the weights of the circular discs 


TW TW H Àj s 
removed are 36 at G,, 36 at G, and the weight of the remaining 


part of the disc is I 


The total Weight of the disc 
(without the holes) —w which acts at O, 


Let the weight of the Temaining part of the disc act at G (x1, yj). 
since the resultant of three forces acting at G, G and G> passes thro 


ugh 

O, taking moments about Ox, we get 
zw ] l7zw 
MD EN 
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Bic em lcge Ae M 
ERR l7xw | 68 


Taking moments about y-axis, we get 


E. 2e 17zw 
36" 2° 18 


1 
y=0>y,= "68 


s a 1 1 
H E m L—— 
ence, the co-ordinates of the required C.G. are ( 68" 68 ) 
at a distance ES + Ta 4/2 from the centre of the 
68: © 68 68 


circular disc. 

Ex. 13. Prove that if the radius of one plane end-face of a frustum 
of a rigid circular cone is n times the radius of the other end-face, the 
C.G. divides the axis of the frustum in the ratio 


(30? -2n 4 1): (n?--2n4-3). 


Let ABCD be the frustum of the cone OAB with axis OE, O being 
the vertex. Let AB be a diameter of the base of the cone. Let G,, G, and G 
be the C.G.’s of the smaller cone ODC, the frustum and the whole cone 
OAB respectively all lying on the axis OE. Let the radius CF of the base 
of the smaller cone be r so that the radius BE of the bigger cone is nr. If 
the height OF of the smaller cone be h, then 


hi) SEC 1 
OE” EBT = cOE-nh. 


Lae 
-'. Volumes of the smaller and bigger cones are respecrively uy h 


1 2.3 ER 1 nr 
and ze r. nh— zn rh . 
Hence, the volume of the frustum 


lanh | ; zr?n? pae «( 14 n) : 


If w be the weight per unit volume, then the weight of the cone 


wn, AME, 
ODC is orhw acting at G,, that of the frustum is neh (vi) 


"E WS S : 
acting at Gs, while the weight of the whole cone is > zrhn? w which acts 


at G. Hence, taking moments about O, we get 
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58h06, +- arh — 1)w.0G;=--7r°hn?. 0G 
=>0G,+(n?—1)O0G,=n?.0G 


=> dh P1) OG,—n?, in 


w=] 


(— 3nt—3—4n? +4 


4(n?—1) ny 


3nt—4n°-+1 | 
~ 4(w—10 ' 


—OF_0G «s. 3h(—1) 
Also, EG,=OE—OG,=nh Wey 
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_ 4n*—4n—3n* 4-3 


nip sd 


n*—4n4-3 
4(j—1) ` 


FG, 3nt—4n®+-1  (n—1? (9n*--2n--1) 
ence, "EG, — ni—4n-c3  — (n—1) (m--2n4-3) 


_ 3n?-+2n+1 


3 


n°+2n+3 


Ex.'14. Findjthe centroid of the area between y°=x and y=x. 


Fio .15^ 


at O(0, 0) and A whose co-ordinates are (1,1). 
8x at a distance x from O, 


Let the two curves intersect 
We take an elementary strip PQ of thickness 
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where PQ is parallel to y-axis. Let the co-ordinat 


es of P and Q be (x,y.) 
and (x,y;) respectively and let (x y) be the co-o 


rdinates of the required 
centroid. The co-ordinates of the centroid of PO will be (x YaeVe ) 


/ 


X(Ys—y3) dx 


Hence, x= U 

0 (Ye—y,) dx 

1 

h X(V/x—x) dx 

mI. [Since Yı=Xx and y,—4/x] 

| (V/x—x) dx 

0 

GP diu 2 
pe D EIU. Ns 

Se MC A WU M 
2g l zi Cope 5 

[3 Duc hea ag 


1T 
Also a yy) (Yoy,)dx 


o (Y2—y1) dx 
1 

1 h (X—x*) dx 

E 0 

IF (V/x—x) dx 
E 
ER 2 t USt 0 
ma e 
E x? I l 
-5 | 


MI- 
the | 


ll 
Jom 


Hence, the required co-ordinates of the centroid are ( E 24 ) 
SY 5) E 
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EXERCISE 8.1 


- Auniform rod AB, of length 4m and weight 6N has weights attached 


to it as follows : 6N at A, 2N at Im from A, 3N at 2m from A, 4N at 
3m from 4 and 5N at B. Find the distance of their C.G. from A. 
[Ans. 2m] 


. A unifrom wire AOB is bent into two straight portions, OA and OB, 


inclined at an angle 0, OA and OB being of lengths a and b respecti- 
vely. If the portion OB is horizontal when the whole is supported at 
A, prove that 

b 
cos 0— ^a (a3-2b) ` 


. A uniform rod is bent at right angles into two parts of lengths a and 


b. |f the rod is suspended ia equilibzium from the end of the arm of 
length a, prove that the inclination 0 of the arm to the horizontal is 
given by 


t Q= Das 2a 
an t= n + Ds 


. AB and AC are two uniform rods of lengths 2a and 26 respectively. 


if ZBAC=0, prove that tae distance from A of the C.G. of the two 
rods is 
4 2p 12 
(a-- 2a?b? cos 0-5?) / A [C. U. 1939] 
a+b 


. Find the locus of the C. G. of triangle whose base is fixed and 


(i) whose vertical angle is given, (ii) whose vertex moves on a given 
straight line. 

[Ans. (i) a circle, (ii) a straight line parallel to the given straight 
line.] 

Three rods of unequal lengths are joined together to form a triangle 
ABC. If the masses are equal, prove that the C. G. coincides with 
that of the area. If the masses of the sides a, b, c are proportional to 
b--c—a, c--a— b, a+b—c, prove that tne C. G. is the in-centre. 


. A uniform wire 24m long is bent into the shape of a triangle ABC, 


the sides BC, CA and AB being as 3: 4: 5. Particles of weights p, q 


and rare placed at A, B and C respectively and it is found that the 


C. G. is unchanged. Prove that 
p: q: r=9: 8:7. 
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8. A thin uniform wire is bent into the form of a triangle ABC and 


heavy particles of weights P, Q, R are placed at the angular points. 
Prove that if the C.G. of the particles coincides with that of the wire, 
then 


b+c cta a+b . 
where 7, b, c are the lengths of the sides BC, CA and AB respectively. 
9. Three like parallel forces P, Q and R act at the corners of a triangle. 
If their centre is the C, G. of the triangle, prove that P=O=R. 
10. A thin uniform wire is bent into a triangle 4BC; prove that its C. G. 


He n b 
is the same as that of three weights Se, — and L 


nd c are the lengths of the sides 
[C. U. 1946] 
A and AB in 


placed 
at “AS Bac. respectively, where a, b a 
BC, CA and AB respectively. 


11. The in-circle of a triangle ABC touches the sides BC, C. 
D, E and F respectively. Prove that the C. G. of the weights propor- 
tional to BC, CA and AB and placed at 4, B and C respectively 
coincides with the C. G. of the same weights placed at D, Eand F 
respectively. 


12. What is the form of a triangle if its C, G. coincides with the centre of 
the circle circumscribing it ? 


F [Ans. Equilateral] 

13. Find the C. G. of three particles of equal weights placed at the three 
angular points of a right-angled isosceles triangle whose hypotenuse 
is equal to 8 units. 


A 25 units from the right angle. | 


1: 26. 
15. O is any point within the triangle ABC. Another triangle is formed by 

joining the C. G. °S Gi, G, and G, of triangles BOC, COA and AOB 
respectvely. Show that AG, G, G, 


if Gs is similar to A ABC and one ninth 
of it. 


16. ABC is a triangle. DE is a Straight line drawn within the triangle 
parallel to the base BC intersect; 


BC, prove that the distance of 
the C. G. of the trapezium BCED from 4 is 

2 a?--ab-4- b? 3 

3.5 aoe 
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17; 


18. 


20. 


If the C. G. of a quadrilateral is the same as that of four equal 
particles placed at its angular points, prove that the quadrilateral 
must be a rectangle. 

ABCD is a quadrilateral whose diagonals AC and BD intersect at O. 
If a point E be taken in BD, such that BE=OD, snow that the C. G. 
of A AEC is the same as that of the quadrilateral ABCD. [G.U. 1936] 


. A rigid framework, ABCD, of four equal rods forming part of a 


regular hexagon is suspended from A. Show that the angle made by 
AB with the vertical is 


tan"! ($5) . 


A rod of length 5a is bent so as to form five sides of a regular 
hexagon. Show that the distance of its C.G. from either end of the 
rod is 


[M m 
jov 133 E 


21. Show that the C.G. of a quadrilateral is the same as that of four 


23; 


24. 


25. 


particles of equal weights placed at the four corners, together with a 
fifth particle of equal but negative weight placed at the intersection 
of the diagonals. 


. Ateach of n—1 of the angular points ofa regular polygon ofn 


sides, equal particles are placed. Show that the distance of the C.G. 


, where r is the 


A AUR 
from the circum-centre of the polygon is aci 


circum-radius. 
ABCD is trapezium in which AB and CD are parallel and of lengths 
a and b respectively. Prove that the distance of the C.G. of ABCD 


from the side AB is 


h a+2b 
3 ‘a+b : 
h being the height of the trapezium . [C.U. 1944] 


, 2, 7 and 3 are placed at the angular 


Weights proportional to 5,4, 6 
taken in order. Show that their C.G. 


points of a regular hexagon, 
is the centre of the hexagon. 
A triangle, ABC, of uniform wire has the side CA removed and is 
hung up by the point 4. Show that for BC to be horizontal 


B(c+-2a)=c(c+a)", 


where BC=a, CA=b and AB=c. [C.U. 1941] 
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26. 


27; 


29. 


30. 


31. 


227 


33; 


. If a triangular lamina, ABC, wei 
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Show that the C.G. of a uniform triangular lamina is situated at the 
same point as that of three equal particles placed at the middle 
points of its sides. 

The sides of a uniform triangular lamina are 5m, 6m and 7m 


respectively. Find the distances of its C.G. from the shortest and the 
longest sides. 


2a 3a 4. 3 
[ Ans.-— /6 m and 7 V6m ] 


ghs 6 N, what Weight must be placed 


at Aso that the C.G. of the whole may bisect the line joining 4 to 


the middle point of BC? 
[Ans. 2N] 


tices of a triangular lamina from a straight 
X» and x3. Find the distance of its C.G. from 


[C.U. 1947] 
| Ans. i (seen 


Pport a heavy triangular board of weight W at its 
d the weight Supported by each man. 
[ Ans. + v] 


y uniform triangular 
lies within a certain 


The distances of the ver 
line in its plane are Xy 
the line. 


If three men su 
three corners, fin 


A given weight is placed anywhere on a heav 
lamina; show that the C.G. of the system 
triangle. 


A uniform lamina in the shape of a right- 


angled triangle, and such 
that one of the sides 


8ht angle is three times the 
d to the right angle. In the 


2 YPotenuse is inclined at an 
angle sin to the vertical, 


ABC isa triangular lamina 


and D, E, F are taken in BC, CA and AB 
such that 
BD CE AF 
DC EA FB: 


Prove that the C.G. of the triangle DEF 


is the same as that of the 
triangle ABC, 
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34. 


25. 


36. 


YE 


39. 


40. 


41. 


42. 


A uniform triangular lamina ABC just topples over when placed in 
a vertical position with BC upon a smooth horizontal plane. Show 
that 

3 sin A=sin (B— C), (BC). 

A uniform lamina in the shape of an isosceles triangle of vertical 
angle 2« is suspended from one extremity of the base. Show that, 
in the position of equilibrium, the base makes an angle 


cot ( eo A with the horizontal. 


Masses proportional to b+c, c--a and a+b are placed at the points 
A, B and C of a triangular lamina, where a, b, c are the sides of the 
triangle. Show that their C.M. is at the in-centre of the triangle 
joining the middle points of the sides of the triangle ABC. 

A triangular lamina having a right angle at C is suspended from the 
angle A, and the side AC makes an angle « with the vertical. It is 
then suspended from B and the sides BC makes an angle B with the 
vertical. Show that cot « cot B=4. 


. A triangular lamina, ABC, hangs at rest, one of the angular points 4 


being supported at a fixed point. Prove that the angle which the 


lower side makes with the horizontal is tan (cot B—cot oy] 


Prove that the C.G. of a uniform triangular lamina of mass M, 
bordered with a thin uniform rim of mass m, and loaded with a 


particle of mass PE at the in-centre is atthe centroid of the 


triangle. 

Find the C.G. of a uniform square plate, ABCD, of weight 10N 
together with weights of 20N, 30N, 40N and 50N placed at its four 
corners A, B, C and D respectively. 

Gis the C. G. of a uniform quadrilateral lamina, G’ is the C.G. of 
four equal particles placed at its corners and O is the point of 
intersection of its diagonals. Prove that O, G, G' are in the same 
straight line and that OG’ =3GG". 


Show that the C.G. of a uniform quadrilateral lamina, ABCD, 
coincides with that of three particles of weights proportional to AO, 
OC, 2AC placed at A and C and the mid-point of BD, where O is the 
point of intersection of AC and BD. 
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43. Three heavy particles are placed at the angular points 4, B and C 


44. 


45. 


46. 


47. 


48. 


of a triangle, their weights being as a:b:c. Show that the distance 
of the C.G. of the particles from A is 


A 
2bc cos 27 


"acbEc 
A solid hemisphere and a solid cylinder have the same radii and are 
made of the same homogeneous material, and one end of the cylinder 
is cemented to the base of the hemisphere. The height of the cylinder 


is EL its radius. Show that the C.G. of the whole solid is 


+ of the radius from the common plane. 


A cylinder and a cone have their bases jointed together, the bases 
being of the same size. Find the ratio of the height of the cone to 


the height of the cylinder so that the common C.G. may be at the 
centre of the common base. 


A uniform solid figure consists of a right circular cone of semi- 
vertical angle « and a hemisphere of radius equal to that of the- 
base of the cone, two having a common flat base. Find the position 
of the C.G. and show that if the solid is sus 
the rim of the base of the cone, 
makes with the horizontal is 


Unc: 1—3 tam« 
4 tan « (1+2 tan a) f. 
(1—3 tan? a) h 
ae A tan a) from the centre of the sphere, where h is the 
height of the cone.] 


A uniform wire is bent into the form of an acute angled triangle, 
ABC, and AD is drawn perpendicular to BC. If the part BD of the 
wire is cut away, show that the distance of the C.G. of the remainder 
from BC is 

c(b+-c) sin B 


2c--4b tos 


pended from a point on 
the angle that the axis of the cone 


A square, ABCD, 
diagonals which inter. 
find G, the centroid 


is divided into four equal triangles by its 
sect at O. If the triangle OAB be removed, 
of the remaining portion of the square. 


[ Ans. 06-3 OE, where OGE | CD 
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49. 


G is the C. G. of AABC. If AGBC be removed, find the distance of 
the C.G. of the remainder from 4. 
[Ans E AG ] 


50. If from a triangle ABC, three equal triangles ARQ, BPR and COP 


be cut off, prove that the C.G.’s of the triangles ABC and POR will 
be coincident. 


51. A triangular portion is punched out from a square, whose two sides 


are adjacent sides of the square and the third is the join of the mid- 
points of these sides. Find the C.G. of the remaining portion. 


[ Ans. + X diagonal from the centre. | 


52. ABC is a uniform triangular lamina. If the triangle formed by joining 


53. 


54. 


$5: 


56. 


57. 


the mid-points of the sides of ABC be removed, prove that the C.G. 
remains unaltered. 

The sides of a parallelogram, ABCD, are bisected and the points of 
bisection of the opposite sides are joined. If these lines meet at 0, 
and if the small parallelogram AO be removed, find the C.G. of the 
remainder. 1 

[ Ans. On OC at a distance 9c from o.] 


From a triangle is cut Off 4 th of its area by a straight line parallel 
to its base. Find the position of the C.G. of the remainder. 
[As Distance of C.G. from D— EN AD, where AD is a median of A 


izaj 


G is the point of interse 
AABC. If the portion AFGE is removed, sh 


remainder is on DG at a distance & DG from D. 

The middle points of two adjacent sides of a uniform triangular 
lamina are joined and the lamiaa is cut in two along the joining 
line. Find the C.G. of the larger portion. . [C.U. 1942] 
[Ans. The C.G. divides the line joming the middle points of the 

llel sides in the ratio 4:5, being nearer the base.] d 

ABC, a portion ADE, where DE is parallel to BC, is 
d b be the distances of 4 from BC and DE 
hat the distance of the C.G. of the remainder 


ction of the medians AD, BE and CF of 
ow that the C.G. of the 


para 

From a triangle, 

removed. If @ an 

respeetively, show t 

from BC is 

a* rab 20^ [C.U. 1938] 
3(a+b) ` 
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Nn 
No 


60. 


61. 


62. 


. Prove that if equal triangles be cu 
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From a thin uniform triangular board, ABC, the portion constituting 
the inscribed circle is removed. Prove that the distance of the 
C.G. of the remainder from the side a is 


A 288—3x aA k 


3as  s—zA 


À being the area and s, the semi-perimeter of the board. 


t off frem the corners cf a given 


ctive opposite sides, the C.G. of 
t of the triangle. 


triangle by lines parallel to the Tespe 
the remainder will coincide with tha 


A uniform lamina is in the form of a square, ABCD, of side 2a, from 
which the isosceles triangle, ABE, is cut away. In the triangle, 
AE=BE and the distance of E from ABis h. Prove that the C.G. 


"s i 1l2*?—h* , 
of the lamina is at a states D] from AB, 


From a circular disc of radius 6 cm | is cut a circle bavinga diameter 
equal to the radius of the disc. Find the C.G. of the remainder. 
[Ans. 1 cm from the centre of the circular disc 


along the line of 
centres away from the circle cut off.] 


From a circular disc of Tadius r is cut out a circle Which passes 


through the centre and Whose diameter is ir. Find the C.G. of the 


[C.U. 1940] 


on the line 


remainder. 


: r 
[Ans. At a distance 


210 from the centre of the disc 


joining the centre of the 
wards.] 


disc to that of the hole, produced back- 


64. 


From a solid right circular Cylinder, a sclid right circular cone on 
the same base is scooped out. Find the ratio of the height of the 


cone to that of the cylinder if the C.G. of the remainder is Nake 
vertex of the cone. 


[Ans. (2— Y2):1] 
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65. 


66. 


From a cone of height h and vertex A, the upper portion, a cone of 


ee hz: 
height —- is removed. Show that the C.G. of the remainder isata 


diim h from A. 

56 
A frustum of a cone is formed by cutting off the upper portion of a 
solid right circular cone by a plane parallel to the base. The radii 
of the parallel circular sections being R and r, and h, the height of 
the frustum, show that the height of the C.G. of the frustum from 
the base is 
Ing 2+-2Rr+r* 
4 © RR 


67. A buoy is formed of a uniform thin sheet of metal in the form of a 


68. 


69. 


70. 


Zh 


solid cone standing on a solid hemisphere with a common base. Find 
the vertical angle of the cone so that the combined C.G. may be at 
the centre of the hemisphere. 

[Ans. 6)°] 


ABCDEF is a regular hexagon, having O as the centre and a as the 
radius of its inscribed circle. If ^, 4O0B be removed, find the C.G. 


of the remaining area. 


[Ans. E a from O towards the middle point of DE.] 


A pile of six rupees rests on a horizontal table and each rupee 
projects the same distance beyond one below it. Find the greatest 
ontal distance between the centres of the highest and 


possible horiz 
[P.U. 1937] 


the lowest rupees. 


[Ans. i r, Where r is the radius of a rupee.] 


Find the centroid of the area between the curve y=sipx and the 


line y=0, where 0 [x< T 
| Ans. x=, 75 | 


Find the centroid of the area bounded by y=x°, x=1, y=0 and 


x=2, 
4$ - 93 ] 
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72. Find the centroid of the area bounded by y=x?, y- —x? and x—3 
= 9 - 
[ Ans. x= »y=0 ] 


73. Find the centroid of the area bounded by y?—ax, and x?—by 
(a, b>0). 


oe 9. tH 
EXIT b? Y oo 4 b 
74. Find the centroid of the area bounded by x=0, y=0 and 
y=3-+ 2x—x* and lying in the positive quadrant. 


Appendix 


Some Multiple-Choice Objective Type 


the competitive examinations. 


Questions 


Multiple-choice objective type questions are emphasized in most of 
A few such questions are, therefore 


given below from each topic for the convenience of students. 


In each of the following questions, there are four possible answers 


marked ( A). (B), (C) and (D). Only one of these answers is correct. The 
letter that has been given against the correct answer should be written in 
bold letter in the bracket provided in the right hand margin. 


I. Topic: Fundamental concepts, Resultants and Components of Forces 


1. 


2; 


The minimum requirement for specifying completely a force acting 
on a rigid body is the knowledge about its 

(A) magnitude, direction or point of application only 

(B) magnitude and direction or point of application only 

(C) magnitude, direction and point of application only 

(D) point of application and magnitude or direction only (C — 9) 
Let O be the middle point of the line segment A'A and let 


> 


FR 


> > 
A, F being the magnitude of a force. Then —F is equal to 


> zs 
(A) —40 which is again equal to —0OA* 
: > 


zx 

(B) ——AQ which is again equal to A'O 
> => 

(C) AO whichis again equal to AO 


> > 
; 
(D) 40 which is again equal to OA ( 
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— > ¢ ^ 
Two forces Pand Q are acting at a point O in the directions 
O A and OB respectively. Then the point O will be at rest if 


(A) OA=OB 


œ)  P-Q-0 
(cO)  P-0 
(D) 40-0 OT ow) 


If a rod, AB, rests inside a smooth hollow sphere with centre at O, 
then the reactions of the sphere on the ends A and B of the rod will 
be along 

(A) AO and BO respectively 

(B) AB and BA respectively 

(C) the tangents at 4 and B respectively 
(D) any other direction ( ) 
If a rod, AB, rests upon a. smooth peg or a support at O (or a 
smooth horizontal rail through O), then the reaction of the peg, the 
support or the rail at O on the rod will be along 

(A) OB 

(B) OA 

(C) the normal to the rod at O above AB 

(D) any other direction 


Cae) 


nd Q, acting at a point at an 
then tan « is equal to 


If the resultant of two forces, P a 
angle à makes an angle « with Q, 


P sin 0 
(A) Q--P cos 0 
O sin 0 
(B) PO cos à 
Q cos 0 
Q+P sin 0 
Q cos 0 
P-FQ sin 8 


(C) 


(D) 
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T. 


10. 


11. 


If R be the resultant of two forces, P and Q, acting at a point 
making an angle a with each other and if @ be the angle between 


Pand R, then P: Q: R is equal to 

(A) sin z : sin 8: sin (x—8) 

(B) sin Q : sin æ : sin (« +8) 

(C) sin (24-B): sin P : sin œ 

(D) sin (x«—8) : sin B : sin « ( ) 
If two equal forces each of magnitude P actat an angle 0, then 
their resultant will be ' 


(A) B cos i 


2 
(B) 2P cos 2 
(C) 2P sin £ 
(D) 2P cos 0 CD) 


The resolved part of the resultant of two forces inclined at an 


angle 0, in a given direction, is equal to 


(A) the algebraic sum of the resolved parts of the forces in the same 


direction 
(B) the arithmetic sum of the resolved parts of the forces in the 


same direction 
(C) the difference of the forces multiplied by cos 9 


(D) the sum of the forces multiplied by sin 0 (Sa) 
According to the principle of transmissibility of forces, the effect 
of a force upon a body is 

(A) maximum when it acts at the C.G. of the body 

(B) different at different points in its line of action 

(C) the same at every point in its line of action 

(D) minimum when it acts at the C.G. of the body ( ) 
The resultant of two forces of magnitudes 5N and 10N acting at 


a point can never be equal to 


(A) 10N 
(B 5N 
(CO 8N 
(D) 4N gan 
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The sum of the two forces is 18N and the resultant whose direction 
is at right angles to the smaller force is 12N. Then the magnitude of 
the forces are 

(A) 11N and 7N 

(B) 13N and 5N 

(C) 10N and 8N 

(D) none or the above ( ) 


The resultant of two forces, P and Q, is 4/3 Q and makes an angle 
of 30° with the direction of P. Then either 

(A) P—Q or P=20 

(B) P=Q or 2P=Q 

(C) 2P=Q or P=20 

(D) none of the above ( ) 
The resultant of two equal forces, P, P, acting at a point and 
inclined at an angle of 120° with each other makes an angle 0 
with each of the equal forces. Then 0 is 
(A) 0* 

(B) 30° 

(C) 60° 

(D) 90° 


Two forces whose magnitudes are in the r: 


atright angles to each other. If their res 
forces are 


(A) 45N, 60N 
(B) 30N, 40N 
(C) 24N, 32N 
(D) none of the above 


(ED 
ation 3: 4 act ata point 
ultant is 75N, then the 


(n 


Ox and Oy are two perpendicular lines Which intersect at O. A 


forte Rinses an angle 7—@ with Oy. Then the resolved part of 
ES 
F along Ox is 
— 

(A) —F cos 0 

ig 
(B) Fcos 0 

E 
(C) Fsin 0 


as 
(D) — Fsin 0 
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18. 


19. 
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Two forces, P and Q, act ata point O and are inclined to each 
other at an angle «. If the resultant force, R, makes an angle 0 
with the force, P, then sin @ is equal to 


Q sin « 
(ay Gens 


R sin « 
(B) 0 

R sin 
oO = 

Q sin x 
(D) oe 

R (D) 

If the forces, P and 2P, act at O and are inclined to each other at 
an angle of 120,° then the resultant of the forces makes an angle 9 


with the force 2P, where 0 is equal to 


(A) 30° 

(B) 60° 

(C) 90* 

(D) none of the above € ) 
rces acting at a point are represented 
by AB, 2BC, 2CD and DA. Then their 
de and direction by 


ABCD is a square and fo 
in magnitude and direction 
resultant is represented in magnitu 


(A) 4 AD 
(B) 4 BA 
(C) BD 
(D) 4C CED 
=> > > 
sented in magnitude and direction 


20. If forces R, Fy and F are repre 


> > — 
by CA, AB and BC respectively of AABC, thea 


> > > 


(A) R=F, t Fa 


zy ELI 
(C) R=F,— Fa 

vd ies CED 
(D R=-fi-Fa 
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21. 


22. 


23; 
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If a force, P, be resolved into two components making angles 45° 
and 15° with its direction, then the latter force is 


(A) V2P 
Je 
Y YS 
A/6P 
(C) Sar 
(D) none of the above ( ) 


Forces of magnitudes 3N, 4N, 5N and 6Nact at a point in the 


directions North, South, East and West respectively. Then the 
magnitude of their resultant is 


(A) V2N 
(B) 18N 
(C) 2N 


(D) none of the above 


C 


If R be the resultant of two forces, P and Q, 
% with each other and if 8 be the an 
is equal to 


inclined at an angle 
gle between Q and R, then tan 0 


2P tan- 
(A) 2 


CEE 108 a 


(Q—P) sect. +2P 


20 tan S 
(B) 2 


——ÉÉÓÉ— 


(P—Q) sect +20 


2P tan > 
(C) 


(P-Q) sect 5—+29 


(D) none of the above 
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24. 


26. 


In problem no. 23, the resultant R is givea by the equation 


(A) R?—2PO sin? —-—(P-9y 


E 
2 


(B) R°-+2PQ sin’ —(P— Q)* 
a 


(C) R*--2PQ sin? 2 
(D) none of the above ( ) 


=(P 10): 


The resultant of two forces whose magnitudes are 12N and 8N will 
be greatest when they act in 


(A) opposite directions 
(B) perpendicular directions 
(C) the same direction 


(D) any other direction ( ) 
> > 
Two forces OA and OB act at O. If C be the mid-point of AB, 
> > 


then the resultant of OA and OB is 
> 
(A) OC 


> 


(B) 20C 


(c) CO 
(D) unpredictable ( ) 


I. Topics : Equilibrim of Concurrent Forces 


if, 


Three forces act at a point. Then the forces will always be in 


equilibrium if 

(A) they can be represented in magnitude and direction by the 
three sides of a triangle, taken in any arbitrary order 

(B) they can be represented in magnitude and direction by the 
three sides of a triangle, taken in a definite order 

(C) they are parallel to the sides of a traingle, taken in a definite 


der | ; 
(D) eit magnitudes are proportional to the sides of a triangle, 
taken in a definite order Co) 
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A number. of forces acting at a point will be always in 

equilibrium if A 

(A) their algebraic sum is zero : , 

(B) the algebraic sums of their resolved parts in two mutually 
perpendicular directions are equal Dl 

(C) the algebraic sums of the resolved parts of the forces in any two 
mutually perpendicular directions are separately zero 

(D) the forces are equally inclined to each other ( ) 

Three forces act at a point. The set of these three forces which are 

never in equilibrium is 

(A) 3N, 5N and 9N 

(B) 8N, 6N and 4N 

(C) 13N, 31N and 35N 

(D) 10N, 20N and 25N t3 

A. body of weight 30N is suspended by two strings of lengths 3m 


and 4m attached to two points in the same horizontal line whose 


distance apartis 5m. Then the tensions of the strings are 
(A) 42N, 18N 


(B) 24N, 18N 

(C) 50N, 37.5 N 

(D) none of the above 
A body of weight 20N is placed on a smooth plane of inclination 
60° to the horizon and a force is acting ata point of the body 
parallel to the surface along the line of the 

the body is in equilibrium. $ 
Then the force is 

(A) 10/3 N 

(B) 34/10 N 

(C) 103 N 

(D) none of the above ( ) 
Two forces, each equal to P, act at right angles to each other. 
Their effect is neutralized by a third fo 
bisector of the angle between the force 


) 


greatest slope such that 


Ice acting along the internal 


S inthe opposite directions. 

Then the third force is : 
(A) 2P 

1 
(B) 75 R 
(C) /2P 

1 

=p 
(D 75 
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de 


Three forces acting on a particle are in equilibrium and are 
Proportional to 4/3 +1, 4/6 and 2. The angles at which they are 
inclined to each other are 


(A) 105°, 102° and 153° 

(B) 105°, 120° and 135° 

(C) 150°, 102° and 108° 

(D) none of the above ( ) 
A body of weight W Newton is suspended froma point C by 
two strings, AC and BC, of lengths 3m and 4m, whose other ends 
are fastened to two points, A and B, in the same horizontal line 
O is the point of intersection of the vertical through A and BC 
produced. If AB= 5m and 7j, T, be the tensions of the strings CA 
and CB respectively, then T, : 7, : W is equal to i 

(A) CO : CA: AO 

(B) 40: CA : CO 

(C) CA: OC; AO ( ) 
(D) none of the above 

In problem no. 8, if W=5N, then 7, and T, will be respectively 


. equal to 


(A) 4N and 3N 

(B) 3N and 4N 

(C) 5N and 4N 

(D) 5N and 3N ( ) 
Three forces acting on a particle can never be kept in equilibrium 


if they are of magnitudes 


(A) VTN, V10 Nand y15 N 

(B) 34/7 N, 74/3 N and 4/21 N 

(© 2/3 N, 3V2N and V/17 N 

(D) V7 N, V Vi N and VIIN ( 39 
Three forces acting at a point are alway: 
represented in magnitude and direction by 

ee altitudes of a triangle, taken in order 
(B) the three sides of a triangle, taken in order 


(C) the three medians of a triangle, taken in order 
(D) the three bisectors of the angles of a triangle, taken arde 


s in equilibrium if they are 


(A) the thr 


UJ 
w 
N 


15. 
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A. B.Cand D, taken in order, are any four points on a circle 
with centre O such that /.A40B—0,, 2BOC=6,, / COD-—0; and 
/ DOA=6,. Four forces, each of magnitude equalto the radius 
of the circle, act along OA, OB, OC and OD. Then the four forces 
will be always in equilibrium if 

(A) 01—9. 

(B) 0,—6: 

(C) 057701 ; 
(D) 0,0, ae) 


Three sets of of concurrent forces actat a point O. The first set 
of forces consists of two forces, 3N and 4N, acting at right angles. 
The second set consists of forces, 4N,5N and 6N, acting in the 
directions indicated by the sides AB, BC and CD of the triangle 
ABC with sides 4B—2m, BC=2.5m and CD=3m. The third set 
consists of forces 4N, 3N, 6N and 7N acting in the directions 
indicated by the sides PO, QR, RS and SP of the quadrilateral 
PQRS with sides equal to the magnitude of the forces. Then the 
resultant of all these forces is 

(A) 42 

(B) 0 

(C) 5 

(D) none of the above 


Ge ey) 
Three forces of magnitudes 3 N, V 12 N and 4/3 N act at a point 
O towards the point O and if these forces are in equilibrium, then 
the angles between P,Q; Q,R and R,P will be respectively 
(A) 30°, 60°, 90° > 
(B) 90°, 60°, 30° 
(C) 60°, 30°, 90° 
(D) 30°, 90°, 60° ERE 
A weight, W, is supported by two cables making angles 60° and 0 
(which is actue) with the horizontal. Then the tension in the cable 
making angle 0 with the horizontal will be minimum when 9 is 
equal to 


(A) 45° 
(B) 60° 
(C) 30* 
(D) none of the above 
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A chord, ABC, is attached at two points, A and C, on two vertical 
walls. A pulley, B, of infinitesimally small radius carries a load, W, 
and is free to roll without friction along the chord. If T, and T, 
be the tensions of the two portions, AB and BC, of the string 
respectively, then 

(A) 7T, 

(B) 71-7; 

(C) 7,«T, 

(D) the tensions are unpredictable ( ) 


If in problem no. 16, AB and BC make angles « and ( respectively 
with the horizontal, then 

(A) «= 

(B) «> 

(C) «<8 

(D) «and £ are unpredictable ( 


) 


Three forces P.Q,R act at a point and are in equilibrium. The angle 
between R and Q is « and that between P and R isẹ, Let 
P--Q--R-K and cosec «--cosec f--cot «+-cot B—/. Then the 
forces P, Q and R are respectively equal to 


Kcosec b Kcosec v K(cot «cot 8) 
(A) ; 4 ST A 
l l l 
Kcosec a Kcosec f K(cot a+ċot B) 
(B) ; ; n PENSA 
l 1 
Kcosec £ Kcosec « K(cot «—cot 8) 
(C) Te doe S SER c URS) ONE. 


(D) none of the above 


III. Topics : Parallel Forces, Moments and Couples 


l; 


If three parallel forces are in equilibrium, the magnitude of each 


force is proportional to 


(A) the distance between the other two 
(B) the square of the distance between the other two 


(C) the inverse distance between the other two 
(D) none of the above ( ) 
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Parallel forces P, Q, R act at the vertices A,B,C respectively of a 
triangle ABC and are such that P:Q: R=tan A; tan B : tan C. 
Then their resultant will pass through the 

(A) in-centre 

(B) centroid 

(C) otho-centre 

(D) circum-centre ( ) 


A man carries a bundle of weight W units, hung at one end of a 
stick of length / units, which is placed over his shoulder. If the 
distance x units between his hand and shoulder be altered, then 
the pressure P units on his shoulder will change such that 
(A) Pax 

1 
(B) Pa zm 


(C) Pa x 
(D) none of the above is true ( ) 


Two men carry a uniform bar, 14m long and weighing 154N. One 
man supports it ata distance of 1 m from one end and the other 
man at a distance of 5m from the middle point of the bar. Then the 
weights which the two men bear are 
(A) 70N and 84N 
(B) 48N and 70N 
(C) 80N and 14N 
(D) none of the above (a) 
A straight uniform rod is 1 m long. When a load of xN is placed at 


one end , it balances about a point 10 cm from that end. Then the 
weight of the rod is 


(A) AN 

(B) 2xN 
x 

© 5% 


(D) none of the above ( ) 


Three equal like parallel forces act at the vertices of a triangle. Then 
their resultant passes through 


(A) the in-centre of the triangle 

(B) the circum-centre of the triangle 
(C) the ortho-centre of the triangle 
(D) the centroid of the triangle 
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7. 


10. 


ll. 


A rod weighing W units and of length Im is placed on a table so 
that one-third of its length projects over the edge. The greatest 
weight which can be attached by a string to the end of the rod 
without causing it to topple over is 

(A) 4W nnits 

(B) 6W units 

(C) 2W units 


(D) none of the above ( ) 
Varignon's theorem is about finding 
(A) the algebraic sum of the resolved parts of forces 
(B) the algebraic sum of the moments of forces 
(C) the conditions of equilibrium of forces 
CEM 


(D) none of the above 


se when we can not find the resultant force of a number 


The only ca: 
when the forces 


of coplanar forces acting on a body is 
(A) act at difierent points in different directions 

(B) reduce to two like parallel forces 

(C) reduce to two unlike and unequal parallel forces 

(D) reduce to a couple only G2) 
F, about a point O ata dis 
e can not be zero if : 


The moment of a force, tance d from 
the line of action of the fore 
(A) F=0, but d#0 

(B) d=0, but F#0 

(C) d=0 and F=0 

(D) d#40 and F#0 ( ) 


A single force and a couple acting in the same plane upon a rigid 


body 

(A) can produce equilibrium of the body 

(B) are equivalent to a single force 

(C) are equivalent to à couple 
( 


(D) are equivalent to each other 
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15. 
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If three forces acting upon a rigid body be represented in magnitude, 
direction and line of action by the sides of a triangle, taken in 
order, then they are 


(A) equivalent to a couple whose moment is equal to twice the 
area of the triangle 


(B) in equilibrium 
(C) equivalent to a single resultant 


(D) equivalent to a couple whose moment is equal to the area 
of the triangle ( ) 


The resultant of a force 7 N and a couple in the same plane, whose 
arm is 3.5 m and whose forces are each 4 N is 


(A) 7 N 
(B) 7 Nm 
(C) 14 N 
(D) 4 Nm ( 


Three forces always form a couple if 


(A) they act along the sides of a triangle in any direction, 
whatever be their magnitudes 


(B) they are represented in magnitude and direction by the sides. 
ofa triangle, taken in order 


(C) they act along the sides of a triangle and are represented in: 
direction only by the sides of a triangle, taken in order 


(D) they are represented in magnitude and direction by the sides of 


a triangle, taken in order, and they act along the sides of the 
triangle ( ) 


Two coplanar couples are said to be equivalent when 


(A) their moments are equal in magnitude and sign 
(B) their moments are equal in magnitude but opposite in sign 
(C) their arms are equal whatever be their forces 


(D) their forces are equal in magnitude and direction Whatever be 
their arnis ( ) 
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16. 


If the forces 6 W, 5 W acting at a point (2, 3) in Cartesian 
rectangular co-ordinate plane are parallel to the positive direction of 
x and y axes respectively, then the algebraic sum of the moments of 
the forces about the origin is 


(A) 117 
(B —3 W 
(CO -—8 W 
(D) 3W ( ) 


Four forces are represented in magnituted and direction by the sides 
of a quadrilateral, ABCD, taken in order. Then the four forces 

(A) are in equilibrium 

(B) can be reduced to two like parallel forces 

(C) can be reduced to two unequal unlike parallel forces 

(D) are equivalent to a couple ( ) 


The force, arm and sense of each of three couples are as follows : 


(i) 20 N, .5 m, positive sense 

(i) 30 N, 1 m, negative sense 
(iii) 40 N, .25 m, positive sense 

Then the force and the sense of the resultant of these three couples 
with arm .5 m will be 


(A) 20 N, negative sense 

(B) 20 N, positive sense 

(C) 10 N, positive sense 

(D) 10 N, positive sense (9 
Pand Q (P2 Q), acting at 


The resultant of two unlike parallel forces, 
acts at a point C in AB. : 


points, A and B, respectively of the body 


Then 
(A) C bisects AB 

i CB P 
(B) C divides AB internally and CA Q 


ivi lly and CB P 
(C) C divides AB externally and 4775 


iVi l d cB .Q 
(D) C divides AB externa ly and $47 P AU 
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Topics : Reduction of Coplanar forces, Equilibrium of a Rigid body 
and Centre of Gravity 


The end 4 of a heavy uniform rod, AB, is hinged with a vertical wall. 
The other end B of the rod is tied with a string whose other end is 
attached with the wall at a point D, vertically above A. The vertical 
through C. the middle point of AB, intersects BD at O. Then the rod 
will remain in equilibrium if the reaction at the hinge 

(A) is perpendicular to the wall 

(B) is perpendicular to the rod 

(C) passes through G 


(D) passes through O ( ) 


A heavy uniform rod, AB, rests with the end A against a smooth 
vertical wall and the other end B is tied to a point C of the wall, 
vertically above A by a string, BC. If the vertical through G, the 
middle point of AB, cuts BC at O, then the rod will remain in 
equilibrium if the reaction of the wall on the rod at A 

(A) passes through O and makes any arbitrary angle with the wall 
(B) passes through O and makes an angle 90* with the wall 

(C) is perpendicular to the wall but does not pass through O 


(D) is perpendicular to the rod and passes through O ( ) 


A heavy uniform rod, AB, is hung from a point O with two strings, 


40 and BO, of unequal lengths, attached at the points A and B of 


the rod. If the rod remains in equilibrium, then the weight of the 
rod 


(A) must pass through O and will be equally inclined with AO 
and BO 

(B) must pass through O and will be equally inclined with AB 

(C) must pass through O but can not make equal angles with AB 
(D) can not pass through O at all ( ) 
A heavy uniform tod, AB, is hung from a smooth nail at O by an 
inextensible light string which passes over the nail and whose two 
ends are attached with the two ends A,B of the rod. If the length of 


the string is twice the length of the rod, then for equilibrium of the 
tod, the triangle OAB must be 


(A) isosceles, but not right-angled 
(B) right-angled isosceles 

(C) equilateral 

(D) scalene 
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6. 


OA and OB are the lines of greatest slope of two smooth inclined 
planes and these two lines make angles of 30° and 45° respectively 
with the horizontal ground at O. A ball is resting on OA and OB. 
Then the reaction of the plane, OA, on the ball will be 

(AY greater than that on OB 

(B) less than that on OB 

(C) equal to that on OB 

(D) unpredictable ( ) 
A heavy ball rests on a smooth ground touching against a. smooth 
vertical wall. The ball is pressed against the wall by a string OC, O 
being the centre of the ball and C, the point on the wall above the 
point of contact of the ball with the wall. If Ry and Ry be 
respectively the horizontal reactions of the wall and the vertical 
reaction of the ground on the ball and 7, W be respectively the 
tensions of the string and the weight of thc ball, then 

(A) Ry=Ry=T=W 

(B) Ry =0, Ry=W, T—0 

(C) Ry =Ry = W, T=0 

(D) none of the above is true ( ) 
A heavy uniform rod of weight W is freely jointed at A and B, not 
in the same horizontal line. Then the only possibility of the rod AB 
being in equilibrium is that the lines of reactions at the joints will 
(A) cut the line of action of JW at two different points 

(B) cut the line of action of W at the same point 

(C) act along the rod AB 

(D) either cut the line of action of W at tbe same point or be 


( 3 


vertical 
the 


In problem 7, if the rod, AB, is vertical, then, for equilibrium, 
lines of reactions at the joints will be 

(A) horizontal 

(B) vertical 

(C) zero , j 
(D) none of the above 

In problem 7, if the rod, AB, is horiz 
lines of reactions at the joints will be 
(A) vertical 

(B) horizontal 


(C) zero ( ) 
(D) none of the abové 


ontal, then, for equilibrium, the 
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In problem 7, if the rod, AB, is light i.c. its weight is negligible, then 
forall positions of the rod 4B, the directions of the lines of 
reactions at the joints for which the rod remains in equilibrium 
must be 

(A) horizontal 

(B) vertical 

(C) along the rod 

(D) different for different positions of the rod ( ) 


One end of a light rod, AB, is hinged at A with a vertical wall and 
the other end B is attached with a string, BC, C being a point on the 
wall vertically above A. If a weight W is attached at the end B of 
the rod so that the rod remains in equilibrium in horizontal position 
and if Z ABC=9, then the force induced in the string BC is 

(A) W cosec 0 

(B) W sec 

(C) Wtan0 


(D) Wcot 8 ( ) 


The direction of the reaction atthe hinge at 4 in problem no. 11 


will be 


(A) along AC 
(B) along AB 
(C) along BA 


(D) along any other direction 


ar) 


The magnitude of the reaction of the hinge at A in problem no. 11 


will be 


(A) W cosec 0 
(B) W sec 6 
(C) W tang 
(D) W cot 0 
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A heavy non-uniform bar, AB, is resting inside a smooth hollow 
hemisphere with its ends in contact with the inner surface of the 
hemisphere. Then the reactions of the hemisphere at the ends A and 
B of the rod will act 

(A) horizontally 

(B) vertically 

(C) along AB 

(D) along the normals at A and B to the surface ( ) 
In problem no. 14, the rod, AB, can remain in equilibrium only when 
(A) it is horizontal 

(B) it is not horizontal 

(C) it makes an angle of 45° with the horizontal 

(D) it makes an angle of 60? with the horizontal ( ) 
In problem no. 14, if the rod, AB, is uniform, then the only position 
of equilibrium of the rod is when 

(A) itis horizontal 

(B) it is not horizontal 

(C) it makes an angle of 45° with the horizontal 

(D) it makes an angle of 60? with the horizontal (E) 


In problem no. 14, if the rod is uniform and is of weight W and 
length a, the radius of the hemisphere, then the reactions R, and R 
of the hemisphere on the rod at A and B respectively will be given 
by 
(A) R=WvV3, =e 

f "ERIS 


(Qe) 


(D) none of the above 
n be in equilibrium if and 


A rigid body acted on by two forces ca 

only if 

(A) the two forces are e 
directions 

(B) the two forces are e 


opposite directions 
1, unlike and parallel 


(C) the forces are equa ralle UNES 
(D) the two forces act along the same line in opposite directions 
A) 


qual in magnitude whatever be their 


qual in magnitude, collinear and act in 


20. 


21. 


22. 
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The necessary and sufficient conditions for the equilibrium ofa 
system of coplanar forces acting on a rigid body are that 

(A) all the forces of the system should be equal in magnitude 

(B) the resultant of all the forces should vanish 

(C) the resultant couple should vanish 

(D) the resultant force and the resultant couple should vanish (— ) 


Three forces of magnitudes 2N, 3N and 4N act along the sides AB, 


BC and CA respectively of a triangle ABC. If AB=4m, BC=6m 
and CA=8m, then these three forces are equivalent to 


(A) a force of magnitude 0 

(B) a force of magnitude 9N 

(C) a force of magnitude 9N and a couple 
(D) acouple only ( ) 


system of coplanar 
two points, A and B. 
of the force system in 


The algebraic sum of the moments of a 
forces, not in equilibrium, is zero about each of 
Then the algebraic sum of the resolved parts 
the direction perpendicular to AB is 

(A) non-zero other than AB 

(B) AB 

(C) 0 

(D) indeterminate ( ) 
A system of coplanar forces acts ona rigid body. The algebraic sum 
of the resolved parts of the forces about x and y-axes in the plane 
of the forces are XY and Y respectively and the algebraic sum of the 
moments of all the forces about the origin of co-ordinates is G. 
If X=2, Y—3 and G=8, then the line of action of the forces passes 
through the point whose co-ordinates are 

(A) (0, —4) 

(B) (0,4) 


© (e-i) 


(D) none of the above 
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24. 


26. 


A system of coplanar forces acting on a rigid body, not in 
equilibrium, can never be reduced to 


(A) two forces acting through two given points 

(B) two forces, one of which acts through a given point and the 
other along a given straight line 

(C) three forces acting at a point, which are such that their 
magnitudes are proportional to the sides of a triangle and their 
directions are perpendicular to the corresponding sides, all 
inwards or all outwards 

(D) three forces acting along the sides of a given triangle in the 
same plane (y 

The upper end B of a ladder of weight W rests against a smooth 


vertical wall and the other end A rests on a rough horizontal ground. 
1f the ladder makes an angle 60? with the horizontal, then the total 


' reaction of the ground on the ladder at A is 


(A) W 
W 
(B) 2 
(C) more than W 
(D) none of the above ( ) 
A. heavy ladder resting on a floor and against a vertical wall may 
not be in equilibrium if 
(A) both the floor and the wall are rough 
(B) both the floor and the wall are smooth 
(C) the floor is smooth, but the wall is rough 
(D) the floor is rough, but the wall is smooth (d) 
A hollow metal ball filled with air and having a diameter 10 m and 


total mass 50 kg is fixed to one end of a uniform rod of length 50m 
and mass 100 kg Then the ball and the rod will balance horizontally 


about a point on the rod, at a distance 

(A) 20m from the centre of the rod 

(B) 10m from the centre of the rod 

(C) 25 m from the centre of the rod 

(D) 50m from the centre of the rod qe) 
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28. 


29. 


30. 
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The centre ef gravity of a solid cone of height A lies on the axis at a 
height A, above the base where / is equal to 


(A) ih 
(B) ia 
© j^ 
3 
uy C» 


The centre of gravity of a thin hollow cone of height A lies on its 
axis at a height /; above the base where h, is equal to 


(A) 4h 
(B) A 
© ja 
D) i4 


6 Ww» 
The centre of gravity of a solid hemisphere of radius r lies on its 
central radius at a distance h from its plane base, where h is equal to 


3r 
(a) y 


= 

ey 
w 
= 


cof? t9] ESI 


(D) 


( ) 
The centre of gravity of a plane lamina will not be at its geometrical 
centre in the case of a 


(A) right-angled triangle 
(B) equilateral triangle 
(C) square 
(D) circle 


31. 


From a circular plate of diameter 6 cm is cut out a circle whose 
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; 5 
P. 


33. 


34. 


diameter is equal to the radius of the plate. Then the distance of the 
C. G. of the remainder from the centre of the circular plate is 


(A) 1.0cm 

(B) 1.5cm 

(C) .5em 

(D) none of the above ( ) 


The centre of gravity of a trapezium lies 


(A) on the line joining the mid-points of the parallel sides 

(B) on the line joining the mid-points of the oblique sides 

(C) atthe intersection of its diagonals 

(D) on some line or at some point other than above C ) 


A pile of six circular plates rests on à horizontal table and each 
plate projects the same distance beyond one below it. If r be the 
radius of each plate, then the greatest possible horizontal distance 
between the centres of the highest and the lowest plates is 


(A) 3r 
e à 
(E 


(D) none of the above 


(E 


A light rod, AB, is free to turn in a vertical plane about A which is 
attached to a vertical wall. The end B of the rod is attached with a 
light string, BC, where C is a point on the wall vertically above A. 
A weight 1500 N is now suspended from the end B and the system 
remains in equilibrium. If the AB=5m, BC=3m and AC=6m, then 
the tension of the string and the reaction at the joint A are 


respectively 

(A) 1500 N and 1500 N 

(B) 750 Nand 1250 N 

(C) 1250 N and 750 N ; 

(D) none of the above m3 
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37. 
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The centre of gravity of a triangular lamina coincides with that of 
three equal weights placed at 

(A) the angular points of the triangle 

(B) the mid-points of the sides of the triangle 


(C) the in-centre, the circum-centie and the ortho-centre of the 
triangle 


(D) the in-centre, the circum-centre and the centroid of the 
triangle ( ) 

The centroid of the area bounded by y—x^, x—1, x—2 and y=0 

lies on the line 

(A) y=0 


(D) other than above (C o») 


The co-ordinates of the centroid of the area bounded by y=,x" 
=—x* and x==3 will satisfy the equation 
(A) x=2 
1 
(B) x= 27 
(C) x=0 
(D) x-+-y=0 
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_ Answers to multiple-choice objective type questions 


I. 1.(C) 2.(D) 3. (B) 4. (A) 5.(C) 6. (A) 7. (D) 8. (B) 9. (A) 
10.(C) 11.(D) 12.(B) 13.(A) 14. (C) 15. (D) 16. (C) 17. (D) 
18. (A) 19.(C) 20.(D) 21.(C) 22.(A) 23.(A) 24. (C) 25.(C) 
26. (B) 


.L.(B) 2.(O 3.(A) 4.(B) 5.(A) 6.(C) 7.(B) &.(C) 9. (A) 


10.(D) 11.(B) 12.(C) 13. (C) 14.(A) 15.(C) 16. (B) 17. (A) 
18. (A) : 

1, (A)  2.(C) 3. (B) 4. (A) 5. (A) 6.) 7. (C) 8. (B) 9. (D) 
10.(D) 11.(B) 12.(A) 13. (B) 14. (D) 15. (A) 16.(C) 17.(D) 
18. (A) 19. (C) 

1.(D) 2.(B) 3.(C) 4.(C) 5.(A) 6.(D) 7. (D) 8.(B) 9. (A) 
10.(C) 11.(A) 12.(B) 13.(D) 14.(D) 15.(B) 16. (A) 17. (C) 
18. (B) 19.(D) 20.(D) 21.(C) 22.(A) 23.(C) 24.(C) 25.(B) 
26.(B) 27. (A) 28.(B) 29. (D) 30. (A) 31.(C) 32.(A) 33.(C) 
34. (B) 35. (A) 36. (D) 37. (B) 
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